Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 29 (2026), No. 1, pp. 1-9

DOI : 10.47974/JIM-2021

On generalization of biharmonic curves in a Walker 3-manifold

Adama Thiandoum *

Département de Mathématiques et Informatique
Facult e des Sciences et Technique

Université Cheikh Anta Diop

Dakar

Senegal

Ameth Ndiaye '

Département de Mathématiques

Facult e des Sciences et Technique de la Formation
Université Cheikh Anta Diop

Dakar

Senegal

Rénovat Nkunzimana
Département de Mathématiques
Faculte des Sciences

Universite du Burundi
Bujumbura

Burundi

Abstract

This paper examines f-biharmonic curves within a three-dimensional Walker manifold,
focusing on their geometric properties. It derives explicit parametric equations for these
curves and establishes the necessary and sufficient conditions for a curve to be f-biharmonic.
In particular, we proved that when the function f remains constant, the f-biharmonic curve
reduces to a non-geodesic biharmonic curve.
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1. Introduction

Walker manifold is a Lorentzian manifold admitting a parallel null vector
field. Walker metrics have proven to be a valuable tool for constructing
interesting indefinite metrics that reveal geometric properties which are not found
in any positive definite metrics. In this paper, we consider a Walker 3-manifold.
For more details, see [2, 3, 8, 12, 13, 15].

The geometry of harmonic maps is naturally an important subject that is of
interest to many geometers [6], [4], [7], [9], [10], [11]. These functions have a
wide-ranging field of study because of their applications in mathematics, physics,
and engineering. In [7], Eells and Sampson are the first to study harmonic maps
between two Riemannian manifolds. In 1862 Airy and Maxwell introduced the
biharmonic maps to identify a mathematical model of elasticity. The concept of
f-biharmonic maps extends the notion of biharmonic maps. In [10], the author
studied f — biharmonic maps between Riemannian manifolds. The authors in
[11] characterize an inextensible flow of biharmonic curves according to the
Sabban frame in 3 dimensional Heisenberg group.

Moreover, in [14], f —biharmonic maps and f —biharmonic submanifolds
are obtained. The author classified the f-biharmonic curves in Euclidean 3-space
and described their properties in n-dimensional space forms.

Niang, Ndiaye, and Diallo [12] classified the strict Walker 3-manifold by
construction of two special ruled surfaces.Recently, the authors in [8] have
investigated biharmonic curves in a three-dimensional strict Walker manifold.
They obtain explicit parametric equations for both biharmonic curves and
time-like biharmonic curves.

Motivated by the above works, in this paper we generalize the last results of
[8] by studying the geometric properties of f-biharmonic curves in a strict
Walker 3-manifold.

2. Preliminaries

Let (My,g1) and (M,, g,) be two Riemannian manifolds of dimensions
my and m,. A map ¢@: M; - M, is harmonic if it is a critical point of the given
energy functional

E(p) =+ J, PdpP?dv,,
with D a compact domain of M; and dv; the volume element of (M, g,). The
function PdP is called the Hilbert-Schimidt's norm of d¢ and defined by
PdpP?: =YL, g:(do(e;), dp(e)
where {e;} is an orthonormal basis of tangent space of M; for all i =
{1,---,m;}. Let ¢, be a variation of ¢ and let V = (%(pt) |¢=o be a variational
vector field, then we have

a 1 a
EE((pt)lt:O = EfD (591(d(Ptvd<ﬂt))|t=odU1 = fD 91(tr(Vde),V)dv;.
We define the Euler-Lagrange equation of the functional E(¢) by
() = tr(Vde) = 0.
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Here 7(¢) is called tension field and Vd¢ the second fundamental form of
¢ given by

Vdp(X,Y) = Vydp(Y) — do(Vy'Y).

For more detail, see in in [5]. A map ¢ is called biharmonic if it minimizes
the bienergy functional

Ey(9) =5 [, Pr(p)P?dv,.

We have for the bienergy, the following variation formula :

S Ey(0,V)leo = [, 91(12 (), V),
and
7,(9) = —J (2 () = =A%) — trR™2(dg, 1(p))dg

with | the Ef Jacobi operator and 7,(¢) is the field of bitension of ¢. Here, A®

called the rough Laplacian on the section of the pull-back bundle ¢~ *TM, that is
defined by

APV = =31y (Ve VeV =Vomy, V), VET(97'TM,),

where V¢ is the connection induced on the pull-back bundle ¢~ 1TM,.If M, isa
riemannian manifold and y:1 — M be a non nul curve of parameter s, then we
have

