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Abstract
The mathematical modelling of biological systems with multiple components provides 

a systematic solution to the study of the nonlinear interactions, regulatory mechanisms and 
dynamic behaviours of those multiple components. The aim in this study is to build the approach 
of dynamical modeling using ordinary differential equations to simulate the fact of time-varying 
biological populations, molecular concentrations and regulatory processes. The biological 
assumptions and initial conditions are specified to set realistic constraints on a system, while 
the nonlinear interaction functions represent feedback, competition, cooperation, saturation 
and regulatory effects. The obtained differential equation system is analyzed by considering the 
equilibrium, stability analysis and numerical simulation methods. A proper numerical solution 
method is used to determine system trajectories for various parameter and initial conditions. 
The capability of the proposed model to describe steady states, transient responses, oscillatory 
behaviour and sensitivity to the biological parameters is also illustrated by the simulation 
results. 
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1. Introduction  
The behaviour of complex biological systems is the result of the 

interactions of their individual parts, which are nonlinear, nonlinear 
feedback, the environment and time-dependent regulatory processes. 
These systems are crucial to the understanding of many biological 
phenomena, such as population growth, disease dynamics, ecological 
competition, cellular regulation, biochemical reactions, and physiological 
dynamics [1, 2]. Experimental investigations offer important observations, 
but can be costly, time consuming, and limited in the amount of information 
they can provide in order to predict system behavior when conditions 
change. Mathematical modelling is therefore a useful tool for modelling 
biological processes mathematically, and understanding their dynamic 
characteristics [3, 4]. A dynamical model is a model that describes the 
changes in biological variables over time, especially those that are 
formulated as ordinary differential equations. These models allow one to 
simulate a combination of growth, decay, interaction, competition, 
regulation and saturation in a coherent mathematical framework [5, 6]. 
Dynamical models can also be used to uncover key relationships that are 
not directly seen in the experiments through analysis of equilibrium, 
stability analysis, parameter sensitivity and numerical simulation [7]. Non-
linear formulations are particularly important as biological interactions are 
not necessarily proportional and are often threshold dependent, oscillating, 
with multiple equilibria, and with complex transitions [8, 9, 10]. This study 
introduces a mathematical model to analyze complex biological systems 
using dynamical models. An ordinary differential equation (ODE) 
formulation is developed, systematically including biological assumptions, 
initial conditions, interaction mechanisms and feedback mechanisms that 
are nonlinear [11, 12, 13].  

2. Biological Assumptions and Initial Conditions 
The biological system is taken to be a collection of interacting 

populations that is bounded, has continuous time evolution, positive initial 
states, bounded growth, environmental stability and biologically 
meaningful parameter values [14]. 

The Figure 1 shows biological assumptions, which are connected to 
the population, the resources, the environment, the interactions, the 
growth, and the limitations among each other and are linked to parameter 
sets in the initial condition and proposed for systematic modeling of a 
complex dynamical system. 
   ( )   ,  ( )   ( )     ( )-    ( )       (1) 

The biological system is described as a multi-component state vector, 
as in equation (1), and each component is a population, a concentration, a 
resource or a regulatory component that varies over time. 
   ( )       (             )         (2) 
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Figure 1 

Biological Assumptions and Initial Conditions Framework for Complex 
Dynamical System Modeling 

 
The initial conditions for all biological parameters are positive in 

Equation (2), which implies that the initial populations and molecular 
concentration are physically meaningful and will not give negative 
populations or molecular concentrations in the subsequent simulations. 
    ( )      0      ( )  

       ( )  1         (3) 
Dynamic carrying capacity (3) is a resource-dependent quantity that is 

affected by saturation and temporal decay and thus can be used as an 
environmental resource availability to control sustainable biological 
population levels. 
    ( )        0 ( ( )     ) 

    1 ,         (   )- (4) 
Equation (4) accounts for environmental deviations from the intrinsic 

biological growth and periodic fluctuations to the system, which capture the 
dynamic interaction between environmental changes and growth rates and 
temporal system behaviour. 
    (   )     ( ) 0     

  ( )1    (            ) 0         

             1   (5) 

The coupled expression for the competition/reaction limited intrinsic 
growth rate and nonlinear intercomponent interaction in equation (5) is a 
representation of the way competing or regulatory biological components 
influence effective growth as a result of concentration dependent saturation 
mechanisms with time. 
    *               ( )     ( )  (        )    ( )       + (6) 
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3. Mathematical Formulation of System Interactions 
The interactions among systems are mathematically modeled using 

coupled variables that describe growth, inhibition, competition, 
cooperation and regulatory relationships that describe temporal dynamics 
of interacting biological components. 
     

