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Abstract

This work investigates investigate the Ulam-Hyers (UH) stability of the Volterra integral
equation (VIEs) within a b, (s)-metric space. We derive the desired result by employing a
fixed-point approach.
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1. Introduction

Banach contraction principle or its generalization in defferent spaces has
been investigated in several researches [1]. In 2017, Mitrovic et al. [17],
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traditional notion of MS was extended by introducing b,(s)-MSs . In this
framework, authors proved many fixed point results [5, 19, 18, 17, 15, 3].
Moreover, in [17] a new method was used to prove the validity of Banach's
fixed-point theorem within a b,(s) — metric setting. The demonstration
technique applied in [17] is different from the proof formulated in the early
twentieth century and closely related to Banach’s mapping theorem in the study of
invariant points[10, 11]. The fixed point theory with its vast applications has
allowed researchers to deal with several subjects in mathematics, namly those
addressing the stability properties of equations in analysis introduced by Ulam
[12]in 1940 and the collaboration with Hyers [2] led to the development of what
is referred to as ‘U -type stability. The establishment of these types of stabilities
has attracted significant researchers attention who have contributed significantly
to Investigation of the robustness properties of specific problems using a
fixed-point approach [8]. Recently, Volterra integral equation has emerged as a
highly promising fieled of research since it can be applied to model many
different types of time-dependent phenomena. Given this importance, some
Scientists have focused on the theoretical side to prove new results[14], while
others have concentrated on developing new methods for solving certain
problems involving the Volterra integral equation [7, 20, 6, 16, 9]. In a study that
integrates the VIE, UHS, and FPT, the authors have explored the UH
stability of a weakly singular VIEs where they have used the Bielecki metric. [7].
Within this framework, investigating the U -type stability of certain classes of
equations, we employ Banach’s principle inside a b,(s) —MS. The article is
structured in the subsequent way: first, attention is given to fundamental concepts
with preliminary results for proving our main result, which will be presented in
the third section. We conclude by summarizing our collaboration.

2. Preliminaries

First, we begin by presenting the necessary preliminaries and theoretical
foundations cited in [17].

Definition 2.1: On a set € # @, we define the relation dg: € X € — [0, ), and
consider a positive integer . The paire (€, dg) is termed a b,(s) — metric
space if, for all elements u',w’ in € and for any different elements
u'y,u'y, ..., 0’ € €, where each one is distinct from both u’ and w’ the
following properties are met:

) de(,w)=0 iff v=w
ii) de(u',w") = dg(w',u")
iii) 3 s€[1,+oo[:
de(W, ") < s[de(u,u'y) + de(u'y, 0'2) + de(w'z,u'3) + - + de(w'y, @)].
The famous Banach contraction principle is cited in many references

Theorem 2.2: ([10, 11, 9]) Consider the MS (€, dg); assumed to be complete;
with Y: € - € satisfying a contractive condition: 30 < n < 1 for which
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de(Vu', Y') < nde(v’,w"), vu',w’ €E.

Thus, there is exactly one u’* € € such that Yu'* = u'*,

The following theorem concerns the Banach contraction principle in
b,(s) —MS. It focuses on Mitrovic's and al key findings. [17]. This theorem is
analogue of the original one in metric space but its proof (see, [17]) is short and
different from Banach's one.

Theorem 2.3: Consider the b,(s) — MS (€, dg); assumed to be complete; and
an application Y: € — € fulfilling:

de(Yu,Yw) < ndg(u,w), Vu,weC.
where 0 < n < 1. Hence, there exists a unique u* € € satisfying Yu* = u”,

Definition 2.4: ([13, 4]) Consider a MS (€, dg) and an application V: € - €.
Assuming the existence of a no-decreasing map f: Rt - R*, with ensured
continuity at zero behind the property f(0) = 0, for which for every € > 0 and
for every u satisfying

d,(u,Yu) < e
3 u* € € ensuring that
Yu' =u" 2.1)
and
d,(u,u*) <f(e).
Then the Equation (2.1) has the Ulam stability which is called UH'S when
f(x) =tx, V x € R*.

