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Abstract

The current paper focuses on finding the exact solution of the nonlinear fractional
biological population equation under Caputo’s fractional operator by involving a new hybrid
technique known as the Khalouta reduced differential transform method (KHRDTM). The
exact solution is described in terms of the Mittag-Leffler functions. Moreover, the presented
method is a powerful tool for solving a huge number of problems. The accuracy of the
proposed technique is evaluated with the help of some examples and the results obtained
are compared with the previous results of the techniques in the literature.
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1. Introduction

Recently, nonlinear fractional partial differential equations (NFPDEs) and
fractional calculus (FC) have attracted great attention due to their profound
effectiveness in representing and examining real-world phenomena and distinct
areas of natural and life sciences, including medicine, biological phenomena,
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population growth, control theory, physics, chemistry, viscoelasticity, medical
sciences and signal processing [4, 5, 10, 11, 12, 13].

In most scientific fields, including applied mathematics, it is important to
find exact solutions to NFPDEs. In general, these types of equations do not have
exact closed-form solutions for most problems, and it is very difficult to obtain
exact solutions. For this reason, techniques have been developed to solve
NFPDEs.

In the past decade, several researchers have proposed new techniques that
are a combination of integral transformations and different semi-analytical
methods to find approximate analytical solutions to various kinds of NFPDEs [1,
2,3, 14].

Our aim in this work is to drive a hybrid method using the KHT and the
RDTM in order to solve the generalized form of the nonlinear fractional
biological population equation involving Caputo's fractional operator given as
follows

. _ aZwZ 621,02
Djy = e + 207 + FQY), (1.1)
under the initial condition
YO, 9,0) =9, 9). (1.2)

Here D,f represents the CFDO of order ¢ with 0<e<1,¢y =
W, 0,0),®,9,p) ERXRxXR'} where 9 and ¢ are space variables and p
is a time variable, denotes the population density and F () = hl/)“(l — q¢8) is
the supply of population due to births and deaths where h,q,u and § are real
numbers.

This research paper is structured in the following way: In Sec. 2, we provide
the essential definitions and important theorems. In Sec. 3, we describe the
KHRDTM for solving the general NFPDEs with a source term. In Sec. 4, we give
new results concerning the convergence analysis of the present technique. In Sec.
5, we explain our numerical results and demonstrate the efficiency and
applicability of the proposed technique by considering three numerical examples
of some special cases of the nonlinear fractional biological population equations.
In Sec. 6, we present the conclusion of this work.

2. Fundamental definitions and results

This section provides fundamental definitions and results related to FC,
KHT and RDTM to complement the current research work.

Definition 2.1: [10] The RLFIO of a continuous function (9, ¢, p) is described
by

IE9(9,9,0) = % 2 (o =0 P(9, 0, 1)d, if € >0,

and
Y, 9,p) =9, 9,p), if e=0,
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Definition 2.2: [10] The CFDO of a continuous function (3, ¢, p) is described
by

Dy, 9,p) =

and

1
I'(n-¢)

fop (p =) Y™, 0,1)dr, if n—1<e<n,

DEY(®,9,0) =™ (®,9,p), if e =n,
Definition 2.3: [10] The Mittag-Leffler function is expressed as

k
E.(2) = X2, m,z € C,Re(e) = 0. (2.1)

Definition 2.4: [7] The KHT of a continuous function (9, ¢, p) is described by
KH[W(9, ¢,0)] = K (8,057, = = 7 exp (— L) w(9,0,0)dp,  (2:2)

where s,y,1 > 0 are the Khalouta transform variables.

Theorem 2.1: [7] The fundamental characteristics of KHT are:
1) Linearity property.
KH[ap (9, ¢, p) + bd(S, ¢, p)] = aKH[P (S, ¢, p)] + BKH[G(S, ¢, p)],a,b € R
2) Differentiation property.
n-k
—) WO (9, 9,0),n > 1.

KH[Y™®,0,p)] = 2= KHW(,0.p)] - Zich (=

where Y™ (9, g, p) is the nt* derivative of (9, @, p).
3) Convolution property.

KH[ * $)(9, ¢, p)] = = KH[Y (S, ¢, p) KH[H(, ¢, p)],

where KH[() * $)(9, ¢, p)] is the Khalouta convolution of the functions
P(®, ¢, p) and &, ¢, p).
4) The KHTs of the usual functions.

s™ s

KH[1] = 1,

KH[p] = 2,

KH [f] = s,
n! sn

2] = sy,

I'(e+1) s€

Proof: The proof of this theorem is found in [7].

