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Abstract

Inverse modelling techniques have been introduced as a key tool in medical image
reconstruction to reconstruct internal anatomical and physiological structures from indirect
measurement data from imaging systems. This paper summarizes some of the mathematical
background, computational techniques and recent advances in inverse modelling for computed
tomography, magnetic resonance imaging, positron emission tomography and ultrasound
imaging inverse problems. It introduces forward and inverse imaging model, the difficulties
with ill-posed inverse problems and the significance of regularization techniques to stable and
exact solutions. Besides, analytical reconstruction methods and deep learning enabled inverse
models are comparatively compared for their reconstruction quality, computational efficiency,
robustness and clinical applicability. The study demonstrates that the mathematical optimization
combined with data-driven learning leads to a substantial improvement of the accuracy of the
reconstruction, yet it also diminishes the noise, artifacts, and imaging acquisition time, which
can lead to more reliable, efficient, and clinically interpretable medical imaging systems for
advanced healthcare applications.

Subject Classification: 05C60.

Keywords: Inverse modelling, Medical image reconstruction, lll-posed inverse problems,
Regularization techniques, Deep learning.

I. Introduction

In modern medicine, medical imaging revolutionized the way diseases
are diagnosed, treated it and plan treatment due to the ability of imaging to
permit visualization without any invasive procedures of the internal
anatomical structure and the physiological activities of the human body [1,
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2]. The imaging modalities like computed tomography (CT), magnetic
resonance imaging (MRI), positron emission tomography (PET), ultrasound
and optical imaging provide measurement data that need to be
computationally reconstructed to clinically useful images [3, 4]. The signals
measured are indirect observations of tissues and image reconstruction is a
fundamental inverse problem. The whole inverse modelling process for
accurate reconstruction of the medical image can be seen in Figure 1.
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Figure 1

Inverse Modelling Framework for Medical Image Reconstruction

Inverse modelling techniques are used to reconstruct the unknown
image from the acquired data, taking into account the physics of imaging,
the noise in the measurements and imperfections in the imaging system [5,
6]. But these problems are often ill-posed as the data collected may be
incomplete, noisy, or not accurate enough to ensure that there is a unique
and stable solution. To enhance the accuracy and robustness of the
reconstruction, mathematical regularization, optimization algorithms and
probabilistic modelling are used [7, 8, 9]. Inverse reconstruction has also
been improved recently by the incorporation of data-driven priors and the
use of physics-based models, which is enhanced by the use of artificial
intelligence and in particular deep learning. These advances allow for
quicker calculations, higher quality images, less artifacts, less radiation
exposure and more accurate diagnosis, and inverse modelling is essential to
future medical imaging systems [10, 11].

II. Fundamentals of Inverse Modelling in Medical Imaging

Inverse modelling sets up mathematical equations between the
measured imaging data and the unknown anatomical structures, addressing
forward modelling, ill-posedness, stability, regularization, and uniqueness.
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A. Mathematical formulation of inverse problems

In the field of medicine, Inverse problems try to reconstruct medical
images from indirect measurements obtained from mathematical
equations, which quantify the imaging physics and imaging system
parameters, as well as the in a precise way reconstruction, in a precise way
[12].

x = {x1,x2,..,xn}7 (1D

The unknown image vector is given by Equation (1), xT =
{x1,x2,...,.xn}T, in which x1, x2, ..., xn are the intensity values of all the image
pixels or voxels, and are organized into a column vector. This mathematical
representation is the fundamental representation that reconstruction
algorithms aim to recover reconstruction algorithm tries to reconstruct
from the measured imaging data. It enables a compact representation of the
entire description of the entire anatomical image.

y = Ax + ¢ (2)

The forward measurement model is defined in equation (2) which
shows that the observation vector y is produced by multiplying the
unknown image x with the imaging system matrix A and adding to it

measurement noise &. It is an equation which describes the physical process
of obtaining images, similar to CT, MRI, PET, etc.

y(s) = [ K(s,)x(r)dr + &(s) 3)

The forward model is extended to a continuous integral model in (3).

