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Abstract

This paper is devoted to study one of the important subject in the branch of applied
mathematics, namely the optimal mixed control vector problem (OMCVP) dominating by
triple system of parabolic PDEs (for brief TSPE). The Galerkin approach is employed to
demonstrate the existence and uniqueness theorem of a triple state vector solution (TSVS)
of the weak formulation system (SWF) of the TSPE when the mixed control vector (MCV)
is specified. The continuity of the operator between the MCV and its conforming TSVS is
established. The demonstration of the existence of an optimal mixed control vector (OMCV)
controlling by TSVS is done. The Fréchet derivative (FD) of the objective function (OF) is
secured. The derivation of the adjiont triple system (ATS) associated to the TSVS is found.
The theorem for necessary optimality conditions for the problem is demonstrated.

Subject Classification: 49]xx, 49]20, 35Exx, 46N10.

Keywords: Triple system of parabolic equations, Optimal mixed control vector, Lipchitz continuous.

1. Introduction

The subject of optimal control problem (OCPs) it is considered as a branch
of mathematical science which interests about detecting the policy for a control
of a dynamical system over time for which the criterion of a certain optimality is
attained. The aim is usually to maximize or minimize the objective function
which reflects the system performance. In OCPs the variables are classified for
two classes; the control and the state variables. To formulate the OCPs, there is a
need for a mathematical model, a determination for the index of performance, a
determination for the constraints which they are satisfied by control and state,
and determination for all the boundary conditions. OCPs in general take a main
place in various implementations for real life problems, as in the fields of
medicine [1], economic sciences [2], the shuttle of space [4], and the robots [3],
besides to many other fields of implementations. In particular, and in the
mathematical field, the subject of OCP are usually dominating by both PDEs [5]
and ODEs [6]. Mathematical OCPs may be of one of the types; classical or
relaxed, and each one of these two type may be of continuous mathematical
form or discrete mathematical form.

Through the previous years, a lot of researchers took their attentions about
the OCPs in general, and in particular about the classical and continuous type of
these problems (CCOCPs). Later these attentions extended to studding CCOCPs
dominating by the common three kinds for PDEs, the hyperbolic, elliptic and the
parabolic [7]- [9]. These studies encouraged other researchers about studding
mixed CCOCPs dominating by more general forms of these three types like
couple PDEs [10]-[12], and triple PDEs [13]-[15]. All these studies and their
results motivated us to think about studding mixed OCPs dominating by triple
system of parabolic PDEs

These researches motivate us to search about the OCP controlling by
parabolic TPDEs. This paper seeks about studying the optimal mixed control
vector problem (OMCVP) dominating by TSPE with boundary and initial
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conditions. The existence theorem of a unique TSVS for the system of weak
formulation (SWF) of the TSPE is demonstrated by utilizing the Galerkin
approach (GAP) when the mixed control vector (MCV) is specified. The
operator between the MCV and its conforming TSVS is established and is
demonstrated be continuous. The existence theorem for an optimal mixed
control vector (OMCV) governing by the TSVS is demonstrated. The FD of the
OF is secured. The mathematical formulation of the adjiont triple system (ATS)
that is associated to the TSVS is found. The necessity optimality conditions for
the problem is demonstrated.

2. Problem Description
Consider Q=[0,T]xQ, Q c R*,1=[0,T],=0Q, L =T x I, the OMCVP
is proposed by the TSPEs :

Yis —Ay1+vi—v2— ¥z =fi(x,5) inQ (1)

Yo —Ay2 ¥+ ¥ +vi =f(x,B) + 7, in Q (2)

Vs —Ays +ys+vi—v2 = f3(x,B) inQ (3)

with the initial and boundary conditions ( ICs) and (BCs))

a a

B—Zi =¥, a—gcos(nl,x,-) = 7(6b), onx, for = 1,3 )

Y2(x,5) =0,0onX (%)

71(x,0) =y2(x) ,onQ forl=1,23 (6)

where x =(xq,x,), n;( V1 = 1,3) is an outer normal vector on the boundary %,
and (n;, x;) represents the angle between n; and the x; — axis, (f1,f,.f3) is given
on Q, 7 = (r,75,73) € L*(Z) X L?(Q) x L2(Z) = L*(Z,Q) is the MCV and
¥ = ruv2vs) € HH(Q) x Hy(Q) X H'(Q) = Hy(Q) is their corresponding
TSVS. The set of admissible MCV is expressed by VA ={# = (r1,75,73) €
L*(Z,Q)I(#4, 75, 75) € V c R? a.e. in £}. The OF for #* € V,, and > 0 is

Go (#) =131 lve = vaally + EllrllE + Elllly + Ellrsli3, (7

Let W = W, X W, X Wy = {@: & = (w1, wz, w3) € H3,(Q)}-

The system of weak formulation (SWF)of problem (1)-(6), is (V w; € W),
by
(r1p 01) + (Vyy, Vo) + (1 — vz, 01) — (3, 01) = (f, 01) + (rp, w)r - (8)
(Vo w2) + (Vy2, Vwy) + (v2, w2) + (3, w2) + (Y1, w2) = (f, + 75, w,) )
(Y3 w3) + (Vy3, V) + (v3 + v1, w3) — (72, w3) = (f3, w3) + (173, w3)r (10)