Theorem 2.2: [8] The KHT of the CFD of order n—1<e<n withn=>1, is
described by

KH[D5y(9, ¢, p)] = ﬁ KH[W (9, ¢, p)] — Xk (%)H »p®(9,¢,0).
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Proof: The proof of this theorem is found in [8].
Definition 2.5: [6] The RDT of a function ¥ (9, ¢, p) can be given as
w 1[0k
®,9) = Zimo g [re v O] 23)

Here, ¥ (9, @, p)is the original function and ¥, (9, ¢) is the transformed
function
Definition 2.6: The RDT inverse of a function W, (9, ¢) can be given as
W(®,9,p) = Xilo Pk (9, @)p". (24)
Replacing (2.3) into (2.4), we find

k
YO, 0,0) = Tizo 1 |35 ¥ (O, ¢'p)]p=op -

Theorem 2.3: Let ¥, (9,9), P(9,9) and 0,(9,¢p) be the RDTs of the
Sfunctions P9, @, p), (I, @, p) and 8(9, ¢, p) respectively, then
(1) if

009, ¢,p) = (@, 9,p) + ud@®, ¢, p),

then
0x (D, @) = AW (9, 9) + u®,(9,9), 4, u € R
() if
009, 9,p) =S, 0,p)P(®, ¢, p),
then
Gk(ﬁt (,0) = ZI;:O q',r(a! q))cbk—r(a! (,0)
(3) if
69, @, p) = P (9, 0, P)P* (O, @, p) X.. X Y"1(9, @, p)Y™ (9, @, p),
then

0k(0,9) =Tk oo Z¥m i Tl sy Titso W (9, @) ¥Rk, (9,9)
X..x yrt O, P)¥iy, . (0, 9).

kn—1—kn—2

3. Methodology of the KHRDTM

This section explains the main principle of the KHRDTM to create the
approximate analytical solution for the general NFPDEs with a source term.

Theorem 3.1: Assuming the general NFPDEs with a source term

DS, 0,p) + LY (S, 0,p) + NP, 9,p) =00, 9,p), (3.1
under the initial conditions

P& D, 0,0) =Y,(9,¢),k=012,...,n—1. (3.2)
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Here D,f represents the CFDO of order ¢ withn—1<e<nn=>1,1

and N represent the linear and nonlinear operator respectively, and 8(9, @, p)
represents the source term.

Implementing the KHRDTM, the solution of equations (3.1) and (3.2) is
described as

YO, 0,p) = XiZo ¥ (9, 0),
where W,.(9, @) is the RDT function of Y (9, @, p).

Proof: To begin the proof of this theorem, taking the KHT to equation (3.1) and
using the linearity property of the KHT (See. Theorem 2.1), we have
KH[D (9, ¢, p)] + KH[LY (9, @, p) + Np(9, 9, p)] = KH[O (D, ¢, p)].
Utilizing Theorem 2.2, we obtain
N N

S KHIW (O, 0,0)] - 2453 (=

)" W 0,0,0)

LY@, 9,p)

TN, 0,01
Substituting the initial conditions (3.2) and simple calculate, then equation
(3.3) becomes

KH[YO, 0. 0] = 2223 (2) $u80) + LLKHIO(9, 0,p)]
—LLKRILp (O, 9, p) + N (9,0, p)].

SE

14

= KH[6(9, ¢, p)] — KH [ (3.3)

3.4)

Application of the inverse KHT to equation (3.4), gives

V(®,9,0) = ©(®,9,0) — KN [LEKHIHO, 0,0) + NpO, 00| (.5)

Here @ (9, @, p) is the term resulting from the initial conditions and the
source term.
Employing the RDTM to equation (3.5), we get

Yo (D, ) = @S, 0,p),

Ve (9,0) = ~KH [ELKHILY, (9,9) + 4,0,9)] k2 0,

where Ay (9, @) is the RDT of the nonlinear term Ny (39, @, p).

Note that the recurrence formula (3.6) to the iterative terms of equations
(3.1) and (3.2) is denoted KHRDTM, and its k" —order approximate solution is
given by

Sk, ¢) = Tizo ¥r (9, ). (3.7

Thus, in the following theorem, we prove that the approximate series

solution (3.7) converges to the exact solution if k — o, i.e.