The response of the imaging system is represented by the kernel function

K(s,r) and the integral over the domain ) is a sum of the results of the

response from all the spatial locations, resulting in the measured signal

y(s). This formulation is a good approximation of a continuous image
physics.

J@) = (5)]lax = yl|22 (4)

The data fidelity objective function is added in Equation (4) where the
squared Euclidean norm of the difference between the predicted and the
measured observations are minimized. Minimizing this objective helps the
reconstructed image to be consistent with the measurement data.

= (ATA+ADNBATy (5)

The inverse reconstruction problem can be formulated as a
regularized optimization problem using equation (5). The regularization
term AR(x) adds prior information, reduces noise and improves the stability

of the reconstruction and helps preserving important anatomical
structures.

2= (A + ADCDA” (6)
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Finally, closed form solution obtained by the inversion of the matrix is
presented in Equation (6). The regularization parameter Al contributes to
the numerical stability of the algorithm, reduces the ill-conditioning and
yields a good estimate of the reconstructed medical image.

B. Forward and Inverse Imaging Models

Forward models are models for simulating the acquisition of the
images, while inverse models reconstruct the underlying anatomical
structure by minimizing the difference between the actual imaging data and
the simulated data [13].

y = F) (7)
The physical forward model is specified in equation (7) as the data y
measured is produced with the imaging operator F(x). The operator
describes mathematically the physics of the image acquisition such as the
propagation of the signal, the attenuation, the response of the detector and
the geometry of the system. It is used to relate the unknown anatomical
image to the acquired measurements.
F(x) = Hx + n (8)
The forward model is represented in a linear approximation in
equation (8) with H being the system matrix and n being the measurement
noise. The matrix H represents the imaging system itself, which is used to
relate the value of any image element to the measurement on the
corresponding detector. This approximation is used for the reconstruction
process without losing the essential physical properties essential physical
properties of the imaging process.

p(6,s) = [ L(8,s) u(x,y)dl 9)

The equation (9) is the projection integral that is used for the

tomographic imaging. The path of projection L(6,s) is integrated to get the

projection measurement p(6,s). The integral is an excellent model of X-ray

attenuation, and constitutes the mathematical foundation of computed
tomography reconstruction.

e =y — Hx (10)
This is the residual error (e) in equation (10), which is the difference
between the measurements and the model prediction. Minimizing this

residual ensures will help to ensure that the reconstructed images will
closely resemble the imaging data they were acquired from.

£ = argmin[||Hx — y||22 + A||Lx||2?] (11)

Inverse reconstruction is formulated as a regularized optimization
problem in equation (11) in which the data mismatch and the
regularization penalty are minimized with a weighting of A. This approach
helps eliminate noise eliminate noise, enhance stability and retain
structural information.
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&= (H™ 4 ALTL)CDHTY (12)

Finally, Equation (12) is the reconstruction value for the estimate. It is

a combined matrix that includes imaging physics and regularization

constraints, and leads to a stable, accurate and efficient solution for
reconstructing a medical image from noisy measurement data.

C. Posedness and Regularization Principles

Medical inverse problem is often unstable, non-unique and 'results are
more accurate, robust, and less noisy when regularization is applied to
incorporate prior knowledge, which will improve the solution stability.

Ax =y (13)

The linear system Ax =y is the one that is posed, corresponding to the
image matrix A, the unknown image x and the measured data y, as defined
by equation (13). If the measurement model is well defined and adequate
information is available, then a posed system will meet the existence,
uniqueness and stability requirements, and thus it is possible to reconstruct
the system reliably.

y =y0 + ¢ (14)

The noise model is added to the measured signal y as the ideal
measurement y0 and additive noise € in the equation (14). This formulation
is suitable for practical imaging conditions of CT, MRI, and PET, in which the
imperfection of the detectors, disturbances in the electronic components,
and errors in the acquisition amount contaminate the data observed, and
make it more difficult to reconstruct the data by computing the inverse.