(]/loﬂwl) = (YL(O)'wl)’ forl = 1'2'3 (11)

3. The Solution for the SWF
Theorem 3.1: For any given MCV1 € L*(%,Q), the SWF ((8)—(11)) has a
unique TSVS y € w .
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Proof: Let, for any n,iW, = W, x W, x W, c W be the set of continuous
functions in Q, has the basis w;; (j = 1,2,...,n &l = 1,2,3), then by the GM,
the TSVS ¥ is approximated by y, with: Y, = Y= ¢;;(B) w;;(x) (12)
The SWF (8-11), (V w; € W,(I = 1,2,3)).
(Yinty @1) + (V¥1n, V1) + (Vin — Van — Van @1) = (f, @1) + (r, @), (13)
(VYans 02) + (Vy2n, Vo) + (Von + Van + Vi @2) = (2 + 72, @2), (14)
(Vant 03) + (VY30 Vw3) + (Van + Vin — Van w3) = (f3, 03) + (75, w3)r, (15)
(v, w) = (¥, w,), for I = 1,2,3 (16). Through the projection of y , the
following  holds  (yJ,w) =l w),Vw, €W, &  [lyd =7y o<
Ny —w; lly, VY w, €W,. Using (12) in the SWF ((13)-(16)), putting w, = w;;
(j=12,..,n&l=1,23), the SWF , can be expressed as a linear system of
15% order of ODEs and the ICs (the uniqueness of a TSVS is satisfied), i.e.

AC; () + BC,(b) — DC,(b) — EC3(b) = b, (17)
AC,(0) = b? (18)
FCy(b) + GC,(b) + HC3(b) + KC, (k) = b, (19)
FC,(0) = b (20)
MC;(b) + NC3(b) + RC,(b) — WC,(b) = by (21)
MC,(0) = b, (22)

where A = (a;), - ay = (01) , w;).B = (by), . » b= (Vo , Vo) +
(1) wq),D = (dij)nx,l s dij = (W), wy) , E= (eij)nx,l s e = (w35, wy) . F
= (fij), o fij = (@25 . 0,0.G = (9i), . 9ij= (Vs V) + (0, ), H=
(hij) o hip = (@350, K = (kij) L kij = (01,, 050, M = (my)
my; = (w3, wz;), N = (nij)an sy =(Vwsj,Vws)H(ws) , ws) R= (Tii)nxn
np= (@ . w), Vo= (1), . 7= (@.0s) b = (b)) b=

(V0 @i )i b= (bidnxa » b = (o wi) + (i 0droba = (2 + 72, w20)
GO = (cj(ODInx1,Cu(B) = (cj(B)nx1, 1 = 1,23,k =13,Vi=12,..,n.

The boundedness of ”?n(?”(): Since ¥ € L2(Q), for | = 1,2,3, then there is

>

L2(Q)
a sequence (seq.) {w)}, wd, € W, s.t. w), -y then from the projection
S
L2(Q) _
theorem [16] and (16), it obtains ¥, -0 with [lyGllo < b, . Then ||y,9||0 is
S

bounded in (LZ(Q))g.

The boundedness of the norms”ﬁ”m(pﬁ(g)) and||7,l:

Putting 7, =y, in ((17) —(19)) for [ = 1,2,3, integrating on [0,T],
collecting the resulting equalities, to obtain | 0T<]7n'b' Yodb + [ 0T||)7n||§d15 =
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IS Gor) + G y)r + (2, 12) + (5, v3)rldb (23)

Utilizing Lemma (1.2) [17] to the 15® integral in the LHS for (23), with the
2" integral is nonnegative, then utilizing the property that is assumedf;, it gives

b - i) b
% 0 %ll)/n(t')”(% db < Z?=1 fo fQ nll}/lnldXd'h + fo fﬂl”/VZ||y2‘rl|dXd'15 +

b b b -
Jo S + lyin)dydb + [ [(751* + lysnl®)dydb = [7 ST, (B)IIG db
¥
< Sialmlly + lrallg + 2113 + s liE + 255, J) vl db
Since”nl”é S Bl s ”””l”% S CliVI = 1!3 s ”4/./2”5 S CZ s ”)711(0)”% S b)
then
1B <c*+2 ffllfnllg db, with ¢* = b + by + by + ¢, +c, + 5+

b )
using the inequality of Gronwall, to obtain (V b € [0, T]). ||V, (B)||2 < c*e?T =

b%(c), OF ”Vn('h)”Loo(T,LZ(Q)) <b() = 17.(B)llg < by(c) .The boundedness of
17 (Bl 2 wy- Also through utilizing Lemma (1.2)[17] for the LHS, taking
advantage of the steps that resulted from above with||7,(5)]|3 is nonnegative,
then (23), for b =T gives||[y,(T)I§ — 17, (0)IIF + 2 foTllfnll%d’B <Yl
+llr 1 + 2l + llsll3 + 2[17,.113, which gives
(b+b'1+b§+b;+c1+cz+c3+2b1(c))

2

T, > .
STI7II2 db < b3(0).with p2(c) =

thus ||}7n||L2(1,W) < by(0).