PO, @) = imS,(9,0) = TiZo ¥ (9, 9). (3.8)
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4. Convergence analysis of the KHRDTM

This section discusses the necessary condition for convergence of the
solution. We follow these theorems applied to the series solutions obtained by
KHRDTM.

Theorem 4.1: Assuming X = (C(0),||.|]) a Banach space of all continuous
mappings defined on O ¢ R?> X R* having the norm

1Y@, @.0)llx = sup [P, p,p)l
O.9.p)€0

If
30 <v<1: ||¥0O @l <vll¥-105 @)l vr e Z%,

then the approximate series solution Y.ro ¥.(9,9) which is obtained by
KHRDTM will uniquely converge to (9, @, p).

Proof: Let S;.(9, ) be the k" partial sums given by the recurrence formula
(3.6), i.e.

Sk(®,9) = X5 ¥ (9, 9).
Here we prove that {S, (9, ¢)}r=, is a Cauchy sequence in X.
As

ISk41(0, @) = Sk, @Il < [[Wr41 (9, @) < V[P (5, @)

<
< VW1 (O, @)l ... < ™MW (9, @)l

Hence,
_ Sp (8' (,0) - Sp—l(ﬂ' (P) + Sp—l(ﬂt 90) - Sp—z (‘9' (P)”
”Sp(ﬁ' )= S5, (p)” B ||+ 18541 (8,0) — 5,9, 9)

< 15,0,90) = Spo1 (9, 0| + [|Sp-1(8, ) = Sp—2 (8, 9) |
+o #1811 (9, 9) — S8, @)

< VPO, @)l + vPTHIW (9, @)l +... +0 Wy (9, @)

= A+ v+ +uPTEY W9, 0|

1-vP~!
< v (F50) @ @)l p.LE N, (4.0
Since 0 < v < 1, we have 1 —v?~! < 1, so the inequality equation (4.1)
can be reduced to
I+1
[155 (0, @) = 10, D) < == %o (8, @) 4.2)

As Wy(9, ¢) is bounded, then ||S,(9, @) — S;(9,9)|| - 0 when p,1 > oo.
Thus {S;(9, ¢)}r=o is a Cauchy sequence in X and it converges to
Y(9,p,p) € X such that

Ill_)rgsk(sy <P) = Z?:O ‘PT(BJ (p) = l/)({)' ¢' p)
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Now, suppose that the sequence {S; (9, ¥)}rso converges to two functions
of Y19, 9,p), .9, ¢,p) € X, ie.
Nim S (9, ¢) = ¥1(9, ¢, p) and lim 5 (9, ¢) = 12 (9, ¢, p). (4.3)
Using the triangle inequality with (4.3), we get

”1)01(‘9' <P,p) - 1/’2(‘9' @, ,0)”
< Y105, 0, p) — Sk (O, @) + ISk (9, @) — Y2 (5, @, p)Il = 0,

when k — oo.
Hence we conclude that ¥, (9, @, p) = ¥,(9, @, p).
This ends the proof.

Corollary 4.1: If the series Y7o ¥, (9, @) converges then it is an exact solution
of the general NFPDEs (3.1).

Theorem 4.2: The maximum absolute truncation error of the series solution
given by the recurrence formula (3.6), is calculated as

N+1

v
1-v
Proof: Using Theorem 4.1 and the inequality equation (4.2), we get

159, @) — Sw(®, P)II < L [[%o (0, ) I 4.4)

v
1
We assume that S, (9, ¢) = ?:0 W, (9, ¢) and since k - +oo0, we obtain
Sk, 9) = Y(®, @, p), so the inequality equation (4.4) becomes

N+1
1Y, 0.p) = Sy@®, @)l = [[¥(©®, 0.p) — o &9, )| <=
This ends the proof.

-V

%o (S, @)I-

1-v

5. Applications and simulations

This section demonstrates the validity and accuracy of the results obtained
using the current method to determine the exact solution of some special cases of
nonlinear fractional biological population equations (1.1).

