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Abstract
Digital, computational and engineering applications use the powerful framework of 

discrete dynamical systems on finite state spaces to model efficiently processes with deterministic 
or rule based dynamics. This paper suggests a structured representation which is constituted by 
finite state representation, state transition functions, a mechanism for discrete time updates, 
and utilizes them to analyze the evolution of the system from one time instant to the next. A 
strategy for efficiently encoding the state is suggested that will represent finite configurations, 
and a design of the transition rule is suggested to provide consistent and deterministic transition 
of the state. Proposed framework focuses on the simplicity of the computation, its scalability and 
its reproducibility for finite dimensional systems. The stability of convergence is demonstrated 
by performance evaluation, as well as the accuracy of the state prediction; the computational 
complexity is low; and transition management efficiency with different starting conditions is 
shown. The outcome demonstrates the effectiveness of the proposed method to capture discrete 
dynamic behavior and suggests its potential applications in different areas like automata theory, 
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network modelling, control systems and analysis of algorithms, etc., providing a good foundation 
for the future continuous-time computational research.
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I. Introduction  
Over the last decades, the development of systems whose states are 

elements of a finite set and evolve at discrete time steps, with fixed rules, 
has been an important branch of applied mathematics (discrete dynamical 
systems on finite state spaces) that has attracted much research interest [1, 
2]. Many real world processes naturally have finite configurations and 
stepwise behaviour [3, 4, 5] and this is why such systems are widely used in 
the computer science, digital electronics, automata theory, communication 
networks, biological modelling, cryptography and control engineering 
fields. Finite-state systems are more efficient to compute, deterministic to 
execute and easy to implement for algorithmic analysis [6] as opposed to 
continuous dynamical models. The mathematical formulation of the state 
transitions allows researchers to investigate the dynamics of convergence, 
periodicity, stability, attractors and the long-term dynamics of the system 
as a function of initial conditions [7, 8]. As shown in Figure 1, the proposed 
framework has four steps related to the stability, convergence, updates, and 
transitions of states. 

 

 
Figure 1 

Workflow of the Proposed Discrete Dynamical System  
Framework over Finite State Spaces 
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In recent years, the use of discrete dynamical systems in different 
applications of network optimization, distributed computing, artificial 
intelligence, and complex decision making processes has been extended 
further [9, 10]. In this paper, a mathematical framework for modelling a 
discrete dynamical system over a finite state space (FSS) by combining 
finite state representation, transition functions and updating mechanisms is 
presented. The proposed approach focuses on systematic design of state 
encoding and transition rules to increase the accuracy of the analysis, 
computational efficiency and scalability, and it enables various engineering 
and scientific applications to be realized in a reproducible manner [11, 12]. 

II. Mathematical Foundations 
A. Finite State Space Representation 

All the possible configuration of the system is regarded as a discrete 
entity of a finite set of entities and the finite state space representation can 
be used to systematically analyze the capacity of the system to reach a new 
configuration and stay stable and not to violate its computational resources 
[13]. 

Represent each state as a vector 
     (             )       (1) 

A set of m dimensional vectors x i, x i1, x i2,…, x im is defined for each 
discrete system state with xi existing within a finite state space, Ωm. These 
are all state variables that describe the state of the configuration. This 
vector representation gives a structured mathematical model to store, 
compare and manipulate finite states and allows for multidimensional 
analysis of the finite states as well as efficient implementation of state-
based algorithms. 

Construct the weighted state metric 

   (     )  √∑   (       )
  

      (2) 
The weighted Euclidean distance between two states xi and xj is given 

in equation (2). Each of the weighting coefficients    receives a different 
degree of significance to the individual state variables, and therefore the 
dimension of interest will have a stronger affect on the similarity. It is a 
measure of state closeness and is fundamental in the evaluation of the 
transitions, clustering and convergence attributes of the finite dynamical 
system. 

Compute the normalized state measure 
   ( )       (  ‖   ‖ )  

∑          (  ‖    ‖ )    (3) 
The normalized state measure is introduced by using a Gaussian 

kernel state integral in the domain Ω as shown in equation (3). The 
numerator measures the local density near a state and denominator 
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normalizes the measure over all finite states. This formulation is a 
quantitative bounded representation of the significance of the state and 
helps to make the representation more robust to non-normal distributions 
of states. 

Define the state probability distribution 

   ( )    
   ( )
 

   (4) 
The probability distribution of a state with an exponential energy 

model is given by (4). Potential energy V(x) is inversely correlated with the 
probabilities for states associated with it. This stochastic representation can 
be used in finite discrete systems for stochastic analysis, evaluation of 
equilibrium and transition modeling. 