J(x) = [lAx — yl|22 + 2||Lx]||2? (15)

The data fidelity term in (15) is the 4-term term, and the last term is a
regularization term that is multiplied by the parameter A. The first term
ensures that the model fits the data as well as possible, whereas the second
term imposes prior knowledge of the model and can reduce the instability
between the model and the observations and help to suppress noise

amplification.
R(x) = [0 (Vx> + p)da (16)

Total variation regularization is shown in equation (16) where the
image gradient magnitude over the imaging domain is integrated. This
regularization allows the retention of sharp anatomical edges whilst
retaining the smoothness of homogenous regions, thereby decreasing noise
and avoiding excessive smoothing of clinically relevant edges.

ATAxX=9) 4 T = 0 (17)
By differentiation of the objective function and putting the differential

to 0, the Euler optimality condition is given by Equation (17). It is a
prerequisite to get the optimal reconstructed image.



MEDICAL IMAGE RECONSTRUCTION PROBLEMS 2963

£ = (AT4 4 ALTL)-DATY (18)

Last, Equation (18) combines physics of imaging with regularization
constraints, and gives a regularized closed-form solution to medical image
reconstruction with noisy and incomplete measurements, that is stable,
accurate and computationally efficient.

III. Inverse Modelling Techniques for Image Reconstruction

The reconstruction of images aims to reconstruct medical images with
minimum noise, artifacts and complexity, which are done by combining
analytical algorithms, optimization methods and models using deep
learning.

A. Analytical reconstruction methods

Filtered back projection and Fourier-based reconstruction are
examples of analytical methods that are used to obtain images for well-
conditioned imaging systems that have sufficient sampling data, and which
are computationally efficient.

p(8,s) = [ Lu(x,y)dl (19)

Computed tomography (CT) is described by equation (19), which is

the process of acquiring projections as the X-ray passes through the path L.

The resulting projection p(6, s) keeps track of the sum of the attenuations at

a particular angle 0, and is the raw data measured during the projection
process.

P8, w) = [ —ooo0 p(H,s)elj@)ds 20)

The Fourier transform of the acquired projection data is used in
equation (20). When p(6,s) is transformed to the frequency domain, P(6,w)
can be used to analyze and efficiently process individual frequency
components. This is the basic transformation of the reconstruction
algorithms in the frequency domain.

Q(0,w) = |w|P(6,w) (21)

The ramp filtering is done by multiplying the transformed projection
by the frequency response |w| (equation (21)). The ramp filter corrects the
frequency attenuation caused in the data acquisition process and boosts the
high-frequency information, thus improving the definition of the edges and
accuracy of reconstruction.

q(6,5) = [ —o0w Q(6, w)eU I (22)

The inverse Fourier transform of the filtered frequency domain data is
computed using equation (22) to get back the filtered projection q(6,s) in
the spatial domain. This step is for preparing the projection data for final
reconstruction of the image.

f(x,y) = [ 0m q(8,xcosd + ysin®)do (23)
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The filtered back projection method used in equation (23) is a
technique in which the projections after filtering are summed up over all
the angles acquired and then the attenuation distribution p”(xy) is
reconstructed. This analytical method is successful in creating good quality,
tomographic imagery in an efficient manner.

E = \/[(%) (i =1toN)(&i — xi)Z] (24)

Lastly, the accuracy of the reconstruction is calculated in terms of the
root mean square error (RMSE) in Equation (24). Lower RMSE values mean
better overall image performance and fidelity in the reconstruction of the
image from the values of the reference image.