The solution strongly convergence:

Let the sequence for subspace of W be {V_I/;l}:_l, s.t.V @ e W, there is

_, 3
_ w (1*@)
@ € Wy, Vn forwhich@y, 53 =2 d, L5
S S
]/T/';1 c W , Vn hence then conforming to the subspaces {Wn}n=1’ there is a

sequence of WFS like ((13)-16)) , one has the following WFS forn = 1,2, ...
YVint @10) + (VY10 V1) + (Vin 010) — (Van ©@10) — Van, 01n) =

, but ((13)-16)) has a TSVS y,,,

(f, w1n) + (r, W1)r (24)
<y2n'h' wZn) + (VVZn' v(‘)Zn) + (VZn' wZn) + (y3n: (‘)Zn) + (yln' (UZn)
(f2 + 72, w2) (25)

(Vant W3n) + (V¥an, Vwsn) + (V3n, @30) + Vin 030) — (Von @30) =
(f3' w3n) + (4”3' w3n)r‘ (26)' (Vlgu (‘)ln) = (Vlot (‘)ln) s for = 1:2'3 > (27)
which has a sequence of TSVS {y,}x.,, (by the first part of proof for this
theorem, with [V ll;2(g) andl|¥pll 2wy satisfy the bounded property), then by
utilizing the Alaoglu’s theorem (AT), the sequence {y,},cy has a subsequence
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@) @ew)’

“let be the same” {y,, }en S-t. Va >y and ¥, >y , then integrate

w w
both sides of ((24)-(27)) on[0,T] after multiply them by 6,(k) €
C1[0, T] respectively, s.t. 8;(T) = 0, (I = 1,2,3), then integrating by parts in the
terms which have the first time derivative, they give

- fOT(VMv w1,)0; (B)db + fOT[ (V1 V1) + (Yin = Y2n — V3n, 010)]6: (B)db

= [ [(Frr @1) + (1, 0101161 (B) + (¥, 12)65 (0) (28)
- foT(]/Zn' wZn)gé ('h)d't’ + fOT[ (VVZn' V(UZn) + (YZn *+V3n t Vin wZn)]
0,(b)db
= [} (fy + 75,0306, (B)db + (¥, w322)6,(0). (29)
— Jy (sns 030)05(B)dE + [T [ (W3, Vo) + (Van + Vin — Vans 030)105(B)db
= [ [(Fs, w3n) + (3, W3)1105(B) + (3, @3,)85(0) . (30)
oy (@ 2@
Win - w; Wb - w0, Yin -y |
. S S . S
Since W, = , 2aw) and since 2@ [
Win = Wy J Wb - w, ¢, Yin =¥
S S S

Jy Gim 01)8:(B)dB + [ [ (VW1 Veo1n) + (1n = Van = Van @12)16:1 (B)db
— [ 1 008 (BB + [ [ (W1, Vo) + (11 — V2 — ¥5, 0)]6:(B)ds  (31)
Iy Van @20)85 ()b + [ [ (W Vzn) + (an + Van + Vin 020)1602(B)db
— [ (2 02)0,(B)db + [T [ (Vy5, V) + (v + ¥ + 71, 0)]6,(B)dB  (32)
Iy am 032)85(B)dB + [ [ (W3, V03n) + (an + Vin = Van 30)165(B)db
— [ (73, 02)05(B)db + [] [ (Vy3, Vws) + (3 + 1 — V2, 3)]05(b)dB  (33)

(@)
Vi 01n)0,(0) — (¥, 0)6,(0) (34). Since wy, — w, » then
w
foT[(fz'wm) + (71, 0p)r] 0, () — foT[(fz'wz) + (1, @0)r]6, () , 1 = 1,3 (34)
fOT(fz + 75, W) 0, (B)db — fOT(fz + 75, w3) 0,(b)db (35)

Thus ((28)-(30) converge to ((36)-(38)), i.e.
= Jo 1, 08 (B)db + [ [ (Vy1, Vo) + (71 — V2 — V5, 01)16: (b)db
= [ 11 1) + (g, 00)r 16:(B)db + (17, ;)8 (0) (36)
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- foT(Yz' w7)0,(b)db + fOT[ (Vy2,Vw,) + (v2 + V3471, 02)]602(B)db

= [} (F; + 75, @,) 6,(B)db + (¥9, )8, (0) (37)
- foT(V3' w3)03(B)db + fOT[ (Vys, Vws) + (v3 +v1 — v3, w3)]63(b)db
= [J [(Fs @) + (75, 3)r105(B)db + (2, w3)65(0) (38)

Case 1: Pick 6,(b) € C'[0,T], with 8,(0)=6,(T) =0, for [ =1,2,3.
Substituting in ((36)-(38), integrating by parts all the terms in LHS that have
first time derivative, to acquire

foT(Yﬁs' wy) 6, (B)db + fOT[ (Vy1, Vo) + (r1 — v2 — ¥3,1)]0:(B)db

= [7[(fr, 1) + (1, 01)r 165 (b) (39)
[ (Vo 02)85(0dt+ [ [ (Vy2, V) + (v + 3 + 11, 02)]6,(B)db
= [T (Fs + 72, 0)0,(B)db (40)
[ van w3) 0s(B)db + [ (Vy3, V) + (3 + ¥1 — V2, w3)]05(b)db
=[] [(f5 w3) + (13, 05)r]05(B)db 1)

i.e. y is solution of the SWF ((8)-(10)) .

