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Abstract

In this current article, we explore the Hyer’s-Ulam Stability for the cubic functional
equation over non-Archimedean Normed space and the equation is written as follows:
(Bi(x + 3y) - f3x +y) = 12[f(x + y) + f(x - y)] - 48f(x) + 807(y))
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1. Introduction

One of the most fascinating problems in the stability issue of functional
equation, was first raised by Ulam [4, 24] in 1940.

It states as follows, under what circumstances is it true that a mapping that
approximates the solution of a given functional equation has to be near the precise
solution of the given functional equation?

In the next year, Hyers [12],[20] gave the headmost positive answer to
Ulam's query in the setting of Banach spaces such that

When g: M — M' satisfies the below inequality

lg(x +y) —ag(x) —aI <6 Vx,y €M (1.1)
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where M and M’ are Banach spaces for some & > 0. Then there is some function
T:M — M’ such that

lg(x) =TX)|<6 VxeM (1.2)
This is known as Hyer's-Ulam Stability.

The second person to solve this issue under additive mappings was Aoki [1]
in 1950. The expanded Hyer's theorem was introduced in 1978 by Rassias [22],
who allowed the Cauchy difference to be unbounded. In 1982, Rassias [21]
substituted ||x||P||y||P for the factor ||x|[P + ||y||P for every p € R. Gajda
[10],[3] provided an answer to this for p = 1 in 1991. In 1994, Gavruta [11]
generalized the Rassias theorem by substituting a general control function ¢
(x,y) for the unbounded Cauchy difference.

Numerous mathematical contexts, such as Abelian groups, Banach spaces,
non-Archimedean analysis, and fuzzy normed spaces, have been used to
investigate the stability of cubic functional equations. Ebadian et al. extended
classical stability results to algebraic structures by examining the approximate
stability of AQ,Q,C functional equation in two-variable Abelian groups [5]. In
2024, By investigating the n-dimensional cubic functional equation in
non-Archimedean Banach spaces. The findings contribute to the broader
understanding of stability in functional equations within non-Archimedean
contexts [7].

By investigating the stability of both CQ, functional equation in
Non-Archimedean spaces and utilizing fixed-point techniques to prove their
results, Eshaghi Gordji and Savadkouhi made further contributions to this field
(8]

A generalized additive-cubic-quartic functional equation was studied by
Eshaghi-Gordji et al. in a related work. They provided conditions under which
approximate solutions result in accurate ones [9]. Najati and Park made early
contributions by analyzing the Hyers Ulam Stability of a certain cubic functional
equation in Banach spaces, laying the foundation for further study in this
area.[17].

In 2020, Najati and Sahoo[6] explored the Hyers-Ulam stability of several
functional equations, concentrating on additive and quadratic varieties, and
presented significant generalizations that advanced the theoretical comprehension
of functional stability. In 2022, Building on this research, El-Fassi[18] examined
the stability of two functional equations with fuzzy number values, utilizing fuzzy
set theory to address and manage uncertainty in functional behavior. Continuing
this line of study, Valdes et al.[19] investigated the fuzzy Hyers-Ulam-Rassias
stability of functional equations associated with quadratic forms, offering refined
findings that integrate fuzzy logic with sophisticated stability concepts in 2023.
Lastly, these stability results were extended to fuzzy normed spaces by Ravi,
Rassias, and Narasimman. They demonstrated the behavior of functional
equations in uncertain and imprecise circumstances, which has impact on control
theory and decision-making[23].
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Inspired by modular arithmetic and the structure of integers, Kurt Hensel
first proposed the p-adic number system in 1897 (see [13],[14]). Their unique
properties, such as non-Archimedean norms and ultrametric topology, make them
a prominent area of research in both pure and applied mathematics.

The following cubic functional equation is investigated in this article and
can be written as

3f(x + 3y) — (3% +y) = 12[f(x + ) + f(x — y)] — 48f(x) + 80f(y) (1.3)
It is important to note that f(x) = kx3 is the solution of (1.3). Every cubic
mapping is a solution to the cubic functional equation.

