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Abstract
Growth of tumors is a complex process that is regulated by cellular proliferation, 

the availability of nutrients and the development of blood vessels, as well as by the tumor’s 
environment. This research builds a mathematical model based on differential equations 
to analyze the dynamics of tumor growth and the related control of tumor angiogenesis. 
Proposed model represents tumour cell population and carrying capacity by coupled non-
linear differential equations along with the intrinsic proliferation, growth limitation, vascular 
support and tumour-induced angiogenesis. Systematically biological assumptions and model 
variables are expressed to set up realistic relations between the expansion of the tumor and the 
availability of resources. A numerical solution algorithm is used to explore the changes in tumor 
volume and vascular carrying capacity for various parameter values. Results of the simulations 
show typical growth phases: a period of fast growth which leads to a period of slower growth 
where environmental factors are limiting growth. The framework allows for quantitative 
analysis of the tumor progression, equilibrium and parameter sensitivity. The proposed model 
is a flexible mathematical framework for the understanding of the dynamics of a tumor and the 
computational evaluation of therapeutic strategies.
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I. Introduction  
Cancer is still one of the most important biomedical challenges due to 

the interactions between the cells involved in tumor growth, nutrient 
supply, angiogenesis, innate immune response and tissue 
microenvironment [1, 2]. To develop effective therapies, and to predict 
disease progression, a key understanding is the dynamics of tumor growth. 
While useful biological information can be gained from experimental 
investigations, they can prove to be costly, labor intensive and cannot 
continuously characterize internal tumour processes [3, 4, 5]. Information 
on these mechanisms can be obtained in mathematical form and used to 
study tumor behavior in different biological conditions, which can be 
explored through mathematical modeling. Temporal changes in the number 
of tumor cells and other biological variables are ideally suited to being 
described by differential equations [6, 7] and this is particularly 
appropriate for the description of tumor dynamics. Several types of growth 
models are considered (classical exponential, logistic and Gompertz 
models) and more complicated nonlinear systems include concepts of 
angiogenesis, nutrient limitation, treatment effect and environmental 
carrying capacity. These models allow researchers to explore the stability of 
the equilibrium, the rates of growth, sensitivities to parameters and the 
long-term behavior of tumors [8, 9]. This work presents a differential 
equation model to describe the evolution of a tumour using the model 
components of tumour cell numbers and angiogenic carrying capacity. The 
formulation includes the biological hypotheses about the cells proliferation, 
limitation of growth, vascular support and resource availability [10, 11]. 
Temporal evolution of the tumor is simulated with numerical solution 
methods for different parameter values. The resulting framework gives us a 
systematic computational approach to the interpretation of tumor 
progression, a study of biological interactions, and supports quantitative 
evaluation of potential therapeutic interventions [12, 13]. 

II. Mathematical Formulation of Tumor Growth Dynamics 
The proposed model involves the tumor cell proliferation, 

angiogenesis, carrying capacity and growth regulation, which are modeled 
by coupled nonlinear differential equations to predict the dynamic tumor 
progression. 

A. Biological Assumptions and Model Variables 
In vivo the growth of tumours is viewed as a continuous process of cell 

growth limited by supply of nutrients, vascular capacity, and environmental 
resources. The variables are the population of the tumors, the carrying 
capacity, growth rate and regulation [14, 15]. 
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Overall tumor growth over time is governed by the nonlinear 
proliferation, carrying capacity constraints, suppression by the immune 
system and mortality that occurs in the presence of hypoxia, as represented 
by equation (1) below. 
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Equation (2) describes the temporal carrying capacity for the tumor 
controlled by angiogenic stimulation and the requirement of the tumor, 
natural degradation of vessels, and the influence of hypoxia on the 
development of the tumor. 
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The characteristics of nutrient availability is described by Equation 
(3), where external nutrient supply, nutrient delivery via the blood vessels, 
nutrient consumption by the tumor cells and natural nutrient depletion are 
balanced, thus controlling nutrient resources required for continued 
cellular proliferation. In addition, equation (4) simulates the evolution of 
immune response based on the recruitment of immune cells, activation of 
immune cells by tumors, immune-cell natural decay, and immune-cell 
suppression by tumors, which has a nonlinear effect on the effectiveness of 
antitumor defense mechanisms. 
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+  (5) 
The hypoxia caused by the growth of the tumour and a lack of 

nutrients is represented by equation (5), and vascular support and natural 
repair mechanisms gradually decrease the hypoxia. 