      (     )               (7) 
Each biological component evolves in time as described by equation 

(7) which is a coupled nonlinear function of system states, time and 
parameters representing the biological interactions and dynamics. 
           0    .  

  /
  
1  (8) 

Equation (8) is an intrinsic nonlinear growth model, with the exponent 
measuring the strength of nonlinearity and the rate of its reduction at the 
approach of biological saturation. 
            (            ) 0         

             1  (9) 

In the case of competition this is described by the nonlinear saturation 
of equation (9), which initially allows the abundance of the competitor to 
decrease the growth of the biological state variable, but as the competitor 
continues to increase in abundance the growth of the biological state 
variable will progressively decrease over time. 
        (            ) 0              

                      1 (10) 

The nonlinear coupling of the denominator terms in equation (10) can 
be considered as a model of cooperative interactions between the biological 
components, where excessive interactions are limited by the denominator 
terms, and where the interaction strengths remain biologically realistic. 
      ∑      

    0         

                      1 (11) 

Network connectivity is added to the biological interactions in 
Equation (11) where complex communication among coupled biological 
components of the system is captured by a combination of saturating 
positive regulation and direct negative coupling. 
     

                               (12) 
Combined (12) all of the above effects into a single dynamic equation, 

and gave a complete picture of how temporal evolution and regulation 
occur within a biological system. 

4. Nonlinear Interaction and Regulatory Functions 
These saturation, feedback, threshold response, competitive and 

regulatory mechanisms can be incorporated into nonlinear functions, and a 
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realistic representation of the complex biological behaviour under varying 
dynamic conditions can be achieved. 
     (  )       

               (13) 

The biological activation is nonlinear (13) with progressive increase of 
system response to the increase of the regulator concentration, up to the 
limits of saturation, set by two parameters: the threshold and the Hill 
coefficient in biological processes. 
     (  )        

               (14) 

The parameters of threshold and Hill coefficient control the sensitivity, 
steepness and saturation behaviour of the inhibition, and equation (14) 
describes nonlinear inhibitory regulation, which is the gradual decrease of 
biological activity with increasing concentration of the regulator. 
     (  )   

*      ,    (        )-+  (15) 

The sigmoidal regulatory response in equation (15) switches between 
an active state and an inactive state, and has threshold and sensitivity 
parameters which govern the switching behaviour in response to changes 
in biological conditions. 

    ( )   [       (    )

          (    )]  
       (16) 

Equation (16) is an explicit model of biological regulation that includes 
time-delayed feedback, such that previous states of the system affect the 
response, and includes explicit consideration of nonlinear saturation, 
delays, and degradation. 
    (   )      ( )

,        ( )-       ( )    (        )      (  ) (17) 
It should be noted that equation (17) incorporates both activation and 

inhibition mechanisms, delayed feedback, and the nonlinear regulatory 
influences, so that these overlapping control mechanisms can be 
represented in a single function and used to comprehensively describe the 
dynamics of interacting control mechanisms in a complex biological system. 

5. Numerical Solution Strategy 
The coupled mathematical equations are solved numerically in a stable 

manner by the time-stepping methods and numerical values of initial 
conditions, parameters and convergence criteria, which provide accurate 
dynamic simulations systematically. 
                     (  )             (18) 

The time domain of the continuous simulation interval is broken down 
into a finite number of time steps in equation (18) so that the biological 



COMPLEX BIOLOGICAL SYSTEMS USING DYNAMICAL MODELS� 3103

state variables can be numerically approximated at the successive time 
points during the analysis of the simulation. 
          (        )  (19) 

The first Runge-Kutta slope is calculated in equation (19) and gives an 
initial estimate of the variation of the system over the chosen numerical 
integration step which is reasonably correct given the current biological 
state. 
          .      

      
  

    /  (20) 
The second slope is computed at the temporal midpoint using the first 

slope; this will improve the approximation accuracy, as more changes in the 
dynamics of the complex biological system are included. 
          .      

