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Abstract

In this paper, our intention is to approximate the mixed multifractal Hausdorff and
packing dimensions of product measures. The main results in this article examine the
relationships with various mixed multifractal dimensions of measures on R" and extend
many well-known results concerning Hausdorff and packing of measures and dimensions.
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1. Introduction

The multifractal analysis of measures has produced a great interest in fractal
geometry. It has been used in many fields such as turbulence analysis, earthquake
analysis, dynamical systems, financial time series modeling, and rainfall
modeling. Therefore, the continued attraction of researchers toward developing
mathematical theories and methods for multifractal measures remains highly
significant. While mixed multifractal analysis is a prolongation of multifractal
analysis of single objects like functions, measures, distributions, statistical data,
etc. It was recently developed purely from a mathematical perspective. In
statistics and physics, it has been strongly linked to mathematical theory and
appeared in different forms (see [7]). In some applications like break fields, each
attribute of a data sample can be described by multiple types of measures.
Researchers use well-adapted measures for mixed-type data like [7]. The mixed
multifractal analysis investigates the simultaneous scaling behavior of several
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finite measures and gives the foundation for a much clearer comprehension of the
local geometry of fractal and multifractal measures.

In this paper, we analyze the mixed multifractal generalization of Hausdorff
and packing measures and dimensions of product measures presented in [20]. Let
R$ (R4, respectively) be a vector that contains d components where all the
components are positive real numbers (negative real numbers, respectively).
Consider P (R¥) the family of Borel probability measures on R* and P (R¥)
the family of Borel probability measures on R¥ that satisfies Federer condition
(see Section 3) and PE(RK) = Pr(R¥) X...X Pr(R¥) d times. Let u=
(U1, ..., 1g) € PE(R¥) and x within supp u, where supp u is the topological
support of u and P%(R¥) = P(R¥) x...x P(R¥) d times.

The aim is to examine the concurrent scaling behavior of u then the lower
and upper local dimensions of p at x are described as follows

.. clogu(B 1 B .1 B
C_Zu(x) — llm lnf Ogﬂ( T(x)) — (llm 0g l"l( T(x))’ . .,llm og H’d( r(x)))’
rlo logr rlo logr rlo logr
and
— i log u(B L1 B 1 B
@, (x) = lim sup 08 H(Br(x) _ (llm 08 i r(x)),...,hm M)
B 710 logr rlo  logr rlo  logr

For a = (ay,...,ay) € R4, let

Le={x€e€supp(u) | a; < guj(x), Vj=1,...,d}and
—Q _ ;
['={x€esupp(w) | oj = a”j(x), vi=1,...,d}.

If @, (x), a,(x) are equal, then we indicate their shared value by ay,(x)
and we call this quantity by the local dimension. We defined for a € RY, the
level set T, (a) = {x € supp 1 | au(x) = a}.

L. Olsen is among the first who worked on the mixed multifractal analysis.
For example, in [22], he studied a thorough analysis of point sets that are points of
divergence for all measures y,..., 1y at the same time, and shows that these
points have an amazingly rich structure, while in [23] he provided a thorough
explanation of the mixed multifractal theory of finitely many self-similar
measures. By the way, L. Olsen worked a lot on the multifractal analysis. For
example, in [21] he studied some self-similar measures on the multifractal
structure. In [25], he was interested in the self-affine measures and random
self-similar measures in [26] as well as the product measures done in [24].

B. Selmi et al. also have several works on the multifractal analysis see for
example [3], [31], [32], [34], and on the mixed multifractal analysis for example
on the mixed multifractal densities and regularities with respect to gaugs in [2],
for vector-valued measures in [33] and for homogeneous Moran measures in [11],
and many other authors did analyze and study the multifractal structure of specific
measures such as [1], [5], [6], [10], [14], [17], [16], [15], [18], [27], [28], [29]
[30].

In our case, we study with the mixed multifractal generalization of packing
and Hausdorff measures of product measures in the following manner: Consider

1 as a Borel probability measure, t € R and q € R¢ then we denote }[S't the
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mixed multifractal Hausdorff measure and .‘PJ“t the mixed multifractal packing

measure. Let p € PE(R¥), v € PA(RY), q € R? and t,s € R then we can find
¢ > 0 such that

J o (D))AHI () < eHi (D),

nxv

HES (A B) < cHI (AP (B),

pxv

[TQY

f 2 (DV)ARM () < RIS D),
PES(AX B) < cRY (AR (B),
for A€ R¥, B S R!, D € R¥*! and DY = {x € R¥| (x,y) € D}.

Now, we structure the paper in the subsequent manner: In Section 2 we
provide various important definitions and some preliminaries necessary for the
continuation. The main results can be found in Section 3, while Section 4 includes
the demonstrations of the key findings. Finally, we study an example in a
particular case within Section 5. We start by defining the mixed multifractal
generalizations of packing and Hausdorff measures and we study their
dimensions.