Example 5.1: Assume the nonlinear fractional biological population equation
described in Caputo's sense as follows

aZwZ azlpz
Dy =T+ 4y 0<e<, (5.1)

under the initial condition

Y(,p,0) = ,/sin 9 sinh ¢. 5.2)

Following the KHRDTM methodology presented in Section 3, we get the
series solution of our equation

l/)(‘s, P, p) = Z?:O lpr({), (p)!
where in this case, we set
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922 9212
LY(®,p,p) =1y and NY(S,,p) = a_l;/’2+a_;

The values of the RDT terms of Ny (9, ¢, p) are given as
i | 9*y3

A0.9) = THE4Zh
Y R
M@0 = 27 eR 42T,

2(WPoys) | 922 2(opr) | 9%yY2
AZ(B,QD) = 2#4—?4—2%4'?;.

According to the recurrence formula (3.6), we get
Yo®,¢) = ,/sinIsinh g,
Y.9,9) = ./sin9sinh <pﬁ,
2¢
Y,9,¢) = ,/sindsinhe¢ F(§e+1) ,

3¢

Y:(9,¢) = ,/sindsinhe F(§e+1) ,
: - - pks
Y.(9,9) = ,/sindsinh¢g oD

Thus, the k" —order approximate series solution is derived in the form
Sk, ) = ¥ (9, 9) + P19, 9) + P25, @) +... +¥, (9, 0)
p2£

&
= \/sinﬁsinh<p+\/sinﬁsinh<pr(5+1)+ sin 9 sinh ¢ 70

p3s : . pks
TGerD) +...+,/sin 9 sinh ¢ Tt D)

—— pE p*® P P

= \/m (1 + T(e+1) + r(2e+1) + I(3e+1) tet I‘(k£+1))
: i prs

= Jsin9sinh ¢ Tk 7o

So, the k" —order approximate series solution converges to the exact
solution when k — oo

v 9,p) = limS (9, ¢)
_ - - ; k (5"
= ,/sin 9 sinh (plll_)r{.l0 Y=o TeerD (5.3)
= ,/sin 9 sinh @E,(p?®),

where E.(p?) is the Mittag Leffler function defined by (2.1).
As € =1 in (5.3), we have

YO.0.p) = sin9sinh ¥,
= /sin 9 sinh gexp(p),

which is the same exact solution found in the literature [9].

+,/sin 9 sinh ¢
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€=0.6 €=0.8

€= Exact solution

Figure 1
3D-plots of 6t"-order approximate series solution Y°_, W,.(9, ¢) and exact solution
YA, ¢, p) for (5.1)-(5.2) with p = 1.5.

8 T T T T T T T T

- e Exact solution

6 smemg=] |

. wene =09
£=0.8
ar — =07

0 0.5 1 15 2 25 3 35 4 45 5
p
Figure 2
2D-plots of 6"-order approximate series solution Y.°_; W.(9, ¢) and exact solution
YA, @, p) for (5.1)-(5.2) with ¢ =1 and p = 1.5.



2742 F. HATHAT AND A. KHALOUTA

Table 1
Comparison of 6t"-order approximate series solution ZLO ¥.(9,¢) and
exact solution Y (9, ¢, p) and their associated absolute errors for (5.1)-(5.2) for
distinct values of €.

1IIKHRDTM II"KHRDTM II"KHRDTM !I)KHRDTM 1pExau'l.‘ hl)ExaCt
- 1I}KHRDTMl

Exact
®,¢9)/el e=07 | e=08 | €=09 e=1 solution Absolute errors

0.1 0.12556 | 0.11892 | 0.11408 | 0.11052 | 0.11052 1.4090 x 10710
0.3 0.37667 | 0.35673 | 0.34224 | 0.33154 | 0.33154 42268 x 10710
0.5 0.62759 | 0.59437 | 0.57023 | 0.55239 | 0.55239 7.0425 x 10710
0.7 |0.87776 | 0.83130 | 0.79753 | 0.77259 | 0.77259 9.8497 x 10710
0.9 1.12590 | 1.06630 | 1.02300 | 0.99102 | 0.99102 1.2635 x 1077

Example 5.2: Assume the nonlinear fractional biological population equation
described in Caputo's sense as follows

Dy =20 + 2 1” +hp(1—qy),0<e<1, (5.4)

under the initial condition

Y, ,0) =exp <\[g O+ (p)). 5.5

Following the KHRDTM methodology presented in Section 3, we get the
series solution of our equation

1!’(19' (p' p) = Zf‘o=0 l{lr(ﬁ, (p)'
where in this case, we set

62 2
LY, @.p) = hip and Np(9,9,p) = Sl + 24+ hay?.
The values of the RDT terms of Ny (9, ¢, p) are given as

a%y3 aw
A 9) = S+ +hays,
2
A,0,9) = 22 ;”;;”1 +22 Lol + 2hqyoty,
(o) aZw a(uup) aw
A00) = 2/ G 2 o+ 5+ 2haey, + hayt.