2. Preliminaries

This section focuses on providing most basic results and remarks to
understand our main results.

Definition 2.1: [25] A non-Archimedean normed space is a vector space
embedded with norm called "non-Archimedean norm",||. || defined as follows:
that is ||. || is a function from X — R satisfying the below properties

i llzll=0and||lx|| =0iffx=0,Vx€EX
(i) [lAx|l = Al llx],vx € X and 1 € K
(i) |lx + yll < max{llx|, llyll} ,Vx,y € X

Definition 2.2: [15], [16] In the setting of non-Archimedean valuation, a
sequence {x,} in X is considered Cauchy iff

|xn+1 - xnl - 0,asn -
Definition 2.3: [2] Let ¢ € R, where ¢ is fixed with 0 < ¢ < 1 and let p be a
fixed prime number.
Now, Let x be rational number with x # 0, x can be written as the form
_ aak
x=p%-
where p,v,a € Z, the ring of integers and p does not divide both y and v. Here

a be neither positive nor negative, or zero according as x.
Then, we define

|x|, = ¢* and |0], = 0
called the p-adic valuation of x. This p —adic valuation |[.|, can be proved to
be a non-Archimedean valuation.
3. Main Results

In the following section, Let X represent normed space and Y represent a
complete non-Archimedean normed space. Let us consider the difference
operator

Di(x,y): = 3f(x + 3y) — fBx + y) — 12[f(x + y) + f(x — y)] + 48f(x) — 80f(y)
(3.1)
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Here, we establish the conditions that are essential to prove the stability for
cubic functional equation in terms of non-Archimedean normed spaces.
Theorem 3.1: Assume that @: X?* — [0, ) is a function that

lim — ¢(3"x,3"y) = 0,Vi,y € X. (3.2)
n—oo 27
and assume that §: XX = Y satisfies the below inequality
Di(x,y) < ¢(x,¥),Vx,y € X. (3.3)

Next, there is a one and only one cubic mapping T: X — Y in such a way
that

If(x) — Tl < @(x) (3.4)
Where, T (x): = lim > —f(3"x),vx € X. (3.5)

and, §(x) = 111i_r)£10max {IZ o1 P ©(3'x,0):0<:< n}

Moreover, if

1imlimimax{ (p(3x0)K<L<n+K}—OVx€X (3.6)

Kk—oon—oo 27| 1274

where n, k are non-negative integers ; then T is a only cubic mapping which
satisfies (3.4)

Proof: Substituting y = 0 in equation (3.1), we get
If(3%) = 27f(®)|l < ¢(x,0)
(3
22 - i) || < 750 0) (3.7

Replace x by 3x and multiply % on both sides in equation (3.7), and

Continuing to 'n' terms one can get

n+1y _ 1™
f3™ x) — =%

||27n+1 |27n+1| (p(3nx O) Vx € x (38)

for all non - negative integer 'n'. Taking n — oo in (3.8) we get

=0 by (3.2). (3.9)

f(3n+1 ) f(3 x)

||27n+1
Consequently {#T(?,"x)} is Cauchy.

Hence we can conclude that the sequence {#T(S"x)} converges, V

x € X, since Y is complete.
Hence we consider a function T: X’ — Y as the limit by

T(x) = rlli_r)g#fﬁnx) exists.

Then, one can infer that by applying induction on 'n' in equation (3.8) to
demonstrate (3.4)

|55 73%) = (%) + 75 7(3%2) — -132) + 5 1(3%%) — - (320)+...

272 272
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+ﬁf(3" )_27n . (311 1x)||
o P 0) |272 ®(3x,0)...... L »(3n 1k, 0)}
Li3") - (@) < max {0, 0), 5
| =160 - f@) || < max { = 0(3x,0):0< 1< n},vne N and x € X.
(3.10)

||27nf(3”x) —f(x)” < ﬁm x{|27‘ 0(3'x,0):0<:< n} Vn e Nand x € X.