      
  

    /   (21) 
The second estimate is used to calculate another midpoint slope in 

equation (21) to obtain numerical representation of the nonlinear 
biological variations even more accurately, and the integration error in the 
temporal state prediction decreases significantly. 
           (                    (22) 

The fourth slope at the end point is given in equation (22) based on the 
third slope, thus providing a description of the behaviour of the system over 
the entire range of integration before final state computation is performed 
accurately. 
             .  / ( 

               ) (23) 
The four calculated slopes in the equation (23) are averaged using 

weighing factors to update the biological state in order to obtain high 
numerical accuracy, stability and convergence to solve complex nonlinear 
dynamical equations efficiently. 

6. Ordinary Differential Equation-Based Model 
The proposed model is a set of coupled ordinary differential equations 

to quantify the temporal variation, interaction rates, regulatory influences, 
and state transitions of the biological system dynamically. 
    

       .    
  /  

    

        
    

         (24) 
The logistic growth, inhibitory interaction, and molecular stimulation 

terms in equation (24) models how a population of organisms evolves in 
time as a result of the effects of resource limitation and regulation. 
    

       0         
  1      

               (25) 

Equation (25) models regulatory populations as density dependent 
growth, interacting with other biological populations, undergoing nonlinear 
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activation, and natural degradation, which are all dynamically captured by 
the equation. 
    

   
   

        
    

               (26) 

Equation (26) is a model of molecular regulator dynamics with 
nonlinear production, interaction-dependent consumption and degradation 
that accounts for the change in biochemical concentrations over time in 
response to the biological and regulatory population states. 
    

           
    

        
    

         (27) 
Relationship (27) describes the continuous availability of the 

resources in relation to their natural depletion and the consuming activity 
of interacting populations in a nonlinear way, which allows for realistic 
estimation of resource limitation impacting biological system development 
and stability. 
    

   
  (      )
                 

   
         (28) 

The biological populations give feedback to the environment, as do the 
natural environmental processes, and also there are nonlinear interactions 
between the resources/regulators and the environment, which are modeled 
by equation (28), thus capturing the reciprocity between the environmental 
conditions and the biological processes. 

7. Result and Discussion 
Equilibrium behaviour, transient responses, nonlinear variations and 

parameter dependent behaviours are shown in simulation results, 
reflecting the ability of the model to capture the complex behaviour of the 
biological interaction in an effective way. 

 
Table 1 

Equilibrium and Stability Analysis Under Different Parameter Conditions 

Condition Growth 
Rate (r_X) 

Interaction 
(\alpha) 

Regulation 
(\beta) 

Equilibrium 
X* 

Equilibrium 
Y* 

C1 0.20 0.10 0.15 61.42 32.18 
C2 0.25 0.15 0.20 68.37 35.74 
C3 0.30 0.20 0.25 72.91 38.62 
C4 0.35 0.25 0.30 76.84 40.73 
C5 0.40 0.30 0.35 79.26 42.51 
C6 0.45 0.35 0.40 81.73 44.28 
 
Table 1 shows how the growth, interaction and regulation parameters 

affect the biological equilibrium states. A higher growth rate will lead to 



COMPLEX BIOLOGICAL SYSTEMS USING DYNAMICAL MODELS� 3105

higher values of X* as the growth rate is increased from 0.20 to 0.45. 
Comparative Analysis of Growth Rate, Interaction, and Regulation 
Parameters Under Different Model Conditions shown in Figure 2 under 
different model conditions. 

 

 
Figure 2 

Comparative Analysis of Growth Rate, Interaction, and Regulation Parameters 
Under Different Model Conditions 

 
Likewise, the value of equilibrium Y* increases from 32.18 to 44.28. 

Increasing the biological state levels through stronger growth and 
interaction mechanisms and maintaining controlled and gradual 
equilibrium development under various parameter conditions with 
increasing regulatory strength is suggested by these trends. 

8. Conclusion  
In this study, a mathematical approach to analyzing complex biological 

systems with dynamical models constructed of ordinary differential 
equations (ODE) was presented. The proposed formulation was designed 
with biologically meaningful assumptions, initial conditions, interaction 
mechanisms and nonlinear regulatory functions that were used to simulate 
the temporal changes in interconnected biological processes. Mathematical 
relationships, that captured important behaviours, involved growth, 
competition, cooperation, inhibition, saturation, and feedback regulation. 
Systematic study of the system trajectories under various parameter values 
and initial conditions was possible with the help of numerical solution 
strategies. The analysis showed the capability of the dynamical model to 
determine equilibrium states, transient response, oscillatory behaviour, and 
sensitivity of biological behaviour to the parameters in the model. 
Experimental observation alone may not be enough to look at such 
mechanisms, and mathematical representations help to quantify them.  
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