Case 2: Pick 6, € C1[0,T] st 6,(T)=0& 6,(0)#0, (l=123),
integrating by parts the term in LHS that have first time derivative, to acquire

- fOT(Vl' w1)0, (b)db + fOT[ (Vy1, Vo) + (v1 — ¥2 — ¥3,01)]0:(b)db

T
= [y [(fr, 01) + (71, 01)r 16, (B)db + (v1(0), @,)6,(0) (42)
Subtract (39) from (42), to acquire
(7, 01)6:(0) = (¥1(0), ;)6 (0) , 6;(0) # 0,¥6; € [0,T] = (7, 1) = (11(0), ;)
Same manner can be utilized to acquire (11) are held.
The strongly convergence for ¥,:
Utilizing w; =y, ( for [ = 1,2,3) in (13)-(18), gathering all the resulting
equalities, then integrating on [0, T], and then utilizing in LHS Lemma (1.2)
[17] for all the terms that have first time derivative, to conclude

- - T - o T
AP (DG = ZPONE + 5 aG V) db = [{ 11, v1n) + rvandr +

(f2 + 72, V2n)]db + fOT[(f3 Yan) + (73, Vau)r]db (43)

Also, utilizingw; = y;, (I = 1,2,3) in ((8)-(11) gathering all the resulting
equalities, then integrating on [0, T], and then utilizing in LHS Lemma (1.2)
[17] for all the terms that have first time derivative, to conclude

PO = PO + [, aPdb = [ (1, v1) + (r,y)rldb
Iy 6o+ 72, 72)db + [ [(Fs,v3) + (3, v3)r]db (44)
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But 1{|7,(T) = 7(DIIZ = 2172(0) = 7O + [} a(p = 7,7 — 7) db =
Ey — B — E3 (45). By = |7,(D13 = 27 (013 + ] a7 (b), 7o (b)) db
Ey = X(7(D), 7(1)) = 1(7(0), 7(0)) + [, a(7,(b), 7(%)) db,
Es = X(7(T), 72 (T) — (1)) = X7(0), 7, (0) — #(0)) + [ a(F(h), ¥a(b) —
7(b))db

(W) NGO
Since ¥? = 7,(0) 70 = 7(0) and ¥, (T) -7 (T) , then
S S
(7(0), 7. (0) = ¥(0)— 0, (¥ (T), ¥ (T) = ¥(T)) — 0 (46)
17,(0) = 7(0)I§ — 0 and ||7,(T) — ¥(D)IIF — 0 (47)

©raw)® (@) .
Besides, since y,  _, 7 & ¥ 7o then [/ a(F(B), 7 (b) —
w w

yB))db — 0 (48) and  [[[[(fi,¥1n) + (e vandr + (o + 72, v20)]db +
Jy s v3n) + (s, vadelds — [Ty + (ra v + (G2 + 7, 72)1db +
fOT[(f3 ,¥3) + (773, 73)rldb (49). Now, as n — o in (45), the following points
are concluded:
(1) The first two terms in the LHS of (45) are tending to zero (from (46)),

from
) El , - ) LG vin) + Fuvande + (o + 72, v2)1db + [ [(F, ¥sn) +
4

(r3,¥3)rldb
from

- foT[[(ﬁ ¥ + (ruyo)r + (2 + 72,72)1dB +
(49)
Jy 2, v2) + (s, va)rldh

(3) E2—LHSof(44)= [[[[(f,,71) + (1, ¥D)r + (F2 + 75, ¥2)]db +

) OT[(f3 ,¥3) + (73,73)r]db (4) In E3, the 15% two expressions converge to

zero (by (46)), and the remaining one converges to zero (by (48)).