Definition 2.5: ([13, 4]) Consider the the MS (€, dg) and X' = C(G, €). Plus
Y: X' - X' be an operator. The Equation

Yu=u 2.2)
has the generaized Ulam-Hyers-Rssias stability provided that 3 o > 0 so that,
for every u’ satisfying

de(u'(x), Yu'(x)) <f(x), VxeG,
(2.2) admits a solution u* fulfilling
de(u (@), 0’ (@) < of(x), VxeE

3. Main Result
In this section, the UH'S has been investigated considering the equation:
ux) =g + f;; W',z u(z)dz';, Vi € [xy, x], 3.1
where u € C([xg,x;]) and ¥ a function defined by:
W: [xg,%1] X [%0, X1 ] X R =R
(&,2,y) = WE 7, Y)
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Postulate that assumptions below hold:

a) W e C([x,x1] X [x0,%1] X R),

b) there exists k > 0 suchthat Vx',z' € [x,x;], Vu', 0" € R
Y&,z u") —Y(E, Z,w)| < kxlu' —w|

) K|x;—x| <1

d) ¢ €C([x0x])

Let us consider the operator
A: C([x0, x,]) = C([x0,1]);  (AW)(x) =
a"(x) + f;; Y&,z u(z)) dz', V' € [xo,x1].

It is easily seen that A is well defined. The UHS of the problem Au =u
is ensuresd by the theorem below

Theorem 3.1: Suppose u € C([xq,x,]), and € > 0 such that
d;(u,Au) < ¢, (3.2)
then, there exists p > 0 and a unique u* € C([xy,x,]) satisfying
ds(u,u") < pe,

Moreover, the Ulam-Heyers stability of the equation Au=u s is
ensured.

Proof: Set X' = C([xy,x,]) and consider the MS (¥', d;) with
d,(uW,w)=6 sup |[W(E)-w'@E)], v, o
x'€[xg,x1]
€ X', and sareal number satisfying s > 1.

First, we claim that A is a contracting operator in the b,(s) — MS (X', d,).
Indeed,

|Au' (') — Aw' (x| lg*(x") + J V' Z ' (2))dz - g*(x') - J Y, 7, w'(z")dz|

X0

k
< f ¥, 2 (2) - Y@, 7, w'(2)|d7’
X0 Y
< Kf [u'(z") - w'(z)|dZ
X0
3/
< Kk sup |u’(z’)—m’(z’)|J. dz
X0

21€[xq,x1]
1 ! !
< ;K|x1 = Xo|d,(u', ')

we deduce that, d,(Au’, Aw") < k|x; — xo|d, (', w")
Since n = k|x; — xy| < 1, by Theorem 2.3, there exits a unique u* € X'
so that Au™ = u*.
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Now, let w' € X’ and € > 0 such that d,(w’,Aw’) <e. As (X,d,) is a
b,(s) — MS, therefore :

d,(w',u™) < sld(w’,u'y) +d',u'y) +d@'y,u'3) + -+ d@W, u"™)],

where u', 1’5, ..., 1", € X', are distinct from each other and all different from u"*
and w'.

We put a, = d,(1',, 1'n41) and let us consider the sequence defined by
u'; = Aw' and v, = Au',,.
a; =d,(u'y, 1)
a; = dy(w'3,u'3) = d,(Au'y, Au'y) < nd,(u'y, 1),
as = dy(u'3,1'y) = dy (A, Au'y) < nPd (0, u1'3),
by recurence we deduce that a,_; = n""2d (u'y,1';),
and a; +a, +az+ - +a,_; =@ +n2+n3 + -+ " H)d, (01, 1',),

_a V=2
o tay+azt+tay, g =17 : 1777] d,(u'y,u'5).

On the other hand, we have
d,(u';,u'y) = d,(Aw’, Aw';)
= d,(A(Aw’, Aw")
<nd,(Aw’,m")
< ne.
Hence,
apta;taztt+a, < %(1 —n""?)e.
The last step is to calculate d (u’,, u"™).
do(u'p,u"") = dy(Au'y_y, Au™)
= ndy(uy_q,u”
< ndy(w'y—p 1)
= n3ds(u,b—3'u,*

by proceeding in the same way we get
dy(u'y, 1) < 1¥d (', u").
Finaly, we have:
2
dy(w',u") < s(2 + {5 (1 =" )e + nPdy(w', 1))
then,
2
(1= sn)dy(w',u") S s+ (L=,

because 0 < n°s < 1, we have

2
d,(w',u"™) < : 1+ 1’77’(1 —n°"2))e.



16 S. AYADI AND A. BENALI

That is d,(w’,u"™) < f(e) with
fe) = ——(1+ % (1= n°2))e, and §(0) = 0.

By Definition 2.4, the Ulam-Heyers stability of the equation Au =u is
guaranteed.

s

1-sn®

4. Summary

In this study, we analyze the Ulam-Hyers stability of a nonlinear Volterra
integral equation. Our approach utilizes the b,(s) metric to demonstrate the
requisite stability. We establish a connection between the function bounding the
distance between the exact solution of the fixed-point problem, the parameter s
and the integer . By comparing the assumptions imposed in this study with
those suggested in [7], we observe that we have relaxed them.
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