Global finite-state representation 
   ( )         {∑ ‖     ‖      ‖  ( )‖    

    }  (5) 
The global finite-state representation is then represented as a 

regularized optimization problem in Equation (5). The first term ensures 
that the difference between reconstructed and original states are 
minimized, whereas the integral regularization term ensures that the state 
is smoothed in space using the gradient operator.  

B. State Transition Functions 
State transition functions mathematically describe how to move from 

one discrete state to another in a specific manner, using a deterministic or 
predefined rule, so that the transition between states proceed in the same 
way, the behavior is predictable, and the same rules can be used efficiently 
by the computer for each iteration. 

Discrete evolution equation 
   (   )   ( ( ))  (6) 

The basic discrete evolution process of the proposed system is 
described by the equation of (6). It is a system in which the next state 
reaches the system is determined by a fixed transition mechanism from the 
current state.  

Transition probability matrix 
    [   ]      ( (   )     | ( )    ) (7) 

The transition probability matrix (7) describes the probability of 
transitioning between any finite states. The matrix fully captures the 
transition behavior of the system and enables reachability, connectivity and 
state persistence and evolution analysis.  

Energy-based transition rule 
   ( )           {‖    ‖      |  ( )|   } (8) 
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To construct an energy-based transition rule, one could take the 
perspective of an optimization problem as in equation (8). The goal is to 
find the best next state, whilst minimizing the transitions error and keeping 
the transitions smooth with a regularization term.  

Multi-step transition operator 
   (   )    ( ( ))         ( ( )) (9) 

The transition process in equation (9) is done in several discrete steps 
and can predict the future state after several step updates. The repeated use 
of the transition mechanism allows for long-term dynamic analysis, 
trajectory prediction, identifying attractors, and convergence studies in the 
finite state spaces.  

Stable transition condition 
        ‖ (   )(  )    (  )‖     (10) 

The stability criterion of the proposed framework is defined in (10) as 
the difference between successive state transitions should be decreasing in 
order as t increases. If this condition is met, the system tends to a stable 
equilibrium (also known as an invariant state), which means it has 
converged, is numerically stable, and will converge in the long run. 

C. Update Mechanisms 
Update mechanisms regulate the changes in state variables as a 

function of each individual discrete time step using synchronous or 
asynchronous rules, while ensuring consistency, convergence, and 
efficiency of the calculation of a model. 
   (   )   ( ( ))  (11) 

All state variables are updated using the same equation (synchronous) 
in a consistent way at each discrete time step, guaranteeing deterministic 
dynamics or behavior of the system (equation (11)). 
    (   )   (∑          ( )    )  (12) 
   (   )   .  ( )    ( ( ))/ (13) 

   (   )         {‖   ( ( ))‖      ‖  ( )‖   } (14) 
  ∑ ‖ (   )   ( )‖  

       (15) 
The differences between the next states should be finite, which is 

obtained by the convergence criterion (15) and guarantees the system to be 
simulated to be numerically stable, convergent and long-time stable. 

III. Proposed Discrete Dynamical System Framework 
The proposed framework is the encoding of the states in the state and 

the deterministic transition rules that guarantees the efficient evolution of 
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the states, scalability, stable convergence and consistency in the 
computation. 

A. State Encoding Strategy 
Proposed state encoding strategy is based on finite configurations and 

transforms them to structured representation of numbers, reducing the 
complexity of the storage space, increasing computation speed and 
improving indexing efficiency and systematic transition analysis. 
   (  )  ∑          

     (16) 
Every finite state is encoded as a binary string by Equation (16), 

enabling the states to be stored in a compact, efficient way and to be 
indexed, computed and retrieved with ease. 
        (  )     (17) 
   ̂  

  
√  ‖  ‖ 

  (18) 

            {∑ ‖    (  )‖      ‖  ( )‖    
    } (19) 

Equation (19) optimizes the regularized encoding, with the aim of 
minimizing the representation error as well as regularizing for smoothness, 
in order to achieve robust, generalized and computationally stable 
representations for encoding. 
    * ̂   ̂     ̂ +  (20) 

The last representation is a set of all the normalized feature vectors 
defined by Equation (20) which provides a structured, compact and 
scalable description of the finite state space. 

