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Abstract

The purpose of that study is to provide many ideas related to the fuzzy k-skew (
1=3) quasi binormal operator that is defined on fuzzy Hilbert space. Additionally, several
significant properties of this operator are discussed, and certain theorems of operations
concerning this concept have been provided.
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1. Introduction

The functional analysis, algebra, topology, geometry, and statistics are
fundamental concepts in pure mathematics. Mathematicians have studied these
concept for hundreds of years, and they are a powerful tool for finding solutions
to a mathematical problems that is abstract and ambiguous [1-4].

On the other hand, Zadeh [5] introduced the concept of fuzzy sets in
mathematics and proposed important operations on these sets. The concept of
fuzzy sets has been extended to include diverse fields, such as [6,7] by many
researchers over the years. Fuzzy Normed spaces have also been studied by
many mathematicians, each from their own perspectives, such as Kastsars [6]
who introduced the definiton of a fuzzy normed, space. Note that the concept of
aFuzzy Inner Product Space (FIP -Space) is nothing but an extension of an inner
product space. Note that Biswas [7], and Kohel and Kumar [8], also provided
several defintions of fuzzy normed spaces. Goudarzi and Vaezpour [9]initially
developed the notion of a fuzzy Hilbert space,. Other mathematicians, such as
[3, 10, 11], provided other interpretations of fuzzy Hilbert space. The idea of an
afuzzy operator was, Adopted by a number of mathematicians, including[8, 10]
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adopted the concept of a fuzzy operator. Additionally, self — adjoint fuzzy
operator& which introduced by Radharamani [12] if&* = &. Additionally, it
commutes with its adjoint fuzzy operator. where &*& = &&*,with this & is
referred to as a fuzzy normal operator.

This work introduces a new family of bounded. operators on fuzzy Hilbert
space, FHS (3 ). such as the Fuzzy k-skew ( u — ) quasi binormal operator.
we study this operator and given several important characteristics of this feature.

2. Fuzzy k-skew ( u — ) quasi binormal operator

Definition 2.1: Consider a fuzzy bounded operator S on a fuzzy Hilbert space

FHS (K), & is defined as amapping from 7 to ', Therefore, & is claimed to

be:

1. Fuzzy k-skew binormal operator, if and only if (@*ééé*)@k =
&k (@@*@*@).Where k is nonnegative integers.

2. Fuzzy (u — 3) quasi binormal operator, if and only if ((5*)“((5*(5(5(5*)
%(éé*@*@) (&) ¥, where § signifies an operator with fuzzy bounds,  is
nonnegative integers.

Definition 2.2: Suppose that # represent afuzzy Hilbert space (FHS(#)), and
& denote a fuzzy bounded operator mapping from { to H then & namely fuzzy
k-skew( u — ) quasi binormal operator, if and only if (&")*(&*&E&*)Ek=
FS*(EG*E*S )(6*)H, where F.a fuzzy bounded operator, y , k are nonnegative
integers.

Remarks 2.3

1. The fuzzy k-skew ( u — J) quasi binormal operator is fuzzy ( u — ) quasi
binormal operator if k =0.

2. The fuzzy k-skew binormal operator is fuzzy (u — J)quasi binormal
operator if § is unitary operator and y = 0

Theorem 2.4: Let S be a fuzzy k-skew (u — ) quasi binormal operator on
FHS (F{), then G™ is a fuzzy k-skew ( u — ) quasi binormal operator.

Proof: We prove by applying mathematical induction. Suppose that & be a
fuzzy k-skew (u — 3) quasi binormal operator, then. When n=1 the result is
true, (é*)“(é*é@é*)ék = §ék(éé*é*é)(é*)ﬂ, Suppose the result is true
when n=m. [(§")*(&"EEE")EF ™ = [SEX(EE"E E)(E)H™,
Then we prove the result for n=m+1.
(&) (& 668")E"]

m+1
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is equel— [((5*)“((5*(5(5(5*)(5" m[(&)H(&E&E67)EF], thus we obtain

Thus, &™ is a fuzzy k-skew (u — ) quasi blnormal operator.