According to the recurrence formula (3.6), we get

Yo(d,9) = exp (J'T;q O+ <p)).
¥(0,0) = exp (J’% 0+ <p)) .
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exp( [0+ 0)) o
exp( [0+ 0))

Ye(d,9) = exp <\/7 Chs (,0)) r(ks+1)'

Thus, the k™ —order approximate series solution is derived in the form
Sk @) = Y, @) + V100, ¢) + P2 (9, @) +... +¥i (9, )

= exp (\/7 O+ §D)> exp <\/7 O+ )r(s+1)
+exp (\/i;z ©+ <p)> 1"((};[?:1) + exp (\/7 o+ )) lf(};ijj)
+exp (\/i;z A+ <p)> 1"((};2?:)

exp( [0+ 0)) (14225 4 02 4 0

(hp®)k )
I'(ke+1)

h (hp®)"
= exp (J% o+ <p)>zr e

So, the k™ —order approximate series solution converges to the exact
solution when k — oo

Y@, 0,p)

¥, (9, )

W5 (9, )

+...+

lim Sk M, 9)

(rp®)"
exp (\/7 O+ <p)> lim YK o r(rZ+1) (5.6)

exp (J% O+ w)) E.(hp®),

where E.(hp?) is the Mittag Leffler function defined by (2.1).
As € =1 in (5.6), we have

exp (\/h;‘* 0+ w)) e, 22
exp (\/Z_q O+¢)+ hp>,

which is the same exact solution found in the literature [9].

Y@, 0,p)
(5.7)
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Figure 3
3D-plots of 6t"-order approximate series solution Y°_, W,(9, ¢) and exact solution
Y, @, p) for (5.4)-(5.5) with h =1 and p = 1.5.
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mmmm =g l
100 - |**="¢€=0.9 i
¢=08 1.
— =07 I &

80
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40
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Figure 4
2D-plots of 6"-order approximate series solution 2?:0 W.(9, ¢) and exact solution
YA, 9,p) for (5.4)-(5.5) with h=¢ =1 and p = 1.5.
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Table 2
Comparison of 6t"-order approximate series solution Z$=0 ¥.(9, ) and exact
solution (9, @, p) and their associated absolute errors for (5.4)-(5.5) for distinct
values of &.

Yxurorm | WknrorM | Wkurorym | WknrpTM | WExact |_¢Exa“
Yxurorml
Exact
®,p)/e| €e=07 | €e=08 | €=09 e=1 solution Absolute errors

0.1 1.3877 1.3142 1.2608 1.2214 1.2214 | 1.5572x107°
0.3 1.6949 1.6052 1.5400 1.4918 1.4918 | 1.9019 x 107°

0.5 2.0702 1.9606 1.8809 1.8221 1.8221 | 2.3230x 107°
0.7 2.5285 2.3947 2.2974 2.2255 2.2255 | 2.8373x107°

0.9 3.0883 2.9249 2.8060 2.7183 2.7183 | 3.4655 % 107°

Example 5.3: Assume the nonlinear fractional biological population equation
described in Caputo's sense as follows

e aZwZ aZwZ 1
Diy = 50z T 207 +hp (1 —-qyY),0<e<, (5.8)
under the initial condition
W(9,9,0) = \/’;—"92 +2p2 + g +5. (5.9)

Following the KHRDTM methodology presented in Section 3, we get the
series solution of our equation
Y, ,p) = X720 Yr (9, 9), (5.10)

where in this case, we set
aleZ 62
Ly (S, ¢,p) = hq and NY(9,¢,p) = -7+
The values of the RDT terms of Ny (9, ¢, p) are given as

%P5 9*Yg

LA (5.11)
= . .