0
= Vody(5-) = VT,
() 2dy (5 T
if we denote T = y’. The biharmonic equation of the curve y becomes
Tz(]/) = VTVTVTT - R(T, VTT)T = 0.
A map ¢ issaid to be f-harmonic with f: M — R, if it is a critical point of
the energy functional
1
E(¢) =3, fPdeP?dv,.
The f-tension field 7:(¢) of ¢ is a function defined by
(@) = f1(@) + do((V).
The f-bitension field denoted by 7, f(¢) is given by the following
T2, (@) = f12(p) + Af1(@) + 2Vyr1(9). (M
If the f-bitension field vanishes, then the maps ¢ is f-biharmonic [1],
[10]. The f-biharmonic curves is biharmonic curve if the function f is constant

[1].

3. Walker manifolds

A Walker manifold is a Lorentzian manifold admitting a parallel null vector
fields. The canonical forms of Walker metrics were studied by Walker in [13]. In
adapted coordinates (x;,X,,x,) of R3, he derived the canonical forms as:
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gi = 2dx; o dx; + edx2 + h(xq, x5, x3)dx2 )

written in matrix form, we have

0 0 1
gn = (0 € 0)
1 0 h

—-h 0 1
g™ = (0 € 0)
1 0 0

where h(xq,X,,x3) is mooth function and € = +1. In this case, the parallel
degenerate line field is given by X = Span{d, }. If ¢ =1 and € = —1 the
signature of Walker manifold is given respectively by (2,1) and (1,2). In both
cases the Walker manifold is Lorentzian.

Using , the Levi-Civita connection associated with the metric
(Error! Reference source not found.) is computed as follows:

1 1 1
Vaxl ax3 = Ehxl axl' VaxZ ax3 = ;hxz axl' V6x3 ax3 =3 (hhx1 + hx3)
axl + %hxz axz - %hxl a.X3’ (3)

with inverse

. a
where 0, , 0, and 0, are the coordinate vector fields PE @ and @

respectively. If (M, gy) is a strict Walker manifold that is h(xq,x;,x3) =
h(x;, x3), then the Levi-Civita connection becomes

1 1 1
Vo, Oy, = Eth Oy, Vo, Oy, = Eh"S Oy, — Eth Oy, @)
and the Christoffel symbols satisfy

&€

F 1ﬂ32 th' lﬂ33 hX3’ F323 = - Ehxz- %)

Consider local coordinates (xq,x,,x3) such that (2) holds, an easy

computation shows that
2-h 1 2+h 1
eq =ax2, ) =ﬁ6x1+\/—iax3, 33_ 6 —\/—50,% (6)

We can show that {e;, e,, e;} is a pseudo-orthonormal frame on a Walker

manifold (M, g;;) where
gr(er,e1) =1, gplese) =¢  gplese3) =—
The Levi-Civita connection of the Walker metric is given by the following

1
0 Lh(es+es) - hxz(ez+e3)\
1
Vet = | 7hu,(ea+€3)  —Zhye “hy,es (7)
1
—the(ea+es) Thee —hes /

The curvature tensor R of the Levi-Civita connetion V is defined by
R(X, Y)Z = VXVyZ - VYVXZ - V[X’y]Z, (8)
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where X,Y and Z are vector fields in M and we denote by

Riji = R(e;, ej)ex )
where i, j, k € {1,2,3}. Through a straightforward calculation, we determined the
components of the curvature tensor as follows

1

Riz1 = —Riz1 = = hy,x, (€2 + €3) (10)
1

Ri25 = Ry33 = —Rq33 = —Ry33 = th2x231

The vector product of two vectors u and v in (M, gy) is the vector
denoted by u X v and defined by
gr(u xv,w) = det(u,v,w) (11)
where w is a vector in M and det(u,v,w) is the determinant associeted the
canonical basis of R3. If u = (uy,uy,u3) and v = (v4,v,, v3), using (11), we
get :

U U 73 Ug 1 U 7y
uUXv= (luz 1]2|— |u3 v3|) 1_£|u3 v3|€2+|u3 v3|e3. (12)
The frame given in (6) verifies
€1 Xp €y =—€3, €, Xpes=—e;, e3Xpe =e,. (13)

4. On f-biharmonic Curves in 3-diemensional Walker manifold

Let B be aunit speed curve of parameter s in the strict Walker 3-manifold
(M, g1.). Then the Frenet frame of the curve B is given by

VTT = Esz
VyN = —&,kT — &31B (14)
VTB = SzTN

Here, T represents the tangent vector, N is the principal normal, and B
denotes the binormal vector of §. The quantities k and T correspond to the
curvature and torsion of the curve f3, respectively, with:

gn(T,T) = &, gh(N,N) = &, 9n(B,B) = &3.