Through the above resulting four points, and as n — oo in (45), it gives

) ] H32(Q)

fo IV = 7IIF db = fO a(fn =V, Vn—V)db— 0= ¥, -7

The Uniqueness of the TSVS: Let , )? be two TSVSs of f(8)—(10)), ie .y,
& v, are satisfied (8), or
(r1p 01) + a1 (v, 01) = (Y2, 01) = (y3, 01) = (f1, 01) + (r, w)r, V0, EW,

(V1 w1) + a1 (71, w1) — (V2, 01) — (3, 01) = (f1, w1) + (771, w)rs
Vw €W,
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Subtracting each equation from the other, replacing » = y; —y;, to
acquire that

(i—vs. i —yv)+ta( — vV —v) — 2 — Y V1 — V1) —
s — V31— v) =0. (50
By the similar manner, one gets
(2 =V, V2 = V)t ax(V2 — V2, V2 —V2) + (T3 — V3, V2 — V2) +

1 —vu¥2—v2) =0, (51)
(73— V3)s, Vs —Vva) +as(¥s —va, V3 —v3) + i — vV —¥3) —
(Y2 —v273s —v3) =0. (52)

Adding ((50)-(52)), using Lemma (1.2)[17] in the terms that have first time
derivative, to acquire
> L2 > L2
sall? =7l + v =7l =0 (53)
From the positive property for 274 term in (53), integrating the resulting on
. b ENTY > 2 > 5112

[0, T], to obtain [ 2 ly - y||0 db<0 = ||(7 - y)(t)”o <0> |y- y||0 =

0, for each b € I. Again, integrating (53) on [0, T], utilizing (11) and the above
. T > 52 = - > N
result, it concludes [ [|7 = 7|, db =0 = ||y - y||L2(T‘V) =0=>y=7.

4. Existence of an OMTC
Theorem 4.1: Assume thaty, and ¥ + 8y are the TSVS conforming for the
MCV# 7 + 84 € L*(Z,Q), then (with M, M, M, € R*)

187 o (1 1200y) = M7 50,1871l 2q) < MIISA 5,

”8]7”L2(T,V) < M1”8473“2,Q

Proof: Takes?, = € [2(%,Q), then by Theorem 3.1, there are ¥, y which satisfy
the WFS ((8)-(10)) (for 7 ) and the WFS for 7, i.e.

(V1p 01) + (Y7, Vo) + (71 — V2 — V3 01) = (fr, 01) + (7, 01)r (54)
(Vo1 w2) + (V¥2, Vo) + (72 + V3 + 71, w2) = (f2 + 7%, w3) (55)
(Va1 w3) + (V¥3, Vws) + (73 + V1 — V2, w3) = (f3, 03) + (75, w3)r (56)
7 (0), ) = (v, 7)., forl =123 (57)

Subtracting ((8)-(10)) from ((54)-(56)) , and (11) from (57)(for [ = 1,2,3)
then letting 6y, = y;, — y; , and 67 = 4, — 77 , they acquire

(614 w1) + (V8Y1, V) + (81 — 8y2 — Oy3, 1) = (871, wi)r (58)
(6Y 21, w2) + (V8y,, Vw,) + (8y, + 8y3 + 6y, w3) = (677, w;) (59
(0Y34, w3) + (V8y3, Vws) + (6y3 + 8y, — 83, w3) = (673, w3)r (60)

(67.(0),w) =0, (61)
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Replacing w; = 8y, , in (58)-(61), collecting the results equations together,

utilizing Lemma (1.2) [17], they acquire
FalSVIE + 8711 = (871, 8y1)r + (872, 6Y2) + (6773, 8y3)r (62)

But the 2™¢ term is nonnegative, then taking the integral fork € [0, 5], and

then utilizing the inequality of the Cauchy Schwartz (CSI), it acquires
B b
L 873dt< 2 [* [ 167118y |dxdb +2f7 [ 187,115y ldxd +
T
Zfo Jol875l18ysldxdb < [ (167113 + 1672115 + [|67311] db

b
+ [y LISy lIE + l8y2l1g + 16v5 15 db

< fOTIISfII)%JQ db + f:ll&fll% db, B € [0, T], (by the trace operator)

Through the inequality of Gronwall, it is yield, for % € [0, T] that

IS7(BIE < M?|187115q = 187 (B)llo < MII87IIFq . where M? = €T
M>0.

= “8]7”L°°(1L2(9.)) < MII875q .

b}

Since 187 Il72¢q) < TM?II871I5q.  thenll87 Il 2¢q) < MIISFlg, 112 =
TM? . Similar steps and ut111z1ng the above results, to acquire

Jy ZN87N3 +2 f, ||8V|| db < (18713 + [T 187113 db < M2||87%q =
18711 2y < MENSFIIF q.with #17 = (1 + 12)/2 = 187 ]| 2qp) < MallS#]13 -
Theorem 4.2: The operator U v Yy has the continuity property from L?(%, Q) in
3

to (L°°(1, LZ(Q))) orinto (I2(I, V))3 orin to (L*(Q))3.

Proof: 5+ = 7* — # & §} = j — 7, then from the result of Theorem 4.1,

y—7 <M|#-# J——7
||]/ y ||L°°(I,L2(Q)) ” ||2,Q 5 If LZ(E Q 4” then (Lw(I,LZ(Q)))3
Which prove the Lipchitz continuity (LC) of # - ¥ form L2(Z, Q)in

3

to( L (I, 12 (Q))) . The other two results are obtained similarly.

Lemma 4.1 [15]: || Il is weakly lower semi continuous (WLSC).