< max{

(3" 1x,0)}

0(3x,0)......

|27| |272 |27n|

|27L+1|

By applying the limit n — oo in (3.10), we get
[f(x) = T(x)|| < limmax {I27‘+1I (3'x,0):0<:< n} < @)
n—-oo

Now, we show that T is a cubic function.
From (3.3), we have

Di(x, )| = |[31im =f(3"x + 37*1y) — lim —f(3"1x + 3%y)
f n—ooo 27M

—121lim [27% f3"x + 3"y) + — f(3”x —-3")] - 8011m —f(3"y)

27n

+48lim Lnf(3"x)||

||Df(x | = lim = L 13f(3™x + 3™*1y) — f(3"*1x + 3"y)

—=12[f(3"x + 3"y) + f(3"x —3™y)] — 80f(3™x) + 48f(3™x)|| (3.11)
||Df(x y)|| < 11m (p(3”x 3"y) = 0 by using (3.2),Vx,y € X. (3.12)

Therefore T is cublc.

Uniqueness: Let us consider another function T': X' — Y such that
T'@) = lim 7/(3")
Then,
IT) =T @)l = lim || 263" - 527 3™) |
IT(x) = T')l = Alj{}ol27|'"llf(3"x) - @™l
ITCe) =T )l = lim [27]7"([f(3"x) — 27"f(x) + 27*(x) — T 3"l
ITC) =T Gl = lim [27]7*[|(F(3"x) — 27"f(x)) + (27"f(x) — F (3" 0))l
ITC) = T' @)l < lim [27] ™ max{[If(3"x) — 27"f(x)P, P27"f(x) — T (3"2) I}
IT(x) = T @)l < lim max{|27]7"[If(3"x) — f®)II, 12717 [If(x) — ¥ ") I}

03, 0)]

[IT(x) — T'(x)]| < lim —llmmax {|27|Lg0(3 x,0),

n-o 27| 1> 127]
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[[T(x) = T'(x)|| < lim lim —max {27L (B'x,0)k<i1<n+ K} =0,vx € X.

Kk—oon—oo |27
=>T =T
Hence proved.

Corollary 3.2: Let p be the prime and p # 3, and for & = 0, define the function
f: X =Y fulfills

Di(x,y) <¢,Vx,y X (3.13)
Next, there exists one and only cubic function T: X — Y in such a way that
If(x) =TIl < ¢ (3.14)

Proof. By Theorem (3.1),
Di(x,y) < ¢(x,¥) (3.15)

Hence we have ¢(x,y) = ¢,
If(x) = Tl < (=)

1
W(p(?x, 0):0<:1< n}

Therefore, ||f(x) — T(x)|| < lim max{

where @(x) = lim max{
n—oo
1
Wf: 0<1< Tl}
llix) = T < max{ R e )

[27]71272]” 1273 """ |27

(where p is a fixed prime other than 3)
If(x) =TIl < ¢ (3.16)
Corollary 3.3: Let p be the prime and p # 3. Let a,y,§ >0 and a+y >0
and define a mapping f: X? — [0, ) fulfills
Di(x,y) < Sl + lyll**7), vx,y € X.
Next, there is a cubic function T: X' = Y such that
Ii(x) — Tl < Ellxl“Y, Ve € X

and T is unique.

