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Abstract
This research article is reported the rheology of peristaltic flow of hot Bingham 

fluid inside an elliptical channel with sinusoidal moving walls. Convert the dimensional 
mathematical problem to a dimensionless form when replacing the parameters and using 
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the long wavelength approximation. The governing equations were solved analytically to 
obtain files of velocity, and pressure gradient in addition to solutions for the flowing pressure 
height. The polynomial used is of the fourth order containing six constants that provide a 
solution to the velocity and flow function equations by laminar peristaltic transport for a 
non- Newtonian Bingham fluid. Using the Cartesian coordinate system by employing the 
ellipse equation in the channel boundary conditions. Showing the behavior of symmetrical 
axial flow through graphical results in the Mathematica mathematical program. Velocity 
files have parabolic shapes.
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1. Introduction              
One of the basic topics that have been studied in the dynamics of flow or 

peristaltic flow between the walls of channels of all kinds is considered a major 
topic especially in industrial and engineering interests. The peristaltic movement 
of fluids along the axial directions of the channels due to the abundance of their 
sinusoidal contractions has contributed widely to enhancing the reality of 
practical applications of this movement in Newtonian and non -Newtonian 
fluids. There are many studies and researches that have addressed peristaltic 
flow in channels with circular sections and other channels with elliptical and 
rectangular sections [1], [2]. An example of this is a plastic fluid, because it is 
one of the fluids that require a minimum level of stress to reach the flow state, 
and because it is basically a non -Newtonian fluid. When it starts moving, this 
fluid behaves like a Newtonian fluid where the shear stress and shear rate 
become linear. Accordingly, the shear stress equation is written mathematically 
in the following formula:       MpY  where    is the yield point (  ) and 
unit is (pa.    ), Mp (Mp) represents the plastic viscosity of the fluid and (pv) 
for the liquid and the unit is maps (cp), (y) represents the shear rate of the fluid. 
Examples of Bingham plastic fluid are slurries based on water, sewage sludge, 
most cement mortars, drilling fluids including clay and petroleum derivatives. 
On the other hand, Bingham fluid does not accurately show the behavior of 
drilling materials at low shear rates in the ring and at a very high shear rate [3], 
[4]. Also, some studies in this field [5],[6] are discussed. The governing 
equations are developed using the approximate transformation to convert these 
equations are in their non-dimensional forms. Then we have the Partial 
differential equations for the velocity and energy equations and they were solved 
according to the boundary conditions set for them on the elliptical section, for 
the mathematical model when       with decrease in the Reynolds number 
and using the Polynomial as a suitable solution method [7, 8]. 

2. Mathematical Model 
We are working on finding mathematical formulas that fit the Non- 

Newtonian Bingham hot plastic fluid through a duct having elliptical cross-
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section. This study using Cartesian coordinates ( ̅   ̅   ̅) with sinusoidally 
deformed walls and the equations of geometrical model is given as:  ̅  ̅  ̅   
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and  , respectively symbolize the semi-axes of the cut, the amplitude of the 
flowing fluid wave and the occlusion. After that, we were able to put the three 
governing equations in their partial differential and nonlinear form to represent 
each of the continuity equation, the velocity and the energy equation:   ̅  ̅  
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conditions placed on the walls of the channel are:  ̅     ̅   ̅      
 ̅ 

 ̅  
 ̅ 

 ̅  
  (8) . Where the velocity components   ̅   ̅   ̅  and the extra stress tensor 
  ̅ ,(i,j=1,2,3) are available, as well as the thermal conductivity (k) in the 
equations of the problem. The Bingham fluid stress tensor is defined as     
     ̅  (9). Where    ̅           ̅…. (10). Here (     is the product 
stress and (D), the tensor while (  ̅ ) the rate of deformation defined as:   ̅  
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   (11). The transformation from laboratory 

frame ( ̅   ̅   ̅) to wave frame ( ̅   ̅   ̅) are given as:  ̅   ̅   ̅   ̅   ̅  
 ̅   ̅    ̅  ̅   ̅  ̅   ̅     ̅   ̅    ̅   (12). Dimensionless analysis of 
momentum equations are given by:    ̅
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, it symbolizes the hydraulic diameter, the cross -sectional area and perimeter of 

duct. Moreover   √      and       ∫ √         
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Applying lubrication approximation       into equations 3- 6  to obtain non-
dimensional governing equations as:   
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boundary conditions in the wave frames.      for  ̅
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3. Exact Solution 
We can express and formulate the velocity in this polynomial solution 

method                                           (22).                         
It is best to use the equation (22) for a purpose to use in motion equation 

and the boundary conditions, by substituting eq.(22) in eq.(18) and making 
compare of              on both sides of this equation, we get three equations. 
                        (i),                        (ii), 
                  

  
     (iii). On the other hand, we find another three 

equations by applying (22) in equation (20), and we have the coefficients of  
          given in the following form:                     (iv), 
                         (v),                  (vi). When 
we solve these equations (i) – (vi) and find the values of six constant, we get the 
exact solution of velocity as:                               
                                                     
              (23). So the dimensionless velocity at the middle of the 
channel becomes:                       

(         (          ))             (               
                  ) (24). The exact solution of the volumetric flux is 
computed by integration velocity term over the elliptical domain:      
                  (         (          ))              

                                                
                 √                            (25). 