Lemma 4.1: The OF G,(#) is WLSC

*(zQ (22(Q))’
Proof: By Lemma (4.1) |7 |lg,q , is WLSC and as 7, — #  gives Vy 7
w w

by Th. 4.1, thus | ¥ — V4 lg < limy_c, infy, ey, I| Vi = Va llg -
Hence | ¥ — ¥4 llg is WLSC, thus G, (#*) is WLSC .
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Lemma 4.3 [13]: |- ||3 is convex strictly.
Theorem 4.3: If Gy (#*) in (7), is coercive, then there is MOCV for MOCVP.

Proof: Since Gy(#°) = 0 and G,(#*) satisfy the coercively property, then |/, has
the sequence {7} = {(#1x, *2x, *3x)} » Which minimize G, (#*), s.t.

lim,,_,o, Go(#) = inf- Go(#) , and 17l3,q < c, then by AT there is

'V"kEVA
L*(Z,Q
a subsequence of {#%} , say again {3} (for simplicity), s.t. ¥, —, . But
w

Theorem 3.1, ensures there is a unique TSVS ¥ = )74:k of each conforming
MCV#?,, then conforming to the sequence {47} there is a sequence {},} and that
17l Loo(I’LZ(Q)) Al 12 & 17l 12aqy) have the bounded property, thus
utilizing AT there the sequence {y,} has a subsequence let be for simplicity {};}
(again), for which

o 3 3 3
(@) (@) (Eaw)
Yk >y Ve sy cadYe Ly .
w w
Now, to prove ”Vkﬁ”(Lz(I_W*))"' is bounded, system (13)-(16) can be
rewritten as
T,,
| o Gew @b | < I1llg Va1 llg + yaiclglwsllg + yaicllghasllg +
lVallgllwsllg + IVY2illgVasllg + llvarllgllwzllg + lvskllollw:ll +
lViellgllwzllg + IVYakllgVaslle + lyskllgllwslle + Ivallgllwslly +
lV2ellollwsll + lmaligllwslly + lmzllglw:lle + lnsligllwslly +
lrlisllolls + llrarllollwzlle + lrsillzllwslls
Now, for /= 1,2,3 the following relations for the norms are held

IVVucllg < IVVillg < IWkll 2wy, llwillg < lldllg <
&1l 2y IVwillg < IVEllg < lll 2wy Vil < 1l <
Wil 2wy llolls < 161ls < cll@ll 2wy linillg < di lruelly = 17l <D,
~ T, > — -
for 1= 1,3 and |7l < I7icllzg < b , then |y G @] < [31Tillyzryy +
MNPl 2wy + (dy +dy + ds + 3b)11& |2y, OF
T, . N .
|fo G @ < (12d5(6) + &' (0)) 1N 2y, Where  Fiell 2y <
|fo Frer, )|
“/P“LZ(I,W)
12d,(b) + d (b) = IVksll 2y < ds(b) since 3, is TSVS of ((1)-(6)) , then
Vike 01) + (VY15 Vo) + Vik — Yok = Vi @1) = (fr, 1) + (7715, 01)r (63)
Yarw 02) + (Vi Vo) + (Vak + Vak + Vi w2) =(f2 + 72k, @2) (64)
Varew 03) (VY3 V3) +(V3k + Vik — Voo @3)= (f3, w3) + (7735, w3)r (65)

b,(b) and d'(b)=d,+d,+d;+3b = < d,(b),withd; (b) =
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Integrating ((63)-(65)) on[ 0, T], after multiplying each equality by
6, € C[0,T], with ,(T) = 0, for each [ = 1,2, 3, rewriting each 15% term of
LHS of each resulting equations, and then integrating by parts all the terms
which have first time derivative, they acquire

- foT(VUc' @1)6; (B)db + fOT[(VY1kr V) + (Vik = Y2k — Var @1)]01(b)db

= [T1G1, @1) + (1 @0)r 1 6:(B)db +(11c(0), @) 6,(0) (66)
— [ (oo 02)05(B) + [ [ (Vyak Vo) + (ke + Var + Y1k 02)10,(B)d

= Jy (fz + 7210, 03)8,(B)db +(¥24(0), )6, (0) (67)
— I 310 03)05(B) B + [ [ (Vi Vaos) + (Vs + Vi — Varr 3)105(B)db

= [7[(fs, 3) + (510 3)r105(B)db +(31c(0), @3)85 (0) (68)
(@) @aw) _

since y 3 andy, 7 , then the following are hold

w w

— [ (V1i0 01)6; (B)db + foT[ (Vy1, V1) + (Vik = Vak — V3 @1)]01(B)db
0

- foT(Vl: w1)0; (b)db + fOT[ (Vy1, Vi) + (y1 — v2 — v3, @1)]6,(B)db
(69)

= Jo W21 02)0, (BB + [T (Vs Y0z) + (s + Vo + Y1k @2)10; (B)
- = fOT(VZ: w2)0,(b)db + foT[ (Vy2, Vwy) + (v2 + v3 + v1, 02)]0,(B)d (70)
- foT(Vsk: w3)03(b)db + fOT[ (VY3k, Vw3) + (Vak + Y1k = Var @3)]03(b)db