2. Definitions and preliminary

Let ACR¥, A# @ and 6 > 0. Let also p € P4(R¥), q = (q1,...,qq) €
R? and t be a real number. The mixed generalized multifractal Hausdorff and
packing measures are detailed in the following manner:

Let

R(B-(x)) = (U1 (Br(2)), -+, 1a(Br-(x))),
where B,.(x) is the closed ball such that r > 0 is its radius and x € R¥ is its
center. Then the product

(M(Br () = (1 (B ()% (a(Br (x))) 4.

Next, let
=t :
Hys(A) = inf {X; (B, (x0T (a(Br,(x:))) % (21"}
= inf {; (n(B,,(x)))1(2r)"},
where (B, (x;)); is a centered §-covering of 4, and the infimum is considered

across the set of every centered §-covering of A. We have E‘ffg (@) =0,ford =
@. Now, define the limitas 6 \v 0,

—qt —q,t . T=at
Hy (A) =supH, 5(A) = }Slll’(l) Hys(A)
5>0
and let

HI'(4) = sup 7y (B).
BCA
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3{:‘” is termed the mixed generalized multifractal Hausdorff measure on

L. . . .o ot .
R¥ and it is an outer metric measure while the restriction l? on Borel sets is a

measure.
Now, let

_q,t
Pus(A) = sup{Z; ((a(Br, )N (a(Br, (x))) %) (211)"}
= sup{¥; (n(B,,(x)))12n)"},
where (B, (x;)); is a centered §-packing of A, and the supremum is considered

across the set of all centered §-packing of A. We have 53:2((0) =0,forA = 0.
Define the limitas 6 N 0,

—qt . —qt . —q,t
Pu (4) = inf Pys(A) = lim Py, 5(A4),
and we denote
, : St
R =, dnf Ti Py (4D,

?l?‘t is termed the mixed generalized multifractal packing measure on R¥

and it is an outer metric measure while the restriction ?l? on Borel sets is a
measure.

Proposition 2.1: Let A € R* and ¢t € R then
(a) We can find an unique number dimﬂ(A) € [—o0, + 0] such that
HY(A) =+  for t<diml(A) and
q.t — im9
Hy (A)=0  for t>dimy,(A).

The cut dimg(A) is called the dimension of mixed generalized multifractal

Hausdorff measure of A.
(b) We can find an unique number Dimy(A4) € [—co, +00] such that

PY(A) =+  for t<Dimp(A) and

PF(A)=0 for t>Diml(A).
The cut Dim?1 (A) is called the dimension of mixed generalized multifractal
packing measure of A.

(¢) We can find an unique number Ay(A) € [—o0,+0o0] such that
Pp(A) =+ for t<AY(4) and
PriA)=0 for t>A%(4).

The cut AE(A) is called the dimension of mixed generalized multifractal
packing pre-measure of A.
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Remark 2.1: If A = supp u where supp p is the support of the measure p. We
simply represent

b,(q) = dim supp p, B,(q) = Dimj} supp p and A,(q) = A} supp .

Proposition 2.2: [20] Consider u as a vector valued measure consisting of
probability measures on R and q € R%. Then b, (q) and B, (q) are
o-stable.

Proposition 2.3: [20] Consider pu as a vector valued measure consisting of
probability measures on R¥ and q € R%. Then

(1) 0=<b,(q) <B,(q) <A.(q), forallg; <land i=1,...,d.
(2) 0=A4,(q) = Bu(q) = b,(q), forall ¢; >1and i =1,...,d.

We also need some technical results which are studied in [20].

Lemma 2.1: Consider (@, q) as the scalar product of @ and q where a,q €
R®. Then we have

YV a e , teER, p>0 an (S that satis < (a,q) + t, one has
1 R4 R, p>0 and q ]Rih isfy 0 < (a, q) h
2(u,q)+dpg_[l:1,t (F“) > grlaa)+erdp (f“) and 2((x,q)+dpg)!:1,t (F“)
> j)((x,q)+t+dp (f“)_
YV a e , teER, p>0 an € RZ that satis < (a,q) + t, one has
2 R4 R, p>0 and q R4 th isfy 0 < (a, q) h
2<a.q>+dpg.[;lrt(£a) > g.[(a,q)+t+dp(£a) and 2<a.q>+dpgalfl't(£a)
> :p(a,q)+t+dp(£‘x).

Let g a real-valued function such that g: R% - R, the Legende transform
g" is defined as follows

g :R% - [—o0,+00] with g*(x) = ig/lf((x,y) +9).