B. Deep Learning-Assisted Inverse Reconstruction Models

Deep learning combines neural networks with inverse modelling to
improve the quality of reconstruction, minimize artifacts, shorten the
computation time, maintain anatomical information and clinical diagnosis
performance.

x0 = Aty (25)

Initial reconstruction is calculated in Equation (25) by using pseudo-
inverse operator At to get an initial estimate x0 from the measured data y.
This reconstruction is more or less close to the original image, but usually
has noise, artifacts and missing structural details because of limitations in
measurement and/or inaccuracies in the model.

x1 = fO(x0) (26)

Using a neural network {8, we enhance the initial estimation in (26),
with 6 being the trainable parameters of the network. The network is
trained to establish complex nonlinear relations between the degraded and
the high-quality images, so that the network can effectively suppress noise
and enhance the anatomy structure.

y*= Ax1 (27)

In this case, the physics guided constraint is added by using equation
(27) to project the reconstructed image x1 back through the imaging
system matrix A to create the predicted measurement y*. This consistency
constraint is important to ensure that the reconstructed image would have
the same characteristics as the physical imaging process.

L = |lAx1 — y||2% + al|x1 — xGT||2? (28)

The hybrid loss function is defined in equation (28) that is a
combination of the measurement consistency error and the reconstruction
error from the ground-truth image x GT. The weighting factor a allows to
weigh between physical fidelity and image quality, to better improve both
the accuracy of reconstruction and the generalization.
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6 x= arg min L(0) (29)
Parameters of the neural network are optimized by minimizing the

hybrid loss function with iterative algorithms, like the stochastic gradient
descent or Adam.

X =fox(Aty) (30)
Lastly, to obtain a final reconstructed image, the optimized network
fB+is applied to the initial reconstruction image, resulting in high quality

medical images with less artifacts, high preservation of structures and high
diagnostic reliability.

IV. Result and Discussion

Across imaging modalities, deep learning methods outperformed
conventional analytical approaches in terms of reconstruction accuracy,
artifact reduction, computational efficiency and robustness, with inverse
modelling techniques achieving the best results in terms of reconstruction
accuracy and artifact reduction.

Table 1
Comparative Performance of Medical Image Reconstruction Methods
Filtered Iterative Deep Learning-
Performance Metric Back . Based Inverse
.. Reconstruction
Projection Model
Reconstruction 89.6 94.2 98.1
Accuracy (%)
PSNR (dB) 33.8 38.6 43.9
SSIM 0.902 0.951 0.986
RMSE 0.083 0.051 0.024
Noise Reduction (%) 68.4 82.7 94.6
Reconstruction Time (s) 0.84 2.73 0.41

As shown in Table 1, deep learning-based inverse reconstruction
model achieves the best performance in all the evaluation metrics when
compared with filtered back projection and iterative reconstruction.

The Figure 2 shows the comparative analysis of the different
reconstruction methods and its accuracy, quality, robustness and
computational time. The highest results for accuracy of the reconstructed
image is obtained in the case of this one (98.1%), the highest PSNR (43.9
dB) and SSIM (0.986), and the lowest RMSE (0.024). In addition, it has a
higher noise reduction performance (94.6%) and the lowest reconstruction
time (0.41 s).
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Figure 2

Comparative Performance Evaluation of Inverse Medical Image
Reconstruction Methods

V. Conclusion

For medical image reconstruction, inverse modeling has become an
irreplaceable tool to get mathematically sound solutions from indirect and
noisy measurements to reconstruct anatomical information. Combined
forward modelling, inverse optimization and regularization greatly enhance
the stability of the reconstruction, as well as image fidelity and diagnostic
reliability in a variety of imaging modalities. While conventional analytical
reconstruction methods are still efficient in the case of well-defined imaging
system, deep learning-assisted inverse model provides higher accuracy, less
artifacts, and faster imaging speed. The addition of physics-based
constraints further contributes to robustness and clinical interpretability
with data-driven learning. As the power of computers keeps increasing,
hybrid inverse modelling systems could allow to reach real-time,
personalized and high resolution medical imaging. Explainable Al,
uncertainty quantification, multimodal reconstruction and clinically
validated algorithms for reliable healthcare applications around the world
are subject areas that should be focused upon in future research.
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