Theorem 2.5: If & be a fuzzy k-skew (u— ) quasi binormal operator on
FHS(H), then &* is fuzzy k-skew (u— ) quasi binormal operator if
(&*666") commute with (&*)*and &K, also(E&*&*S) commute with
(&")*and &k.

Proof: Suppose that S is a fuzzy k-skew ( u — J) quasi binormal operator, than
we  have  ((E))H((6)'&E&"(&7))(&) This  indicates  this.
= [(E)"(E'EEE)(E)]" which impleis =[TE(EE'E'S )(&)H]" this
equl to —[(6 W(ES*S 6)\;6"] therefore, we obtain =(3&%)*(&&*S*S6)*

(E)H)*; So, we get the following result S(E*)*[(&* (&) (&) &) (&) ],
Hence. &* is a fuzzy k-skew ( u — J) quasi binormal operator.

Proposition 2.6: Let S be a fuzzy k-skew ( u — J) quasi binormal operator, and
p be a real scalar. then & is a fuzzy k-skew ( u — J) quasi binormal operator.

Proof: (p&*")(p &) (p6) (»6)(p&")(p*&").since & is a fuzzy k-skew
(u — ) quasi binormal operator, then we have,\;(pkgk)[pep 6* S pe)

(“*“6*“) So, we get the following result= 5§ (5&)k (pg) fgpg(p@) (PS)HH,
Hence, 5& is a fuzzy k-skew ( u — 5) quasi binormal operator.

Theorem 2.7: If 1 exist and G be a two fuzzy k-skew (pu — ) quasi binormal
operators on FHS(H), such that (@*6@@*) commute with (é*)”and &k,
also(6&*&*S) commute with (&*)*and &, then &' is a fuzzy k-skew
(1 — ) quasi binormal operator.

Proof: Suppose that & is a fuzzy k-skew (u — J) quasi binormal operator,
thus(G"H)H*((G)'&1& H(E))(EN,, is equel = (&)*)1((ES*)™!
(& &) H(EM)tisequel to = ()M H((&'EEE) 1) (E¥)7L,  which h
imples that = ((&"&6&*)(6")*)~1) (&)1 after which have[(§¥)(&*EEEY)
(&")H]71, this implies = [(E")#(E*EEE")(EX)] 7! thus we obtain =F(&~1)¥
(S HEH(E ) E )G D)) This means, &1 is afuzzy k-skew
(u — ) quasi binormal operator.

Theorem 2.8: LetSand v be a two fuzzy k-skew (u— ) quasi binormal
operators on a FHS(K), such that, &v = &, &y = v8,v*&*" = & v~ .
Then Gv is fuzzy k-skew (u — I) quasi binormal operator.
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Proof: Since &,and v are two fuzzy k-skew (u — ) quasi binormal operator,
then ((Sv)*)*[((&V)"(EV)(SV)(EV) (V)"
=v* &t v & s & Ekv
=V &S EEVE)E K = (v §HEEES ) S x
this implise
= (W IV (EHEEEEH) X
= JOFEu VIV ) (&4 (6&' & 6)ET),
Therefore we obtain = §@"\‘)"(\)é ﬁ*é*\)*é*\)@)\)*”@*” = J(&V)k (Sv
(EV)* (&) &) (En)HH
Hence. Gv is fuzzy k-skew ( u — 5) quasi binormal operator.
Theorem 2.9: Let Gandv be two fuzzy k-skew (u—S)quasi binormal
operator, such that, &'V =9& =v"6=6v* =6V =v6=6" V" =
A *uw =0 . Then G+ v is fuzzy k-skew (u — ) quasi binormal
operator.

Proof: Since &', and v are two fuzzy k-skew ( u — J) quasi binormal operator,
then ((& + V)HH[(E+ v)(E+ V)(E + V(S + V)*|(& + v)k.This implis
that = (& + p(EN* 19" + -+ VH[(E+ V)(E+ N(E + V(G + 0)]
(EF + k(S 1V v + -+ VF) is equel.