Proof: By Theorem (3.1), we have ¢@(x,y) = &(||x]|** + ||y]|**7), then
If(x) — Tl < @(x)

where @(x) = limmax{ ©(3'%,0):0<:< n}
n—-oo

|27l+1|

Now,

IFGe) = TEol < limmax (o €312 0 < e <}

|27L+1|

E3C 2] “*7:0 < < )

) = TN < limmax (-

|2 L+1|
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_ 2 aty _1_z13(a+y) aty
i) = T@II < max (& llall Y, 2 €13 e+,

1 -
........ £[3C D@ | ]|+ }

[277]
(a+y) 2(a+y) (n-1)(a+y)
- @Y gy [ BEL 3] oy
1) = TEN < EllellYmax {0, P P o
ICe) = T < Ellell®*Ymax {—, —, — —
- 127]"1272] " 273" """ 1277

(where p is a fixed prime other than)

Ifx) = T < &l (3.17)

Example 3.1: Let f: X — Y be defined by f(x) = 22% + 1 and let p > 3, be a
prime number. since for every n € N, |27"| = 1. Then there is no cubic
function with

g(x): = %m#g@nx), Vx € X. (3.18)
and g(x) = f(3x) — 27f(x) such that
If(x) —g@l < e. (3.19)

Proof: Let f(x) = 223 + 1 From (3.1), we have
Di(x,y) =3.2.(x+3y)* +3-(2.Bx+y)* +1) - 12[2.(x + y)* + 1
+2.(x —y)®>+1] —80.2.y® — 80 + 48.2.x23 + 48
Di(x,y) =6#0
Then, we have
g(3"x) = f(3"*1x) — 27§(3"x) and g(3" 1x) = {(3"x) — 27§(3" 1x).
”g(snx) g3y ™M) —27f(3™x) {f(snx)—27f(3"‘1x)}||

27 27n-1 271 27n-1
_ 12.68™ )3 +1-(54.(3™x) 3 +27) 2.(3"x)34+1-(54.3" 1x)3+27)
- ” 271 _{ 271 }
g(3™x)  g@B™lx)|| _ 2.33.33"x341-54.33"43-27-54.33" 4327454331 432727
” 27n z7nt || 27m
g(3"x)  g(3" 'x)
” 27n z7nt || T 1782] # 0

hence, {27 "g(3™x)} is not a Cauchy sequence.

Theorem 3.4: Assume that ¢:X? — [0,) is a function that

lim27" (Z.%)=0vsyex. (3.20)
and assume that f: X’ — Y satisfies the below inequality
Di(x,y) < o(x,y),Vx,y € X. (3.21)

Next, there is a only one cubic function T: X — Y such that
If(x) = Tl < §(x) (3.23)
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Where T(x) = lim27"f (%), Vx € X (3.23)
n—-oo
~ T . oz .
and ¢ (x) = rlll_r)rolomax{|27 o (3”1,0) 01 < n}
Moreover, if
K x . il —
]ll_)rgrlll_r)rolomlmax {|27 | (3K,0) J<k<n +]} =0,VxE€X (3.24)

where n, j are non-negative integers; then T is an only cubic mapping satisfies
(3.22)
Proof: Substituting y = 0 in (3.1), we get

1(3x) = 27f()|l < ¢ (x,0)

Replace x by ;—c and multiply 27 on both sides in above equation, and
Continuing to 'n' terms we get

|27+ (555) = 2777 (&) || < 127710 (555.0) v e X (3.25)

and all non - negative integers 'n'. Taking n — oo in (3.25)

|27 (555) - 277 (%) || = 0 by (3:20) (3.26)

Consequently, {27”f(3—n)} is Cauchy. Hence we can conclude that the

sequence {27"f(3£n)} converges, V X € X, since Y is complete.

Hence we consider a function T: X — Y as the limit by
—1; ng *
160 = Im271(2)

Then, one can infer that by applying induction on 'n' in (3.25) to demonstrate
(3.22)

||27f (2) =) + 272 (Z) = 278 () + 273 (&) — 272 (S) +..... +
27" (: ) — 27" 1f (3" 1)
< max {(p ( ) 27¢ ( ) ...... 27" 1 (3%, O)}

277 (%) - i@)|| < max{p (£,0),27¢ (£.0).....27 1 (&,0)}

||27"f( )—f(x)” < max{27‘<p (3::1,0):0 <1< n},‘v’n ENandx € X.
(3.27)

||27"f(3x—n) —f(x)” <—max{27K (:—K,O):O <k <n},\7’n €ENand x € X.