Theorem 2.1: Let a € RE and q € RY, then the following results are satisfied:
(1) If{a,q)+ b,(q) =0, then
dimd (T") < bp(«), forall qeR? and dim}(L,)
<b;(a), forall gqeR%
(2) If{a,q)+ B,(q) =0, then
Dimy (fa) < Bj(a), forall qeR} and Dimp(T,)
< Bu(a), forall qe€ R

3. The main results

Before starting the main results, we first define DY, for y € R! and
D c R¥* as follows

DY = {x € R¥|(x,y) € D}, (1)
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Second, for u; € P(R¥) and a>1, take T,(u;):=limsup,,

(supxeSupp W) %) and define the family Pr(R¥) of Federer probability

measures on R¥ by
Pr(RF) = {u; € P(R¥) | T,(u;) <o, for certain a>1}.
By using [21], we have T,(u;) < o, forall a> 1.
Theorem 3.1: Let p= (uy,...,1q) € PERE), v=(vy,...,v4) € PERY,

q=(q1,..-,94) € R? and s,t € R. Then we can find ¢ > 0 in order that for
ACSR¥ Bc R and D € R we have

J #(DAHM ) < cHby " (D), )
HYT (A X B) < cHY (AP (B), (3)
J #EDNARY () < cBL (D), )
PL(A X B) < BRI (A)RY(B). (5)

Remark 3.1:
(1) Ford=1 and q = 0, the inequality (2) is due from [19] and [4], while the
proof of the rest of the inequalities can be found in [12], [8] and [9].

(2) Ford=1and q = 1, this case coincides with the case studied by Olsen in
[24].

Since supp p X v =supp p X suppv, it is easy to see the subsequent
corollary.

Corollary 3.1: Let p= (uy,..., 1g) € PERY), v = (vy,...,v4) € PE(RF),
q=1(qy,...,q3) € R and s,t € R. Then
dimp(A) + dim}(B) < dimg, (A X B) < dimy(A) + Dimy(B)

< Dimy,,(A x B) < Dimji(A) + Dimy(B),

for A € R¥ and B € R'.
A direct result of this last corollary is the subsequent.

Corollary 3.2: Let p = (y,...,1g) € PE(RF) and v = (vq,...,v4) € PE(R¥).
Then

by + by < by < by + B, < Byyy < B, + B,

4. Demonstration of the main findings

4.1 Some Definitions
Let

U, = {I15, L2 G+ D27 | Ly,..., [k €Z} and
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W, = {I1, [L27™D, (1 +2)27™D[ | L, L, € Z},

for n € N. We denote U, (W, respectively) the set of half-open dyadic
cubes of order n (the set of half-open semi-dyadic cubes of order n,
respectively). Let u,(x) (v,(x) respectively) be the unique half-open dyadic
cube of order n of which x is contained (the unique half-open semi-dyadic cube
v of order n of which x is contained, respectively), for all x € R¥, such as
dist(Up,,(x), RE\v) > 27(+2) Let
W,(A) = {v,(x) | x€ A}, for AC Rk
1

Let G = {(gl,...,gk) | g;=0o0r E} c R¥. For each g =(gy,...,9x) €

G, we denote
Wyn = {15, [27(g: + 1), 27 (g + L+ DI | L,..., L € Z}.

From this definition, we notice that (Wg'n)geG is a partition of W, and
v'nv' =0, v v, v eW,, with v' #v". Also if v/,v" € W, with v = V"
then either v’ and v" are disjoint or one is inside the other. Let also W, ,,(4) =
Wy (4) N Wy

It is much easier to study the measures and the dimensions of Hausdorff by
some cover with simple sets like dyadic cubes and balls. Even more, it is much
easier to use some semi-dyadic cubes v,(x) than dyadic cubes u,(x) because it
is less affected by the location of x since the distance of x to the frontier of
v, (x) is limited by 0 and 2~(+2),

4.2 Proof of inequality (2)
We first introduce J\fuq‘t as a net measure which is comparable to }[,?‘t. Let
[u] = UvEWn, dist(u,v)=0 V» for u € U,.

Thatis [u] is the union of v and their adjacent neighboring dyadic cubes of
order n. Let w= (uy,...,uq) € P4RK), ARk, q=(qq,...,94) €E R?,
n € N and t € R. Define

NE(A) = inf(F; ([w,DIC™) | n < nju € Un, A SUR, w), A% 0,
NH@ =0 and NI = SI:leu(,l,'f (A).

Lemma 4.1: Consider p € P4(R¥), t € R, q € R and n € N. Then
(1) ]\fuq’t is regular metric outer measure.

(i) sup; M (4) = NI (4), forall 4; 7 A.

(iii) sup; MY (4) = MY (4), forall 4; 7 A.