B. Generalized Differential Equation Model 
The generalized differential equation model is a coupled set of 

nonlinear dynamic equations that describe temporal evolution of the 
tumour under the effect of proliferation, tumour limitation, angiogenic 
support and interactions with regulators. 
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A realistic change in the size of a tumour could be represented as a 

realistic evolution of the tumour volume, as described in equation (6), 
which is a nonlinear evolution of the tumour, incorporating proliferation, 
dependance on carrying capacity, biological control and saturating growth 
inhibition terms. 
    ( )
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Tumors are now assumed to have a temporal delay in proliferation 
and a temporal delay in biological response, contained in Equation (7) that 
represents previous tumor conditions and carrying capacity affecting the 
subsequent behavior of the tumor. 
       *     (

  
     

)       
      

+               (8) 
Stochastic fluctuations are added to the deterministic description of 

tumor growth in (8), mimicking random biological variability, and include 
the random nature of tumor growth in terms of proliferation and carrying 
capacity limitations, and immune-mediated suppression of the tumour 
during its growth. 
    (   )

      [  ( )         ]     (    
 )        (9) 

This is spatial expansion of a tumor due to cell diffusion, cell migration 
guided by nutrients, nonlinear growth and interaction with the immune 
system, as described in equation (9), which allows for the analysis of the 
heterogeneous invasion of a tumor into neighbouring tissues. 
    (   )
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The local growth, spatial diffusion, immune suppression and nonlocal 
integral interactions are all included in equation (10) and form a 
comprehensive model for the spatially distributed and biologically 
interconnected tumor dynamics. 

III. Proposed Differential Equation-Based Tumor Dynamics Model 
The proposed model involves the tumor cell proliferation, 

angiogenesis, carrying capacity and growth regulation, which are modeled 
by coupled nonlinear differential equations to predict the dynamic tumor 
progression. 

A. Tumor Cell Population Dynamics 
Tumor cell population dynamics refer to the dynamics of tumor cells 

over time such as proliferation, death, limitation of resources, and 
relationship with vascular support and neighboring tissues. 

Figure 1 shows interactions between proliferation, nutrients, oxygen, 
immune responses, hypoxia and cell death, which all play a role in 
regulating the dynamics of tumour growth and progression. 

    
       [    (  

     )
 
]          

     
  (11) 

The Equation (11) describes the evolution of the tumour population by 
modelling tumour proliferation by a nonlinear growth, limits on the 
carrying capacity, natural cell death, and immune-mediated suppression, 
which are competing effects on the dynamics of the tumour evolution. 
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Figure 1 

Biological Interaction Framework for Tumor Cell Population Dynamics 
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The Equation (12) represents the Gompertzian tumor growth with 
decreasing proliferation as the tumor size gets closer to the carrying 
capacity, and the hypoxia level and immune activity also inhibit the 
proliferation of malignant cells. 
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Including nutrient-dependent saturation in tumor proliferation as in 
equation (13), the nutrient availability, carrying capacity also limit the 
multiplication of cells and the natural mortality rate decreases the amount 
of cells in the tumor. 
    ( )
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The delayed tumour and immune states in equation (14) represent 
biological response times in which previous tumour and immune 
conditions are used to model the current tumour proliferation, inhibition 
and tumour progression. This equation (15) represents the total temporal 
modifications of the population of the tumor from its initial size, taking into 
account the increase due to proliferation, the carrying capacity, the natural 
mortality and immune-mediated suppression throughout tumor 
development. 
    (   )
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Spatial diffusion, nonlocal interactions between cells, proliferation 

depending on the cell density, and immune suppression are included in 
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equation (16), which can model spatially heterogenous expansion of tumors 
in spatially interconnected tissue regions. 

B. Angiogenesis and Carrying Capacity 
Tumours are controlled by regulating their capacity through the 

generation of new blood vessels (angiogenesis) that provide them with 
oxygen and nutrients, and by limiting their growth and expansion by 
limiting the availability of blood vessels. 
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Equation (17) describes the vascular carrying capacity, stimulated by 
angiogenesis, tumor dependent vascular growth, natural vascular 
degradation and inhibitory mechanisms that in a dynamic way control the 
sustainable growth of tumors. 
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The angiogenic activity stimulated by tumour-associated hypoxia and 
increase of tumour burden is described by equation (18); the concentration 
of the angiogenic factors and the consequent vascular development over 
time is regulated by natural degradation. 
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Tumor demand, vascular degradation and density dependent 
inhibition are all coupled to vascular capacity in equation (19) to arrive at 
the dynamically changing capacity for the tumor to grow from a given 
supply of nutrients and angiogenic factors. 
    (   )

                (   )      
 
       (20) 

The heterogeneous distribution of blood-vessels in tumor tissues is 
represented by the contribution of the vascular evolution in space due to 
the diffusion of vessels, migration towards vessels, generation of vessels 
during tumor growth, and degradation of vessels. These contributions are 
described by equation (20). 

C. Numerical Solution Algorithm 
The numerical solution algorithm is an iterative approach to estimate 

the tumor dynamics and vascular dynamics by numerically solving coupled 
differential equations at different time steps and initial conditions and 
model parameters. 
             *     (
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The equation (21) approximates tumour evolution by calculating the 

values of the populations at discrete time steps, using the growth rates at 
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the previous step, thus giving a simple numerical solution to the dynamic 
equations. 
            ( 

 ) (                )  (22) 
From its very nature, equation (22) can be employed for estimating 

tumor dynamics in four intermediate slopes per time step, which not only 
improves the numerical accuracy and stability in solving the coupled 
nonlinear differential equation systems, but also extends the time step 
length for calculation. 
                