Using (14) yields to
ViVeT = —g,6,k2T + e,k'N — £,63kTB (15)
and
VeVeVeT = (=3&,6,k k)T + (—& k3 + e,k — e3kt?)N — £,65(2k'T + kt')B.

(16)
We put T = T161 + Tzez + T3€3, N = N1€1 + Nzez + N3e3 and B =
B,e; + B,e, + B;es, by using (10) and (13), we have
R(T,V,T)T = 20222C22) (B, — BN + (N, — No)B. (17)
An easy computation gives

E2Kfxyx, (32—33)2) N

7,(B) = (—3&,6,K'K)T + (€1K3 — &k + g3x7% — "
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n (82 K fxyx, (B3—B2)(N2—N3)
4

+ &,652K'T + K‘r’)) B. (18)
Hence, we get 7, (B) = A1 T + A,N + A3B where

Al = _8182(3k’kf+2k2f’)

A2 = f(€1k3 - 82]{” + €3kT2 - gz,ch:%(Bz - B3)2) + 82(2k’f’ + Zkf”)

A3 = 82[83(2](,'[ + k'[’)f + 283]{'[]“’ + f“;sz#(33 - BZ)(NZ - N3)]

Proposition 4.1: 1Let 5:1 - M be a unit speed curve of parameter s and
f:I - (0,0) is a function. Then the necessary and sufficient condition for S to
be a f-biharmonic curve is

f(V5: Y3, Yp.B" = R(B', VBB + 2f V. Vg B' + [V B = 0 (19)

Proof: Let [ be a unit speed curve of parameter s and e; = dx; be an
orthonormal frame in (I,ds?) and da(e,) = dp (%) = B’. The tensor field of
B is given by
©(B) = V5 dp(e)) = Vp .
One can verify that for any function f:1 — (0, 4+0),
Af = f"

and
Vo T(B) = f'Vp, V.-

Theorem 4.2: 24 unit speed curve [ is an f-biharmonic curve with a function
f:1 - (0,00) ifthe following differential system is satisfy
3k'kf + 2k%f' =0
(€1k3 —&k" + e3kt* — w

)f +28,K'f +ekf" =0 20)

(khxzxz(sg—Bz)avz—Ng)
4

+ 32k’ + kr’)>f + 2e3ktf =0

Proof: Indeed, 7,(y) =0 &

g6, BKk'kf + 2k%f) =0
ezkthxZ
4

1 ’ ’ €2khx2x2
\e2[es(2k'T + kT f + 2e3ktf’ + fT (B; —B,)(N, —N3)] =0

f(€1k3 - Szk” + €3kT2 - (BZ - B3)2) + Sz(zk,f’ + Zkf”) = 0

As &4, ¢&,,63 # 0, we have
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(3K'kf + 2k2f =0
|

& kh
%(32 - 33)2) + &K' f" +2kf") =0

r ’ / Szkhxzxz
83(2]{ T+ kT )f + 253ka + fT (B3 - BZ)(NZ - N3) = 0

{f(elk3 — & k" + e3kt? —

Corollary 4.3: 3Let B:1 - M be unit speed curve of parameter s. If [ is
f-biharmonic curve then

£(s) = clk(®)] 2,

where ¢ is a positive constant.
Proof: By using the first equation of (20), we get the result

Corollary 4.4: 4If [ is geodesic curve, then it is f-biharmonic for all positive
fonction f.

Corollary 4.5: 5If k is constant, then [ is f-harmonic if f is constant.

Theorem 4.6: 6If the function f is constant then curve [ is a nongeodesic
biharmonic curve. That is the following relation holds
k = Constant # 0
£263(B2—B3) %Ny xy

g83k? 417 = ——————==2 (21)
T = hxzxz (N, — N3)(B, — Bs)

Proof: By using the formula in (20) and the fact that f is constant, we obtain
k'=0
& k3 + e3kt? —

kfz khy,x,(B3—B2)(N3—Nz)
4

£2khy,x,(B2—B3)?*

v 0 (22)
+ g,65(kt") = 0.

That gives
k = Constant # 0

£263(B2—B3) %y, x
& &3k* + 12 = —, 2

7= hxzxz (N, — N3)(B, — B3).

(23)

5. Conclusion

In this paper, we explored f -biharmonic curves between pseudo-
Riemannian 3-manifolds with a parallel null vector field. We established a
sufficient condition for a curve to be f-biharmonic and showed that it is a
non-geodesic biharmonic curve if and only if the function f remains constant.
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