Proof: The demonstation is analogous to that of Lemma 5.2.1 in [24].
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Lemma 4.2: Let u € PF(R¥), g€ R and t € R. We can find a number
C >0 with

—12,rqt qt qt
CNY <HM < e

Proof: Let pw= (uy,...,uq) EPERK), j=1,...,d and B,(x) S [u] S
Bioryg(x) for x €suppu; , n€N, Zn%Sr<; and u €U, with

2n+1
B,(x) Nu # @, then we can find a number a, ; > 0 with

-1 (D) \% 1 2 m¢ . _
ajj < (u,-(Br(x)) <a,; and aj' < (?) < ay, with a; = [[j=; ay;.

Likewise, since p € P¢(R") and B_1 (x) € [u] € Bz (x) for u € Uy,
o+l om

n€N and x Eunsuppp, then we can find a number a,; >0 for all
j=1,...,d such that

aj
ﬂj(Bzinﬁ(x))

_1'<
%25 =\ "

< ay ;.
Put C = (a2(6x/f)t) Vv (a23%) where a, = [, a,;. Consider A € R¥,
to prove the initial inequality of our Lemma, let § > 0 and (Bri(xi))i as a

centred §-covering of A. For every i, set n; the unique integer that satisfies

1

1 1 . .
iz ST S S Moreover, let n be the unique integer such that Fmiz S 6 <
1

Py We have n; = n and
AcSU; By(x) €U Uuettn, B, (xpnuzo U-
Then
Nf;f(/l) < i Zue’uni,Brl.(xi)nu::(Z) p([uDi@™) <af ¥ Zue’uni,Bri(xi)nu#:Q)
q
m(B,,(x)) @2r)t
< C % n(B,x)) 2r)".
Therefore
, —at
N (A) < CH \5(A),
2n1+2 <6< zn% Letting § N 0 now shows that Nuq't(A) < Cﬁg't(A) <
CHY (A).
To prove the second inequality, take B € A. Let n € N, B € U; u; with
u; €U, and m; >n, and denote J ={i{|[BNu; #@}. For i €] choose

for

x; €Eu;NB . Since u; S B%\/E(xi) , then <B%\/E(xi)) is a centred
27 27 €]

1
(3k52_n)—covering of B. Therefore,
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3

—qit q t .
Fros 2(B) < Biey (B2 ) (250 VF) = X muI@ ™"
Hence, forall n € N, ﬁszin \/E(B) < CN:;f (B). Letting n —» +o0 we have

ﬁ,‘}'t(B)SCNH"'f(B)SCNH“'t(A) for all BCA, which implies that
HL(A) < CNI(AD.

Lemma4.3: Let v = (v4,...,v5) € PR, g = (q4,...,q4) ER% and t € R
Let (u;); be a finite or countable subfamily of Umsn Um, for n € N with
B < U; u; and u; € Uy, for n; = n. Let ¢ > 0 and denote (b;); by a family of
positive numbers. We suppose

¢ <Xib1,,(y), for all y €B.

Then ey (B) < % bv([wD9(27)".
Proof: The proof of this lemma follows as [24, lemma 5.2.3].

Lemma 4.4: Let u € PE(RF), v € PE(RY), q € RY, and s,t € R, we can find
c > 0 fulfilling the subsequent. Consider a >0, DS R K cR! and
suppose

q,s
Hy (DY) >b, for y€EK.
Then g}[‘?’t(l() < HIND), where WXV = (Uy X Vi, ..., g X Vg).

Uxv
Proof: The demonstation is analogous to that of Lemma 5.2.4 in [24].

Proof of inequality (2):

Now, let K = {y € R' | #,}*(D?) > 0} and }; b;1x, be a function with
UiKi=K, KknK; =@ for i #j, b; 20 and ¥; b1, (y) < H (DY) for
all y e K.

Observe that b; < H,2* (DY) = H*((D n (R¥ x K))’) for y€eK; .
Lemma 4.4 implies that

T b (KD S Ty cHIT DN (REXK)) =

Hxv
ca3sT (U (D 0 (R x Ky))) < catds (D).
Therefore, we get
JHE (D¥)dH (v) = sup{Z; b (K) | Ui Ki =K, K;nK; =0
fori #j, b; =0, ¥; b1, (y) < H* (DY)
forall y € K}
< cHI*Y (D).

uxv
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4.3 Proof of inequality (3)
We begin by proving that we can find ¢ > 0 such that

HIH (A xB) < c}qu(A)? “(B), for AC R¥ and BC RL.  (6)

va

Assume that { = 273172 Since tj € Pp(R*) and v; € Pp(RY), for all
j =1,...,d, there exist numbers ay,j,05j,a3; >0 such that for r > 0, x € R¥
one has

-1 < #j(BM(Z))
= (u,-(Br(x))

i
Vj(B4r(y)) /
Vj(B(T(Y))

<ay;fory e R,

) < ayforz € B,(x), a2,S<

4l < <M
3) = 1j(Br())V;(Br(¥))

Write a, = [1}; ai, for k = 1,2,3 and ¢, = 4°*'{*a,a,a;. Consider
DCAXB,e>0and 0 <6 <e. Pick (Bri(xi))i a centred §-covering of A.

