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The current paper focuses on finding the exact solution of the nonlinear 

fractional biological population equation under Caputo's fractional operator by 
involving a new hybrid technique known as the Khalouta reduced differential 
transform method (KHRDTM). The exact solution is described in terms of the 
Mittag-Leffler functions. Moreover, the presented method is a powerful tool for 
solving a huge number of problems. The accuracy of the proposed technique is 
evaluated with the help of some examples and the results obtained are compared 
with the previous results of the techniques in the literature.  
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1. Introduction 
Recently, nonlinear fractional partial differential equations (NFPDEs) and 

fractional calculus (FC) have attracted great attention due to their profound 
effectiveness in representing and examining real-world phenomena and distinct 
areas of natural and life sciences, including medicine, biological phenomena, 
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population growth, control theory, physics, chemistry, viscoelasticity, medical 
sciences and signal processing [4, 5, 10, 11, 12, 13]. 

In most scientific fields, including applied mathematics, it is important to 
find exact solutions to NFPDEs. In general, these types of equations do not have 
exact closed-form solutions for most problems, and it is very difficult to obtain 
exact solutions. For this reason, techniques have been developed to solve 
NFPDEs. 

In the past decade, several researchers have proposed new techniques that 
are a combination of integral transformations and different semi-analytical 
methods to find approximate analytical solutions to various kinds of NFPDEs [1, 
2, 3, 14]. 

Our aim in this work is to drive a hybrid method using the KHT and the 
RDTM in order to solve the generalized form of the nonlinear fractional 
biological population equation involving Caputo's fractional operator given as 
follows 

           

        

          (1.1) 

under the initial condition  
                    (1.2) 

Here     represents the CFDO of order   with         
{                       } where   and   are space variables and   
is a time variable, denotes the population density and         (     ) is 
the supply of population due to births and deaths where       and   are real 
numbers. 

This research paper is structured in the following way: In Sec. 2, we provide 
the essential definitions and important theorems. In Sec. 3, we describe the 
KHRDTM for solving the general NFPDEs with a source term. In Sec. 4, we give 
new results concerning the convergence analysis of the present technique. In Sec. 
5, we explain our numerical results and demonstrate the efficiency and 
applicability of the proposed technique by considering three numerical examples 
of some special cases of the nonlinear fractional biological population equations. 
In Sec. 6, we present the conclusion of this work. 

2. Fundamental definitions and results 
This section provides fundamental definitions and results related to FC, 

KHT and RDTM to complement the current research work. 

Definition 2.1: [10] The RLFIO of a continuous function          is described 
by  

              
 

    ∫                                 

and  
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Definition 2.2: [10] The CFDO of a continuous function          is described 
by  

                
 

      ∫                                         
and  
                                    

Definition 2.3: [10] The Mittag-Leffler function is expressed as  

        ∑   
   

  

                     (2.1) 

Definition 2.4: [7] The KHT of a continuous function          is described by  

    [        ]                
  ∫   

    (   
  )            (2.2) 

where         are the Khalouta transform variables.   

Theorem 2.1: [7] The fundamental characteristics of KHT are: 
1)  Linearity property.  
  [                   ]     [        ]     [        ]       

2)  Differentiation property.  

   [           ]    

      [        ]  ∑     
   (

 
  )

   
                 

where             is the     derivative of           
3) Convolution property.  
    [            ]    

   [        ]  [        ]   

where   [            ]  is the Khalouta convolution of the functions 
         and           

4)  The KHTs of the usual functions.  

  

          [ ]            
          [ ]              

        * 
 

  +           
   

       

  *   

      +           
   

        

  

Proof: The proof of this theorem is found in [7].  

Theorem 2.2: [8] The KHT of the CFD of order         with      is 
described by  

    [           ]  
  

      [        ]  ∑     
   (

 
  )
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Proof: The proof of this theorem is found in [8].  

Definition 2.5: [6] The RDT of a function          can be given as  

          ∑   
   

 
  *

  

           +   
  (2.3) 

Here,         is the original function and         is the transformed 
function   

Definition 2.6: The RDT inverse of a function         can be given as  
           ∑   

              (2.4) 
Replacing (2.3) into (2.4), we find  

           ∑   
   

 
  *

  

           +   
     

Theorem 2.3: Let                 and         be the RDTs of the 
functions                   and          respectively, then 
(1) if  
                                
 then  
                                    
(2)  if  
                             
 then  
          ∑   

                      
(3)  if  
                                                                 
 then  

          ∑   
      ∑      

         ∑    
    ∑    

       
                   

                                         

3. Methodology of the KHRDTM 
This section explains the main principle of the KHRDTM to create the 

approximate analytical solution for the general NFPDEs with a source term. 