- = fOT(Vsn w3)05(b)db + foT[ (Vys, Vws) + (¥3 + v1 — V2, 03)]05(B)db (71)

From the bounded (y;(0) ,¥2,(0), ¥3,(0) ) in(L? () )3and the projection
theorem one has

(o 0)60,(0) — (v, ©,)6,(0), for I = 1,2,3 (72)
Q)
and since 7, — 4 ,then
w
foT(.fl»wz) + (ry, w)rb,(b)db — fOT(fz,wz) + (r, w)r 0,(b)db, VI = 1,2
(73)
foT(fz + 75k, w3)0,(b)db — fOT(fz + 13, ;) 0,(b)db (74)

Utilizing (69) —(74) in ((66)—(68)), to acquire
— Jy (i 0B (B)db + [ [ (Vy1, Vor) + (11 — 2 — V5,016, (B)db =
1 w1) + (1, 01)r]6: (B)db + (v, @1)6; (0) (75)
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- fOT(Yz' w7)6,(b)db + fOT[ (Vy2, Vwz) + (v2 + v3 + 71, 02)]0:(B)db

=J) (Fy + 72, 0)8,(B)db + (13, ,)6,(0) (76)
- foT(V3' w3)03(b)db + foT[ (Vys, Vws) + (¥3 + v1 — V2, w3)]60:(B)db
= [\ [(Fsr 3) + (775, 3)r] O(B)db + (¥2, w3)65(0) (77)

Case 1: Selectd, € C1[0,T], ie. 6,(0)=6,(T) =0, (I =1,23) , utilizing
integrating “by parts” all terms that have first time derivative in LHS of
((77)—(79)), to acquire (Vw; € W;)

foT(VH,' w1)0, (b)db + fOT[ (Vy1, Vo,) + (1 — vz — ¥3,01)]6:(B)db =

L 1(f w1) + (1, 01)r]6: (B)d (78)
I3 Vo 02)8,(B)dB + [T [ (W92, Vo) + (v + ¥3 + v1, )16, (B)db
= [, (f, + 15, 0,)8,(B)db (79)
S (V3 03)05(B)db + [ [ (Vys, Vaos) + (s + ¥1 — V2, 3)]05(b)db
= [, [(F5,75) + (13, 03)r 105 (B)db (80)

Therefore (78)-(80) give a.e. on [ that
(Y1 @1) + (Vy, Vou) + (r1 — ¥z — V2, 01) = (f, w1) + (71, 01)r, Yo, € Wi
(Yo w2) + (Vy2, Vo) + (2 + v3 + ¥, 02) = (f2 + 72, 03) , V1 EW, .
(V31 w3) + (Vy3, Vws)+ (v + 1 — V2, w3) = (f3, w3) + (173, w3)r, Yz € Wi,
i.e. ¥ satisfies the SWF .

Case 2: Select 8, € C1[1], s.t. 6,(T) =0, 6,(0) # 0, (I = 1,2,3) . Utilizing
integration by parts for all term that have first time derivative in LHS of ((78)-
(80)), to acquire

— Jy (i 0B (B + [ [ (Vy1, Vor) + (11 — V2 — ¥3, 01)16: (B)db =

[y [ 1) + (1, 01116, (B)db + (7,(0), ;)6 (0) (81)

- foT(Vz' w7)0,(b)db + fOT[ (Vyz, Vw,) + (V2 + V3 — V2, 02)]0,(b)db

= [ (fp +75,0,)8,(B)db + (7,(0), 0,)8,(0) (82)
- foT(Ysr w3)03(b)db + fOT[ (Vys, Vws) + (¥3 + v1 — v2, 03)]605(B)db

= [ [z 3) + (173, 03)r] B3(B)db + (73(0), 3)05(0) (83)

Subtracting ((81)-(83)) from ((75)-(77)), to get
!, @) 6,(0) =(1,(0), w1) 6,(0) , VI = 1,23 =y = y,(0) =y (x) ,



158 J. AL A. AL-HAWASY ET AL.

Then yis a TSVS of the SWF. Since G,(#*) is WLSC (by Lemma4.1) and
*(z,Q

since 7, — 4 , therefore
w
Go(#) < limyoq inf ., Go (7)) = limy,0 Gy (%) = inf Go(7) =
Go(#) Sinfyep, Go(#) = mingcy, Go(#) . Then 7 is a MOCV.
5. The Necessity optimality condition

To study the NCs for OMCVP, the TAEs associated to the TSPE must be
derived beside to the FD for the OF (7).