For i € N, let n; be the unique integer such that 2—\/,1 <7< 2"% For each i and

v € W, (B) with (B,,(x;) Xxv) N D # @. Take h';, € B,,(x;) and h";, € v.
Observe that

b c U <UvEWni(B),(ﬁrl.(xi)xv)nDzQ) By, (xi) X U)
Ut (Uyerin o ey BarCH') X Bar,(10))

c U; (UveWni(B),(Brl.(xl-)xv)nD:tQ) B4ri(h'i,w h”i.v))'
Hence  (Byy,(h'iy 0" 0))

)qj<a- for y € R
= Az y .

(]

) is a centred
ieN veWn (B), (Brl(xl)xv)nD#D

48-covering of D. Moreover, remark that Bg, (h";,) S B,-@ w2 (hiy) S v.

n
Therefore, for each g € G, we have (Bgr (hiph ‘”))zeN.vewg_ni(B),(Bri(xi)xv)nz):o is

a centred e-packing of B. Then we obtain that

—q,5+t , " q
}[vaA-(S(D) < Zi (Zvewni(B)r(Bri(xi)XV)nD¢® ("l X V) (B4ri(h iy h i,v)) (8ri)s+t>

IA

! " q
@ L (Z”EWn-(B)r(gr-(xi)XV)ﬂD#:(Z) u'(B‘“’i(h irv))qv(B‘"i(h i,v)) (8ri)s+t>

4S+tc—ta1a2a3
Zi (Zvewﬂi(B)'(BTi(xi)XV)nH¢® "I’(Bri(xi))qv(B(ri(h”iVV))q(Zri)s(qui)t)
< ¢ % n(By,(x) ' @r)*

" q
(dec ZveWg‘ni(B),(Bri(xi)xv)nD#:(Z) V(Biri(h i) (eri)t>

IA



MIXED MULTIFRACTAL DIMENSIONS OF PRODUCT MEASURES 47

q —=at
< co i W(By, ()" 2r)° (Zgea Pre(®))
q St
< CZi u(Bri(xi)) (Zri)s?v,s (B)'
[ —q,5+t —q,S —q,t '
where ¢ =¢2". Therefore Hyyya5(D) < cH5(A)Pye(B) < cH,™ (A)
Pus(B), forall 0 <& < e.
Letting & \ 0, we obtain ﬁg:: t(D) < MW (A)?:,l:z (B), forall D € A X
B. Hence
HISH (A X B) < cHI (A)Pys(B),

uxv
for all € > 0. Making £ N 0 the inequality (6) yields.
Now we take (B;); a covering of B. Then, by (6) one has

HISH (A X By) < cHI (AP (BY).

uxv
Hence HASH(AXB) <3 HI (A X B) < cHI (A)T; Py (By). The

arbitrary on (B;); implies that
HES (A X B) < cHI*(4) inf ¥, Py (By) = cHI (API(B).

pxv

4.4 Proof of inequality (4)
We start to point some ordinary results for the mixed multifractal packing
measure. The proof of the three subsequent lemmas is analogous to that in [24].

Lemma 4.5: Let p= (uy,...,1g) € PERY), q=(q1,...,94) €ER* and
t € R Then ﬁz't(Z) = §Z't(A),forA c R

Lemma 4.6: Let p= (..., 1g) € PERY), q=(q1,...,94) € R* and
t ER. For each set A € R¥, we can find a Borel set E with AC E and E
satisfies ?lf‘t(A) = ?,f‘t(E ) i.e. the measure ?:‘t is Borel regular.

Lemma 4.7: Let p € P*(R¥), q € R and t € R. Then
sup.‘P!?’t(Ai) = fPl:l’t(A) for any sequence 4; 7 A and Plf‘t(A)
i
. Sat X
= . c
Alil}i; suip Py (4), for A € R".
Now, in order to prove the inequality (4) we should first give some technical

results.

Lemma 4.8: Let pu € P4(R¥), v € P4(RY), q € R? and s,t € R. Then, we
can find ¢ > 0 in order thatif b = 0, D € R¥*!, K € R! and DY defined as in
(1) satisfying

b < }[l?'t(Dy), for y€K.
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q.t —q,5+t
Then bR (K) < cPyyy (D).