Theorem 3.1: Assuming the general NFPDEs with a source term  
                                            (3.1) 
under the initial conditions  
                                       (3.2) 
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Here     represents the CFDO of order   with                
and   represent the linear and nonlinear operator respectively, and          
represents the source term. 

Implementing the KHRDTM, the solution of equations (3.1) and (3.2) is 
described as  
           ∑   

             
where         is the RDT function of             

Proof: To begin the proof of this theorem, taking the KHT to equation (3.1) and 
using the linearity property of the KHT (See. Theorem 2.1), we have 
     [           ]    [                   ]    [        ]   

Utilizing Theorem 2.2, we obtain  

    

      [        ]  ∑     
   (

 
  )

   
             

            [        ]    [                   ]   (3.3) 

Substituting the initial conditions (3.2) and simple calculate, then equation 
(3.3) becomes  

     
  [        ]     ∑     

   (
  
 )

 
        

    

    [        ]

                                         

    [                   ] 
 (3.4) 

Application of the inverse KHT to equation (3.4), gives  

                      [ 
   

    [                   ]]  (3.5) 

Here          is the term resulting from the initial conditions and the 
source term. 

Employing the RDTM to equation (3.5), we get  

       
                       
                 [ 

   

    [                ]]       (3.6) 

where         is the RDT of the nonlinear term            
Note that the recurrence formula (3.6) to the iterative terms of equations 

(3.1) and (3.2) is denoted KHRDTM, and its     order approximate solution is 
given by  
          ∑   

            (3.7) 
Thus, in the following theorem, we prove that the approximate series 

solution (3.7) converges to the exact solution if    , i.e.  
            

   
        ∑   

            (3.8) 
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4. Convergence analysis of the KHRDTM 
This section discusses the necessary condition for convergence of the 

solution. We follow these theorems applied to the series solutions obtained by 
KHRDTM. 

Theorem 4.1: Assuming         ‖ ‖  a Banach space of all continuous 
mappings defined on         having the norm  
  ‖        ‖     

         
|        |   

If  
            ‖       ‖   ‖         ‖         
then the approximate series solution ∑   

           which is obtained by 
KHRDTM will uniquely converge to         .   

Proof: Let         be the     partial sums given by the recurrence formula 
(3.6), i.e.  
          ∑   

             
Here we prove that {       }   

  is a Cauchy sequence in    
As  

    
‖                 ‖    ‖         ‖   ‖       ‖
                                                    ‖         ‖          ‖       ‖   

 
Hence,  

 ‖               ‖   ‖                                     
                      ‖ 

       ‖                 ‖  ‖                   ‖ 
        ‖                 ‖ 
         ‖       ‖      ‖       ‖         ‖       ‖ 
                           ‖       ‖ 

           (      

   ) ‖       ‖        (4.1) 

Since      , we have           so the inequality equation (4.1) 
can be reduced to  

  ‖               ‖      

   ‖       ‖  (4.2) 

As         is bounded, then ‖               ‖     when        
Thus {       }   

  is a Cauchy sequence in   and it converges to 
           such that   
     

   
        ∑   
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Now, suppose that the sequence {       }    converges to two functions 
of                      , i.e.  
     

   
                            

                   (4.3) 

Using the triangle inequality with (4.3), we get  
‖                   ‖

 ‖                 ‖  ‖                 ‖     
when      

Hence we conclude that                      
This ends the proof.  

Corollary 4.1: If the series ∑   
           converges then it is an exact solution 

of the general NFPDEs (3.1).   

Theorem 4.2: The maximum absolute truncation error of the series solution 
given by the recurrence formula (3.6), is calculated as  

  ‖         ∑   
          ‖  

    

   ‖       ‖   

Proof: Using Theorem 4.1 and the inequality equation (4.2), we get  

  ‖               ‖  
    

   
‖       ‖  (4.4) 

We assume that         ∑   
           and since       we obtain 

                  so the inequality equation (4.4) becomes 

 ‖                ‖  ‖         ∑   
          ‖  

    

   ‖       ‖   

This ends the proof.  

5. Applications and simulations 
This section demonstrates the validity and accuracy of the results obtained 

using the current method to determine the exact solution of some special cases of 
nonlinear fractional biological population equations (1.1). 