=&+ v [((5* + ﬁ*)(é + V)G + V(S + 19*)] (&% +v5),

We obtained that, = (& +v*")[(&* S+ v *v)(ES* + v ¥)]|(EF +
v'k). Subsequently, following multiplication and simplification, we obtain the
resulting = [(5*“(@*(5(5@*) + v @ v 9] (S + v¢) and this implies that.
= [&6H(6666" )&  + v (v v*)EF + & (EEEE) v + v (1 )
v = [ (EEEE)(EF) + v (v v v*) ¥<], since & and vare fuzzy k-
skew (@ —3)quasi binormal operator, then we obtain that, =
S[(&(6E6"6) &™) + (v (vv v v) v**) this is equal to =T (&* +v%)
[(é S + 1?1?*) (é*@ + 1?*1?)] (@ 4 1?*”), So, we get the following result:
SE+M[(E+MNGE+V)(E+V) (S +7).](E+v))* Hence,&+7v is
fuzzy k-skew ( u — ) quasi binormal operator
3. Discussion and Conclusion

This work combines two types of operators, fuzzy k-skew-binormal and
fuzzy (u— 3) quasi binormal, on the fuzzy Hilbert space. And it includes
various properties and theorems of this notion, as well as additional

requirements for including specific properties into this research. In addition to
generalizations of several of the concepts that we used in our study.



ON FUZZY K-SKEW ( M-TI') QUASI BINORMAL OPERATOR 117

4. Acknowledgement

I would like to expresses thanks to Mustasiriyah University, for providing

support for this study.

References

(1]

(2]

(3]

[4]

[5]
6]
[7]
(8]

9]

(10]

(11]

(12]

S. Sharma and A. J. Obaid, “Mathematical modelling, analysis and
design of fuzzy logic controller for the control of ventilation systems
using MATLAB fuzzy logic toolbox,” Journal of Interdisciplinary Math-
ematics, vol. 23, no. 4, pp. 843-849 (2020).

A. H. Mahmood, IYI S. Nayef, and S. M. Salih, “Generalized High-
er Derivations on 1 “M-Modules,” Iraqi Journal of Science, pp. 35-44
(2020).

B. Y. Hussein and F. K. Al-Basri, “On the completion of Quasi-fuzzy
normed algebra over fuzzy field,” Journal of Interdisciplinary Math-
ematics, vol. 23, no. 5, pp. 1033-1045 (2020).

M. A. Salih, T. H. Majeed, and M. S. Nayef, “On duality of injective
topological module,” Journal of Interdisciplinary Mathematics, vol. 25,
no. 5, pp. 1409-1414 (2022).

L. A. Zadeh, “Fuzzy sets,” Information and control, vol. 8, no. 3, pp.
338-353 (1965).

A. Katsaras, “Fuzzy topological vector spaces II,” Fuzzy sets and sys-
tems, vol. 12, no. 2, pp. 143-154 (1984).

R. Biswas, “Fuzzy inner product spaces and fuzzy norm functions,”
Information Sciences, vol. 53, no. 1-2, pp. 185-190 (1991).

J. Kohli and R. Kumar, “On fuzzy inner product spaces and fuzzy
co-inner product spaces,” Fuzzy sets and systems, vol. 53, no. 2, pp.
227-232 (1993).

M. Goudarzi and S. Vaezpour, “On the definition of fuzzy Hilbert
spaces and its application,” The Journal of Nonlinear Sciences and its
Applications, vol. 2, no. 1, pp. 46-59 (2009).

S. M. Rasheed, “Self-adjoint Fuzzy Operator in Fuzzy Hilbert Space
and its Properties,” Sulaimani Journal for Pure and Applied Sciences, vol.
19, no. 1, pp. 233-238 (2017).

A. Hasankhani, A. Nazari, and M. Saheli, “Some properties of fuzzy
Hilbert spaces and norm of operators,” (2010).

A.Radharamani, A. Brindha, and S. Maheswari, “Fuzzy Normal Op-
erator in fuzzy Hilbert space and its properties,”IOSR Journal of Engi-
neering, vol. 8, no. 7, pp. 1-6 (2018).

Received March, 2025