1
Proof: Assume that { = 2731"2. As p; € Pp(R¥), v; € Pr(R") and gq; € R for
all j =1,...,d, then there exist positive numbers a ;, a, j, az ; > 0 such that for
r>0

q; 4j
1 Mj(B(r(x)) k -1 Vj(Eir(y))
a;; < (7;1;(7%(96)) <aq; for x ERY, a;; < Vi)
<a,; fory € R¢,

-1 o ( (1jxv))(Br (7))
35 = \wj(Br@)vi(B-())
Write a;, = Hj-izl Agj» where k =1,2,3. As for y € K, we have b <
HE'S (DY) then we can select also a subset D(y) € DY with b < ﬁg'S(D ).
Denote K5 = {y EK | %E:Z(D(y)) > b}, for §>0. Let n>0. As
Ks 7 K when § N 0, Lemma 4.7 gives that there is §, > 0 where for 0 < § <
8,, one has

RY(Ks) > RM(K) —n if RY(K) <+ and RM(Ky) >

aj
) <az; for x€RFandyeR.

if PY(K) = +oo.
Fix 0 < § < &y, it follows from the last inequalities that
—qt —=qt qt qt . qt
Pyvs(Ks) =2 Py (Ks) =2 R7 (Ks) > R7(K)—n,if R (K) < +oo,
—q,t —q,t qt 1 . qt _
Pvs(Ks) 2 Py (Ks) 2 R (Kp) > - if R (K) = +oo.
We can also choose (B, (y;)); acentred §-packing of Ks such that
% v(B,,00) @) > RV (K) =, if R (E) < +oo, ™
Zv(Br00) @) > o, i RYK) =+,
For i €N, consider n; as the unique integer satisfying 271 <r; <

2==D/I. For each i and v € Wy, (D(y;)) we can choose a point x;,, € v N

D(y;) satistying vy, (x;,) = v.
Now, observe that

D) € Uvew, 00 v S Uvew,, 00 Bry(Xiw)-
It is clear that (Bri(xi,v))vewn.(D(yi)) is a centred 71;-covering of D(y;).
Hence, we deduce that
—q,S q s
Hur (D) < Lvew,, 0 H(Bri(xi,v)) (2r)°. (®)
Let r; < &, then y; € K5 < K, and
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Hur, (D)) > b. ©

We can also observe that B, (xi,,,, yl-) < Ber, (xi,,,) X Ber,(yi) S v X

B,,(¥))- Then for each g€ G, the set (B(Ti(xi_v,yi))iEN_,,Ewg'ni(D(yi)) is a

centred §-packing of D. To conclude, using (7) we have for 0 < § < &, and
D C R+

—q,s+t _ —q,s+t
?uxv,B(D) =2 ngEG ?uxv,S(D)
q
> 27" Yoee X Zvewglni(D(yi)) (mxv) (Bzri (xi,vﬁyi)) (2¢r)**t

q
> 27%az3" Ygeg X Zvewglni(D(yi)) H(Bzri (xi,v)) V(B (}’i))q(zgri)ﬁt

> 2745 (a,05a5) 71 B (Br, ()" (21)" (Zvewni(D(yi)) H(Bri(xi,u))q (271')5)
> =% (B, () @) H (D (1))

jﬁ (PY(K) —n) if PY(K) < +oo
= %Zi v(B, ) @)t = b

- if PY(K) = 4o,

where ¢ = 2¥¢~5"ta,a,a;. Now letting § N 0 we deduce that
b qt < —q,S+t i qt
Z(‘{Pv (K) _77) < Puxy (D) if BV (K) <+ and
b —q,S+t )
= SPuxw (D) If RY(K) = +oo,

for n > 0. When you get the required result.
We can prove the following lemma with similar argument as in [24].

Lemma 4.9: Let u € PF(RF), v e PE(RY), q € RY and t € R. Then we can
find ¢ >0 that satisfies: Let b >0, D € R**', K € R! and suppose that
HI(DY) > b, for y € K. Then bPI(K) < cPEE(D).

uxv

Proof of the inequality (4):
Put K = {y | f]-[I?’S(Dy) > 0} and Y; b1y, is a function where U; K; =
K, KiNKj=@ for i#j, b; =0 and let ¥; b1g,(y) < HF (DY) for all
y € K, we observe that
by < HX (DY) = H¥*((D n (R* x K))”),
for all y € K;. According to the last inequality and Lemma 4.9, we obtain that
i bR (KD < X cRIVH(D 0 (R x K))

uXv

nxv nxv

= cpISH (U,- (D n (R* x Ki))) < cRESH(D).
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Hence

J 1Y (DY)dPY () = sup{X; BRY(K) | Ui K =K, K,nK; # @ for i # j,
b; 20, ¥; blg,(y) < H,2 (DY) for all y € K}
< cBYSH(D).

4.5 Proof of inequality (5)
To demonstrate the inequality (5) we require some lemmas as follows.

Lemma 4.10: Consider p € P(R¥), g € R? and s € R. Let € > 0, A c R¥,

.....