Example 5.1: Assume the nonlinear fractional biological population equation 
described in Caputo's sense as follows  

           

        

             (5.1) 

under the initial condition  

           √              (5.2) 
Following the KHRDTM methodology presented in Section 3, we get the 

series solution of our equation  
           ∑   

             
where in this case, we set  
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The values of the RDT terms of           are given as  

  

                
     

    
     

    

                 
      
      

     
    

                 
        

         

     
        
         

    

  

According to the recurrence formula (3.6), we get  

  

                √             
                √            

  

       

                √            
   

        

                √            
   

        
         
                √            

   

        

  

Thus, the     order approximate series solution is derived in the form  

 

                                           
                     √             √              

       √            
   

       

                       √               

            √            
   

       

                   √            (    

       
   

        
   

            
   

       )

                  √            ∑   
   

   

        

  

So, the     order approximate series solution converges to the exact 
solution when      

  

                    
   

       

                            √               
   

∑   
   

     

       

                            √                   
 (5.3) 

where        is the Mittag Leffler function defined by (2.1). 
As     in (5.3), we have  

  
                 √            ∑   

   
  

  
                            √                   

  

which is the same exact solution found in the literature [9]. 
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Figure 1 

3D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.1)-(5.2) with      . 
 

 
Figure 2 

2D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.1)-(5.2) with     and      . 
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Table 1 
Comparison of    -order approximate series solution ∑   

           and 
exact solution          and their associated absolute errors for (5.1)-(5.2) for 

distinct values of  . 
 

                                        |      
        | 

                                    
                         

                                                         
                                                         
                                                         
                                                         
                                                        

Example 5.2: Assume the nonlinear fractional biological population equation 
described in Caputo's sense as follows  

       
    

    
    

                    (5.4) 

under the initial condition  

              (√        )   (5.5) 

Following the KHRDTM methodology presented in Section 3, we get the 
series solution of our equation  
           ∑   

             
where in this case, we set  

                                   

    
    

       
    

The values of the RDT terms of           are given as 

     

                
     

    
     

        
  

                 
      
      

     
            

                 
        

         

     
        
         

                
  

  

According to the recurrence formula (3.6), we get  

                    (√
  
      )  

                    (√
  
      )
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                    (√
  
      )

     

         

                    (√
  
      )

     

         

                     

                    (√
  
      )

     

         

Thus, the     order approximate series solution is derived in the form  
                                                

       (√        )     (√
  
      )

   

       

       (√        )
      

           (√
  
      )

      

            

       (√        )
      

        

          (√        ) (  
   

       
      

        
      

        

              

       ) 

          (√        )∑   
   

      

         

So, the     order approximate series solution converges to the exact 
solution when      

  

                    
   

       

                                (√        )       ∑   
   

      

       

                                (√        )     
   

 (5.6) 

where         is the Mittag Leffler function defined by (2.1). 
As     in (5.6), we have  

  
                    (√        )∑   

   
     

  

                                (√           )  
 (5.7) 

which is the same exact solution found in the literature [9]. 
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Figure 3 

3D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.4)-(5.5) with     and      . 
 
 

 
Figure 4 

2D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.4)-(5.5) with       and      . 
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Table 2 
Comparison of    -order approximate series solution ∑   

           and exact 
solution          and their associated absolute errors for (5.4)-(5.5) for distinct 

values of  . 
 

                                        
|      
        | 

                                    
                         

                                                   
                                                   
                                                   
                                                   
                                                   

Example 5.3: Assume the nonlinear fractional biological population equation 
described in Caputo's sense as follows  

       
    

    
    

      
                (5.8) 

under the initial condition  

           √    
    

  
       (5.9) 

Following the KHRDTM methodology presented in Section 3, we get the 
series solution of our equation 
           ∑   

            (5.10) 
where in this case, we set  

                                   

    
    

      
    (5.11) 

The values of the RDT terms of           are given as  

                
     
    

     
       

   

                 
      
      

     
            

                 
        
     

    
     

        
     

    
   

                                               

 

According to the recurrence formula (3.6), we get  
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                √
  
  

    
  

      

                 (
  
  

    
  

     )
      

       

                    (
  
  

    
  

     )
       

        

                   (
  
  

    
  

     )
       

        
         
                          (

  
  

    
  

     )
        

        

  

Thus, the     order approximate series solution is derived in the form  

                                               

    (    
    

  
     )

   
  (    

    
  

     )
      

       

       (    
    

  
     )

       

        

       (    
    

  
     )

       

        

                      (    
    

  
     )

         
 

          

            

               
   

       
∑   
   

   
           (

    

        
)
 
  

So, the     order approximate series solution converges to the exact 
solution when      

  

                    
   

       

                                    
   

       
   
   

∑   
   

   
           (

    

        
)
 

                                    
   

       
∑   
   

   
           (

    

        
)
 
 

 (5.12) 

As     in (5.12), we have  

  
                         

  
       

∑   
   

 
  (

   
        

)
 

                                    
  

       
   (    

        
)  

 (5.13) 

which is the same exact solution found in the literature [9]. 
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Figure 5 

3D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.8)-(5.9) with     and      . 
 

 
Figure 6 

2D-plots of    -order approximate series solution ∑   
           and exact solution 

         for (5.8)-(5.9) with       and      . 
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