A9, 90) = g9z T Fra + hygt,
*Pohy 0% oy _
Al(‘sv (p) = 2 6'82 +2 a(pz - hlpﬂ leli
02(Popy) | 0%Y7  _0*(Pohp) | 0°Y7
A = 2 2
29, 9) 992 + 992 + EPE + A2
—hg? W, + hpg Y7

According to the recurrence formula (3.6), we get
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Yo, 90) = J 02 + M L PPt +5,
1/2 €
Y(0,9) = h( 02 +M 4 +<p+5) ﬁ,
3/2 2¢e

V0,0) = 20 (F+et e +5) o,

5/2 3e
Wi(,0) = 30 (02 +5le +e+5) i,

’ 1/2-k ke

We(0,9) = (DU (G024 5l0t v +5) T

Thus, the k" —order approximate series solution is derived in the form

Sk(®,0) = Yo, 90) + P19, 0) + (5, p)+... +¥ (9, 9)

1/2 €

(82+ g0+g0+5) +h( 92+ M (p+<p+5) £

I'(e+1)

2¢

—2h? (M2 +2¢2 + 9+ 5) V2 o

r'(2e+1)

3&

+3h3 (M2 + 22 + 9 +5) V2 e

r(3e+1)

1/2—(k+1)
o (DR + DR (92 + 22 4 g 4 5)

pk+1e
T((k+1)e+1)

= Y@ )+

+1 hp r
Wy (e ©) ZT 0 F((r+1)8+1) (wg(a (p))

So, the k" —order approximate series solution converges to the exact
solution when k — oo

1/}('8' P, p) = llmsk(ﬂ' (p)

_ +1 npe \"
= %09+ (s o im 2o r((r+1)e+1) (\P%(s <p>) (5.12)

= YW 0+

+1 hp r
Y (s ®) Lr=o l"((r+1)s+1) (\P(Z)(\‘)(p)) ’
As € =1 in (5.12), we have
1/ -hp \"
PO,0.0) = ¥(O0)+5 (M)Zr 0 (\,,5(‘9‘4,)) 513
— —hp '
= @)ty (e o P (‘Pﬁ(ﬂ.tp))'

which is the same exact solution found in the literature [9].
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£=0.6 €=0.8

2 0 2
s T s 7

€= Exact solution

Figure 5
3D-plots of 6t"-order approximate series solution Z?:o W.(9, 9) and exact solution
Y@, @, p) for (5.8)-(5.9) with h =1 and p = 1.5.
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Figure 6

2D-plots of 6**-order approximate series solution >.°_, ¥, (9, @) and exact solution
P, @, p) for (5.8)-(5.9) with h =¢ =1 and p = 1.5.



2748 F. HATHAT AND A. KHALOUTA

Table 3
Comparison of 6t"-order approximate series solution E$=o W¥.(9, ) and exact
solution P (9, ¢, p) and their associated absolute errors for (5.8)-(5.9) for distinct

values of &.
W)Exact
YxurorM | Wrurorv | Wrurory | Winrorm | WExact _
Ykurorml
Exact
®,p)e| e=07 | €=08 | €=09 e=1 solution Absolute errors

0.1 2.3523 | 2.3328 2.3168 | 2.3039 | 23039 | 2.6928 x 10710
0.3 24113 | 2.3922 2.3765 2.3639 | 2.3639 | 2.1185x 10710
0.5 24850 | 2.4664 24511 2.4389 | 2.4389 | 1.5841x 10710
0.7 2.5755 | 2.5567 2.5413 2.5275 | 2.5275 | 1.1370x 10710
0.9 2.6715 | 2.6541 2.6398 | 2.6284 | 2.6284 | 7.9112x 10711

Note: Figures 1-6 illustrate the 2D and 3D plots of the approximate and
exact solutions for three specific applications of the nonlinear fractional
biological population equations (1.1) using the KHDTM. Furthermore, the
numerical values in resolving the proposed applications are presented in Tables
1-3. The numerical simulation indicates that the fractional numerical solution
accurately approximates the exact solution.

6. Conclusions

In this manuscript, we used a new hybrid approach called KHRDTM to
resolve a special cases of NFPDEs that are nonlinear fractional biological
population equations. The numerical explanation of the proposed method has
been supported by the presentation of three illustrative applications. The
computed approximation solutions are presented in the closed form of the
Mittag-Leffler function. From the obtained results, we notice that the approximate
solutions are excellent agreement with the exact solutions. This indicates that the
KHRDTM is an accurate and suitable analytical technique for solving NFPDEs.
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