4. Discussion of the Result 
We discuss the velocity profile and stream line function in 2- dimensional 

and obtained from the polynomial.  

4.1 Velocity Function 
Figures 1-5 supply all in formations for the graphical outcomes of fluids 

velocity, since the solution is close to infinity its Newtonian behavior will fail, 
so we don’t need to discuss it here. Figures 1 and 4 explain decreases observed 
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in velocity as increment of the value of the volumetric flux rate for increasing 
the parameter a and    in the core of duct and walls, we can get close the walls 
of the ellipse duct. Figures 2, 3 and 5 depict the 2-dimensional velocity graphs 
for increasing in the velocity function is visible with increment values of M, R 
and b, the flux profile investigate elevation, volume in the centric domain of the 
duct, but it shows an opposite behavior approach the wall boundaries with a rise 
value of M, b and R parameters. This graphs interpret the velocity graphs that 
flux behavior is axially symmetric and parabolic.  

 

  
Figure 1 

Velocity variation for different (  ) 
values when                 

        

Figure 2 
Velocity variation for different (M) 

values when            
              

  
Figure 3 

Velocity variation for different ( ) 
values when            

              

Figure 4 
Velocity variation for different (a) 
values when            

            
 

Figure 5 
Velocity variation for different ( ) values when                
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4.1 Streamlines Function  
Figures 6-10 reveals the streamlines analysis of Bingham fluid during an 

elliptical cross section canal under the peristalsis flux and generation of trapping 
bolus for various values of flux. Figure 6 recorded the increase in    cause the 
boluses  to separate from each other  and come closer to the walls. The ability of 
parameter M to increase directly affects the reduction in the number of boluses, 
in addition to the distance of the bolus from each other towards the walls, see 
figure 7. Figure 8, depicts increasing in R ensures an increase of number and 
size of boluses, especially when approaching the center of the duct. From figure 
9, by increasing the value of a, we notice a decrease in the number and size of 
boluses in the central part of duct and their expansion at the upper wall. The 
increase in b contributed significantly to the increase in the number and size of 
boluses in the middle of the duct and its disappearance at the upper wall.   
 

 
 

 

Figure (6-A): For (A)      Figure (6-B): For (B)        
 

 
Figure (6-C): For (C)     . 

 
Figure 6 

Distribution of streamline for (A)       (B)         (C)       
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Figure (7-A): For (A)   

  
Figure (7-B): For 

(B)        
Figure (7-C): For 

(C)        
Figure 7 

Distribution of streamline for(A)    ,(B)         (C)       
 

  
Figure (8-A): For (A)     Figure (8-B): For (B)     

 
Figure (8-C): For (C)       

Figure 8 
Distribution of streamline for (A)R=6,  (B)R=6.1, (C)R=6.2. 

 

 

 
Figure (9-A): For (A)       
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Figure 9 
Distribution of streamline for (A)a=0.1, (B)a=0.11, (C)a=0.12. 

 

  
Figure (10-A): For (A)       Figure (10-B): For (B)        

 

 
Figure (10-C): For (C)       

Figure 10 
Distribution of streamline for (A)b=0.1,  (B)b=0.11, (C)b=0.12. 

5. Discussion and Conclusion 
This article reports the peristaltic movement of a heated Bingham fluid 

inside an elliptical duct possessing sinusoidal moving walls. To obtain an exact 
solution, we have employed the newness polynomial of order four, having six 
constants, to solve the velocity equation exactly for Bingham fluid flow during 
an elliptic region. Then we have deduced the main points listed below:    

 
 

Figure (9-B): For (B)        Figure (9-C): For (C)        
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1. Velocity function has a parabolic shape, increasing values    and a 
contributes to the decrease in velocity despite small values near the walls 
of the velocity function. 

2. The increase in the values M, R, and b mainly causes the sudden increase 
in the velocity at the duct walls and core. 

3. The increment behavior of velocity at the centric attractions to a reducing 
one close to the duct walls. 

4. The direct effect of the flow is apparent when the values of R and b 
increase; the number and size of boluses increase. 

5. Decrease in the number of boluses and their small size when the values of 
M and a rise and their gradual disappearance at the walls. 

6. Bingham parameter has a positive effect on the velocity profile, as the 
velocity improved significantly at the walls of duct. Conversely, when the 
values of    increased it led to the separation of the boluses and their 
distancing from each other, and then their strong convergence at the walls 
of the duct.     
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