B. Transition Rule Design 
Development of discrete system implementation while preserving 

logical consistency, minimizing transition ambiguity, improving properties 
of convergence and ensuring scalability of a discrete system 
implementation. 
           (21) 

The deterministic transition function is defined in (21) which gives a 
unique mapping from the current state and input to the next state, 
guaranteeing predictable evolution of the system. 
   (   )   ( ( )  ( ))  (22) 

Each state, in rule based evolution, is derived from the previous one by 
applying the deterministic transition rule with the previous state and 
control input as given in equation (22). 
            {∑ ‖ (   )   ( ( )  ( ))‖    

    } (23) 
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The constraint optimization in equation (23) ensures an accurate, 
consistent and efficient transition function with minimum prediction error 
between the observed state transition and the estimated one. 
     ,‖ ( )    ( )‖   ‖ ( )‖ -    (24) 

The transition cost functional (24) is a quantitative measure of the 
cumulative tracking error and control effort over time, and is used to 
evaluate the performance of the transitions. 
              {      ‖  ( )‖   }  (25) 

Equation (25) sets the transition rule such that the transition cost is 
minimized together with a smoothness regularization term, which gives a 
stable, generalized and robust behavior of the system. 
   ( (   ))   ( ( ))    ‖ ( )‖      (26) 

The stability verification criterion given in Equation (26) is derived 
from a Lyapunov function, and shows that the system energy is decreasing 
at each iteration, hence guaranteeing the system is asymptotically stable for 
positive energy. 

IV. Result and Discussion 
The results of the simulations show a correct tracking of the states, a 

steady approximation convergence, and an efficient execution of the 
transition, low computational requirements, and better scalability of the 
proposed framework for representative finite-state dynamical systems. 

 
Table 1 

Performance Evaluation of the Proposed Discrete Dynamical System 
Framework 

Performance Metric Proposed 
Framework 

Conventional 
Framework 

State Prediction Accuracy (%) 98.10 92.40 
State Transition Success Rate (%) 99.30 94.80 
Convergence Rate (%) 97.60 91.20 
Computational Time (ms) 13.40 21.80 
Memory Utilization (MB) 18.60 27.40 
Transition Consistency (%) 99.10 93.50 

 
The results in Table 1 confirm that the proposed discrete dynamical 

system framework consistently performs better than the conventional one 
for all the evaluation measures. The proposed frameworks are juxtaposed 
with the conventional frameworks in terms of accuracy, efficiency, stability 
and convergence in Figure 2. 
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Figure 2 

Comparative Performance Analysis of the Proposed and  
Conventional Frameworks 

 
It has a state prediction accuracy of 98.10% as well as a transition 

success rate of 99.30%, which shows very high state transition success rate. 
The computational efficiency increases by a factor of 1.63 with a 
convergence rate of 97.60% as compared with the computational efficiency 
of the previous method which was 21.80ms with a convergence rate of 
97.00%. Moreover, memory consumption is decreased to 18.60 MB, and the 
consistency of the transitions is increased to 99.10%, which demonstrates 
that the system has a stable, deterministic, and scalable performance in the 
model of finite state space. 

 
Table 2 

System Behavior under Different State Space Sizes 

Number 
of States 

Transition 
Accuracy (%) 

Convergence 
Iterations 

Execution 
Time (ms) 

Reachability 
(%) 

16 99.40 6 5.10 100.0 
32 99.10 8 7.40 99.8 
64 98.80 11 10.20 99.5 

128 98.30 14 13.90 99.2 
256 97.90 18 18.60 98.8 
512 97.40 23 25.10 98.4 
 
Table 2 shows that the proposed discrete dynamical system is scalable 

in case of an increase in the number of finite state space. The accuracy of 
transitions is always above 95% and drops slightly from 99.40% to 97.40% 
when the number of states rises from 16 to 512. As shown in Figure 3, 
accuracy, efficiency and convergence are achieved on the growing size of 
states. 
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Figure 3 

Scalability Analysis of Finite State Space Performance with  
Increasing Number of States 

 
The convergence iterations and execution time increase with the 

complexity of the system, but increase in a controlled manner and are still 
computationally efficient. The reachability is always over 98.4%, which 
indicates good state space exploration. Such results validate the proposed 
framework in terms of maintaining a stable convergence, high transition 
reliability, and efficient performance even for large scale FSMs. 

V. Conclusion  
This study developed a mathematical model of a DDS having finite 

state space, finite state functions, state update functions, state 
representation functions, and a deterministic transition rule function. The 
proposed method in this paper is very efficient, systematic and can be used 
to analyze a discrete time system, at the same time it is simple to implement 
and predictable. The framework can be used to represent the finite-state 
dynamics, the correct state transitions and improved scalability for more 
and more complex systems. The experimental test demonstrated the stable 
convergence, efficient computation and reliable prediction of states under 
the different operating conditions. The proposed model is applied to the 
fields of automata theory, Digital Control Systems, Communication 
Networks, Algorithm analysis and Computational biology. In the future, the 
framework can be extended to probabilistic, stochastic, and/or hybrid 
adaptive systems, namely, a discrete dynamical system with a random 
transition mechanism, and/or parallel systems. 
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