Theorem 5.1: Consider G,(i) in (7) & the TAEs of TSPE (1-6) are given by

—z13 — A2y + 7y + 75 + 23 = (Y1 — Y1a) (84)
—Zyp —Azy + 2, — 21 — 23 = (Y2 — V2a) (85)
—Z33 —Az3+ 23— 21+ 2, = (V3 — V3a) (86)
z(T)y=0,vl=1,23 (87)

A=y, g—Zcos(nl,x,-) =0,on%,forl =13 (88)
z,(x,5) =0,onX (89)

Then #* € V/, and the FD of G, is given by (Go(#), §7°) = (Z + B+, 67°)

Proof: The SWF of ((84)—(89)) for w; € W;,V [ = 1,2,3 is given by
=21, w1) + (Vz1, V) + (21 + 25 + 73, 01) = (Y1 — V1a ©1) (90)
—(2Z23, w2) +(Vz, Vw,)+H(z, — 2y — 73, w3) =(V2 — V20, 02) oD
—(233, w3) + (Vz3, Vws)+H(z3 — 71 + 25, w3)=(V3 — V30, W3) 92)

Now, substituting w; = z;, for [ = 1,2,3 in ((58) —(60)) respectively, these
equations become ,

(0Y11, 21) + (V8Y4,Vzy) + (8y1 — 8y2 — O¥3,21) = (671, Z)r (93)
(8Y21,22) + (V8Y2, Vz3) + (8y2 + 8y3 + 6Y1,22) = (672, 23) 94)
(8Y31,23) + (VOy3,Vz3) + (8y3 + 8yy — 8y2,23) = (6773, 23)r (95)

Also, substituting w; = 8y, for [ = 1,2,3in (90—92) respectively, to get
—(z13, 6y1) + (Vzy,V8y1) + (21 + 25 + 23,671) = (Y1 — V10, 0¥1)  (96)
—(221, 6Y2) + (V2, V8Y2) + (22 — 21 — 23,6Y2) = (Y2 — V2a,0v2)  (97)
—(z33, 8y3) + (Vz3,V8y3) + (23 — 21 + 25, 6y3) = (¥3 — V34, 6v3)  (98)
Integrating ((93)- (95)) on [0, T], utilizing integration by parts for all the
15bterms in LHS of each resulting equality of ((96)—(98)) , and then subtracting

each resulting equality from it's conforming equality ((93)—(95)) , add the
resulting equality to gather, it yields that
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f;[(a””pzﬂr + (673,2,) + (873, 25)r] db =

[0 = ¥1a:871) + (2 = V2w, 8¥2) + (s — V34, 6¥3)] db 99)

Now, adding each of the pair of equations ((8)&(58)), ((9)&(59))
,((10)&(60) and ((11)-(61)), one has

((r1 + 6yD)s w1) + (V(rq + 6y1), Vou) + (y1 + 8y, w0) — (2 +
8y2 w1) — (y3 + 8y3, w1) = (fr, w1) + (671, w)r

((r2 + 8v2)s w2) + (V2 + 672), Vwy) + (v2 + 0y, w,) +
(3 + 0y3, w2) + (v1 + 6y, w2) = (f2 + uy + 875, 73)

((rs + 6Y3)s w3) + (V(¥3 + 6y3), Vwsz) + (v3 + 8ys, w3) +
(y1 + 0y1, w3) = (2 + 6y2, w3) = (f3, w3) + (873, 73)p. Thus, the MCV
(ry + 67y, 1y + 81y, 75 + 673) gives TSVS (v + 6y, » V2 + 6y, 73+
8y3)Now, from of (7), so, Go(#F+67)—Go(#) = (8ry,2)x +
(873, 23)+ (673, 23)s +H(Bry, 611)+  (Bry, 61o)+ (Brs, 613)+ %”5)7”5 +
6715 » Or Go(# + 87°) — Go(7) =(Z + B7,67)z.q + 267G + L6711 q -
From the first results of Theorem 4.1, it acquires 5[|6711§ = &,(64°)[|6#°||5,q and
§||642||§,Q = &,(6P)67|l5q with & (67) = %MZII&PIIE’Q, where &, (67°),
£,(67) — 0, as [|[67]lgq — 0

Then Go(#* + 87°) — Go(7*) = (Z + B7,67)5q + (67167 (l5q  with
e(67) = £,(67) + &,(67) — 0 ,as [|67|l5,q — O Applying the definition of
FD of G, ,one has (Go(#), 87) = (Z + p#,67)5q -

Theorem 5.2: If # is OMCV of the problem, then (Z+ B#,#)5q = (Z +
B7, )50 V7 € L2(Z, Q).

Proof: If 4= is OMCV of the problem, then G, (4':")) = mingey, Go(7°) , V7 €
L?(Z,Q) Hence the FD of GO(/r%) = 0, thus G(;(ﬁ) =0=>Z7+B#=0= The

-

NCOiS;:—%£andfor5%’=f_f

(Z+ B, P)5q = (Z + pF,7)gq. V7 € L2(Z,Q) = (Z+ B7,87)54 2 0.

6. Conclusions

The Galerkin approach was utilized successfully to demonstrate the
existence for a unique TSVS for the weak formulation system of the TSPE when
the mixed control vector is known. The “Lipschitz” operator between the mixed
control and its conforming triple state was established and was proved
continuous. Under suitable suppositions, the existence for optimal mixed control
vector governing by the TSVS was demonstrated. The Fréchet derivative for the
objective functional is derived. The derivation of the adjiont triple system
associated to the TSVS was found. The necessity optimality theorem
“conditions” of the proposed problem was found.
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