27D < ¢ Take ay,...,a, €N and ¢ >0 with ¥j-y a;1,, (X)) < c for
all x € A. Then

q . —q,5
1y i (Bympn () (2.2700D) < Py(A).
Proof: The demonstation is analogous to that of Lemma 5.5.1 in [24].

Lemma 4.11: Let u € PF(RF), v € PA(RY), q € R® and s,t € R. Then we
can find a number ¢ > 0 that satisfies, for B € R' and A € R¥, we have

—q,5+t —q,s —q,t
Puxy (AXB) <cP, (AP, (B).

Proof: Since u; € Pe(R¥), for j=1,...,d. Then there exists numbers
ay,j,05,j,a3; > 0 such that for v > 0

aj
(B
a1—11 Ii]( r(x)) < alj,for x € Rk, 2—n+1 >r> 2—n
' uj(Byn-2(x)) '
S
and a;! < (z-n-z) < ay, with a; =[[j; a4
[ oo |
i(B
az; < | o) | <ay; for r>0andy€R!,
)
2 2r

il < <(ijvj)(BT(XJ’))

aj
< q. . k L
Hj(Br(x))Vj(Br(y))) <azj, for r>0,x€eR*andy € R

Let 7,6,6 > 0 and a centred & A §-packing (Bri(xi,yi))_ of AX B that
L

satisfy,
—q,s+t q
Pucvens(A X B) =1 < i (wxv) (B, (e y)) 2r)**,
. —q,s+t
if  Puxvers(A X B) < +oo,
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One has

1 q L. —q,s+t
o< (nXxv) (Bri(xi'yi)) @)™, i Puxvens(A X B) = oo.

We can find n € N with
Priewens(AX B) =11 < Sy (uxv) (B, (30 @r)*
< a3 Sy (B () @)% (B0 @1 if Py say (A X B) < +00,
and
Lamm, (xw) (B () @Ryt <

q q o St
az Yizq H(Bri(xi)) (Zri)SV(Bri(yi)) @2r)t, if :puxv,s/\(S(A X B) =+
where a; = H}i=1 as ;. It follows from (10) that we can choose positive integers
Z,Z1, ., 2Z, With

(10)

2 <v(B,00)" @)
and
Prewens(A X B) =1 < as Ty w(By,(x) @) 2,
if Preyens (A X B) < +oo,
1< ay Ty 1(B () @)%, i Plvens(4X B) = e

For each i, denote n; as the unique integer with % < % < 2"%
Let J(x) = {i | x € B%(xi)} Nn{1,...,n} for x € R¥. As
2
Bri (x;) X Bri(y1) € Bri(x;, i) € Br,(x1, i),
V2 V2 vz
then (Bﬁ (yl-)> is a centred &-packing of B. Whence,
i€](x)

V2

t q i\t
iz1 Zilvni(xi)(x) < Yiej) Zi S V2 203 Yiejx) V (B%(J’i)> (2-5)
< VZ'2a,Py5(B),
—qs+t
for all x € A where a, = [[%, ay,j. By using Lemma 4.10 and if P:}j‘:g,\a(A X

B) < oo we obtain that

—q,s+t q i 1
Pucvens(AXB) =1 < a3 iy w(By,(x)) 2n)° 2 < -afas

q
XE Ziu<Bz_("i+2)(xi)) (2.2~ (i+2))?

t —q,S —q,t
< ‘/E a%a2a3?p,s(A):Pv,6 (B)
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—q,s+t
Now, if S’Jz;;g,\tg(A X B) = +oo, we have forall n > 0
1 q i
; <@ s n(B,,(x)) (27‘1')32;
1 q —(n: s
< ;a%a3 st ZiU(Bz—("i+2)(xi)) (2- 2 (nl+2))
t —q,s —q,t
< \/7 a%a2a3?u,5(A):Pv,5(B)-
. . —q,s+t —q,5+t
Then letting n N 0 we can infer that Ppyy (A X B) < Puyvens(A X B) <

=45, —=qt . t . .
CPue (AP, 5(B), (with ¢ = V2 a?ayas) for all £,6 > 0. We achieve the aim
by letting £,6 N 0.

Proof of inequality (5):
Let A< U; A; and B € U; B;. Lemma 4.11 implies that

—q,S —qt
P xB) < 3 RIYN(A; x B) < P, (ADE; Py (BY).

nxv

As the covering (Bj)j of B was arbitrary, then
) =95 . Sat =S ,
(A x B) < Py (A) inf, 3, P (B) = Py (ADR™(B),

forall i. Then P (A x B) < 3 PAT (A x B) < ¢ 3 Py (AP (B).

nxv
Finally, the arbitrary on (4;); implies that

RIS AxB) <c inf 3Py (AIRY(B) = cRY (ARM(B).
=V

5. An example
We suppose that Qy,...,Q,: R¥ > R¥ are contractions and A; =
(4,1, -+, 4jn) is a probability vector for j = 1,2, it follows from [23] that we can

find a unique compact and nonempty set E that satisfies £ = U; Q;(E), and a
unique Borel probability measure p = (uq, 4,) with

wj =X AuyoQrt,  for j=12. (11)

E is the self-similar set corresponding with (Q;); if Q,...,Q, are
similarities. For the same reason, we called u; the self similar measure related
with (Q;,4;;); for j = 1,2.