 ∫      
  

(   ( )  ( )  ( )  ( ))   (23) 

The discretisation of continuous tumour dynamics in (23) allows to 
numerically estimate the changes in the tumour population over time, by 
integrating the biological growth functions for each time interval. 
            ( 

 ) [ (        )    (              )] (24) 
For simulations, the integration of tumor growth is approximated by 

equation (24) and averaged values of the functions are computed at 
subsequent time points, providing better numerical accuracy than that of 
the usual first order time-stepping approximations. 
            ( 

 ) (                )  (25) 
Multiple biological state variables are updated in parallel using vector 

based numerical integration in equation (25) and coordinate simulation of 
the tumor population, angiogenesis, nutrients, immunity, hypoxia and 
carrying capacity is possible. 

IV. Result and Discussion  
The simulation results show that the tumours grow progressively and 

then level off, indicating that proliferation rate, angiogenesis, carrying 
capacity and conditions of resource limitations have great effects on the 
behaviour of the tumour. 

 
Table 1 

Comparative Tumor Growth Predictions Using Different Differential Equation 
Models 

Model 
Initial 

Volume 
(mm³) 

Volume at 
Day 20 
(mm³) 

Volume at 
Day 40 
(mm³) 

Volume at 
Day 60 
(mm³) 

RMSE 

Exponential 100.00 536.42 1428.65 2386.74 128.46 
Logistic 100.00 487.36 1124.58 1582.41 74.28 
Gompertz 100.00 462.75 1068.37 1516.82 61.35 
Proposed 
Model 

100.00 451.28 1035.64 1472.68 42.17 
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The results of tumor growth predictions obtained by the different 
differential equation models are compared (Table 1) over a period of 60 
days. The highest tumor volume is predicted by the exponential model 
(2386.74 mm³) and the largest RMSE is 128.46. Figure 2 provides a 
comparison between models' tumor growth prediction and errors. 

 

 
Figure 2 

Comparative Analysis of Tumor Growth Dynamics and Prediction Error Across 
Mathematical Growth Models 

 
The models which can give better predictions are logistic and 

Gompertz models, with RMSE values of 74.28 and 61.35 respectively. The 
proposed model results in the lowest RMSE of 42.17, suggesting that it is 
more accurate in predicting the tumor growth and can better represent the 
tumor growth. 

 
Table 2 

Sensitivity Analysis of Biological Parameters on Tumor Dynamics 

Parameter Baseline 
Value 

−20% 
Tumor 
Volume 
(mm³) 

Baseline 
Tumor 
Volume 
(mm³) 

+20% 
Tumor 
Volume 
(mm³) 

Proliferation Rate (r) 0.14 1258.36 1472.68 1684.25 
Cell Death Rate (d) 0.025 1587.42 1472.68 1354.71 
Angiogenesis Rate (a) 0.045 1326.85 1472.68 1618.37 
Vascular Loss Rate (b) 0.018 1564.28 1472.68 1382.54 
Resource Limitation (c) 0.015 1598.46 1472.68 1347.25 

 
Table 2 shows the sensitivity of the dynamics of tumor growth to 

changes in biological parameters. The higher the proliferation rate, the 
larger is the tumor volume (1684.25 mm³), and the same with the increase 
of the angiogenesis rate. Tumor growth for different parameters is shown in 
Figure 3 as a function of tumor growth. 
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Figure 3 

Sensitivity Analysis of Biological Parameters on Tumor Growth Dynamics 
 
On the other hand, increased cell death, vascular loss and resource 

limitation leads to decreased tumor volume of 1354.71 mm³, 1382.54 mm³ 
and 1347.25 mm³ respectively. These results indicate that proliferation and 
resources availability are important factors that shape the predicted tumor 
progression. 

V. Conclusion  
So, this study proposed a mathematical model with a differential 

equation approach to study the dynamics of tumor growth, taking into 
account the growth of the tumor cells, the formation of blood vessels and 
the dynamic carrying capacity. The coupled nonlinear equations describe in 
a systematic way the interaction of the growth of malignant cells, the 
provision of the support of the vessels, the availability of the nutrients and 
the biological limits of growth. The growth of tumors was simulated 
numerically and observed characteristic tumor growth, which consists of a 
rapid initial growth, followed by a gradual decrease in growth and then a 
stabilization phase under restrictive conditions. The model can be used to 
study the temporal behavior of the tumor and to provide a visualisation of 
the influence of different values of the biological parameters on the tumor's 
growth and equilibrium states. The introduction of angiogenic regulation 
enhances the biological interpretation of tumor carrying capacity changing 
in tumor progression. In summary, the proposed framework offers a 
flexible computational framework to address the complexity of tumor 
dynamics and could facilitate future studies of treatment response, of 
parameter sensitivity, of individualized tumor modeling and optimization of 
therapies. 
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