We assume also that Ry,...,R,: R' - R' are contractions and §; =
(¢j1,-+-,€jm) is a probability vector. Then by using [23], we can find a unique
compact and nonempty set F that satisfies F = U;, Q;,(F), and a unique Borel
probability measure v = (vq,v,) with

v =Y &uvjo Ry, for j=1.2. (12)

F is the self-similar set corresponding with (R;); if Ry,...,R, are
similarities. Likewise, v; is the self-similar measure related to (R;,¢;;); for
Jj = 1,2 for the identical reason.
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Let (i,i") € {1,...,n} x {1,...,m}. Define
Py R REYD such that ¢y, (x,y) = (Q;(x), Ry ().

Y;;, is an affine contraction. We define also a probability vector (r;,); i,
for (i,i") € {1,...,n} x {1,...,m} as follows
K = (i k5) = Agibuin A2,i820)-
E X F is the self affine set related with (3;;,); ;. Notice that
WXV = (U XV, XVy) = (Zi,ir Ky (g X vy) o ¢i_i/1'Zi,ir kG (g X V) © I/’i_i/l)-
Then p X v is the self affine measure corresponding with (Yy;,, Kii); i1
Now, let M and N be compact non-empty sets with non-negative
Lebesgue measure with Q;(M) €M and R,(N)S N, V i,i'€{l,...,n} X
{1,...,m}. One has E x F is the invariant set corresponding with (;;,); ;. Then
it follows from [24] that E X F = N, C,., where
Cr = Uit Yeaef © -© Vit (M X N).
Consider L¥ as Lebesgue measure in R¥ and L¥L A as the restriction of
L* to A, forall A € R*. Let

k+l
L L(yilillo"'oyiri;«)(MXN)

; oAy & forj=1,2.
..... , Joiy R+l o o ’ ’
T L (yili’1 yiri;)(MXN)

It is simple to prove that (G)i.)r is a Cauchy sequence with respect to the
weak topology. Then ((E)i)r is convergent with respect to the weak topology. Let
©/ be the limited of sequence (/)  as follows

®’/ = weak — lim,.0’, .
Whgre weak-lim is a weak limit. We can prove that the limit ©/ of the sequence
(©)), satisfies
0/ =¥y k1,07 oyt

Therefore, it follows from [13] and u; X v; is the only measure satisfying

i Kkl,07 oy} that

@J = ,U.] X Vj.
For q = (qy,q2) let
auzsup—b"—m), Euz inf—b"—(q).
- 0<q q q<0 q

We suppose that Q;(E) N Q;,(E) =@ for i # i’ and R;(F) N R, (F) = @,
for i # i'. Let 6,,6,: R* - R such that
i APAZLQN® =1 and 3 L2 ALRNM@ =1,

for q = (q1,92) and where L is Lipschitz constant (see [23]). Then it follows
from [21] and [23] that

. logAq; . logi,; —_ log A4 log A, ;
a, = (mln 8211 mijn —eC2d ), a, = (max 82 max —so2d ),
= i logL(Q) i logL(Qy) i logs(Q) i logL(Qy
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. logé&y; . logé&y; — logéq; logé,;
a, = (mm oL min 8 2'”) and @, = (max AU iy 8ol )
= ir logL(Ry)" ir logL(Riy) ir logL(Ry)" ir logL(Ryr)

It follows also from [11] that

o dimj(T, () = Dim}(T,(®)) = 6, (), for «€ (ayay)
b, = B, =6, and {Fu(a) _ g, for aé [a, all]'(13)
b, =B, =6, and {dimﬂ(l"u(a)) = Dimy (T, (@) = 6;(a), for a€ (wav)
L(a) =0, for a¢[a,a,l]-
(14)

Corollary 3.2, Theorem 2.1, the last equalities (13) and (14) and the
similarity implies that
Auxy = Ay + 4y and Auxy = Ay + Q.
From the same reason we have firstly byyxy = Buxy = Ouxy < By + By =
6y + 0y, and on the other hand we have 6y, = Byxy = b, + b, = 6,, + 6,. Then
buxv = Buxy = 6 + 0.

and
dimy,, (T (@) = dimy,,, (T,(@) = (6, +6,) (@) = 6;(a) + 65 (@), for « € (a,+a,8,+7a)
Tixo(@) = 0, for o€ [a, +ay,a +a,)
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