1271

By applying the limit n — oo in (3.27), we get
[If(x) = T(®)| < llmmax {27‘ (3L+1,0): 0<:i1< n} < @(x).

Now, we show that T is a cubic function. From (3.21) we have
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Di(x,y) = ||311m 27" (“33’) lim 27 (3x+y)

n—-oo

—121im 27" [F(£2) + £(£2)] - 801im 277 () + 481im 277 (%)

n—oo n—-oo n—-oo

Df(x y) = llm 27n ||3f (’C+3y) f(3x+y)

317.

() ()] () 01(2)

Di(x,y) < 11m 27”(p (— —) = 0 by using (3.20),vx,y € X. (3.29)

11371

(3.28)

Therefore T is cubic.

Uniqueness: Let us consider another function T': X’ — Y such that

e = g ()

Then,

IT(x) = T' ()| = TllilgoP|27"|f(3in) — |27 (3111)
IT(x) = T' (@)l = lim |27"| I7(Z)-7 (%)

i) - = fy 1 ) - 1)+ i 1 )
IT() = T' @) = lim [277] 1((2) - i) + (ﬁf( -1 (2))]
I7C) = T/l < lim 127" max {|[1(2) - 26| |7 - 7 (2)])
T () = T(x)||<11mmax{|27"| f(in) » ﬁf(x) ’ 3%)}

IT(x) = T' ()| < llm—llmmax{|27"|<p(— O) |27 | (— 0

[27] k>0

IT(x) —T'(x)| < 11m —hmmax{|27"|<p (— 0) j<k < n+]}

127]

0

=>T =T
Hence proved.

Corollary 3.5: Let p be the prime and p # 3, and for & = 0, define the function
f: X% > [0,00) fulfills
Di(x,y) <&, Vx,yeX. (3.30)

Then, there exists one and only cubic function T: X — Y which ensures
that

If®) =TIl < § (331

Proof: By Theorem 3.4, we have

Di(x,y) < o(x,¥) (3.32)
Hence we have @ (x,y) = ¢,
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If(x) =Tl < (=)
where @(x) = 7P_r)rolomax{|27‘|<p(3fcj, 0):0<1< n}
Therefore, ||f(x) — T(x)|| < rlli_r)rolomax{|27‘|f: 0<:<n}
If(x) = TNl < max{|2718,1272§, 2738, ... 127771183

(where p is a fixed prime other than 3)
If(x) = Tl < §
Corollary 3.6: Let p be the prime and p # 3. Let a,y,§ >0 and a +y >0
and define a function f: X% - [0, ) fulfills
Di(x,y) < &(llxlI*Y + llyll**), v,y € X.
Next, there is one and only cubic function T: X — Y which ensures that
Ii(x) — Tl < Ellxl“7Y, vx € X.

Proof: By Theorem (3.4), we have ¢(x,y) = &(||lx]|**" + ||y||**7), then
If(x) = Tl < @(x)
where ¢(x) = 1immax{|27‘|<p (L 0) 01 < n}
n—-oo

3t+1’
x
301

Therefore, ||f(x) — T(x)|| < lim max{|27‘|$ |
n-oo

a+y
:OSt<n}

IfGe) = Tl < max {|27'1 lll=*7:0 < < n)

1
|3(L+1)(a+y)|

1 127 |272| |27
1) — Tl < Ellell“rmax (o, oorls, 2L 22
IF(x) = TNl < &llxll“Ymax({1,27],127%], ... ... |27},
Where p is a fixed prime other than 3
i) — Tl < &=l (3.33)

4. Experimental Results

Table 1 highlights the similarities and differences between approximate f(x)
and exact solution T(x) for equation (1.3) through a graphical examination.
Equation (1.3) is precisely satisfied by the cubic function T(x) = 23, which

provides the exact answer. An alternate cubic function, f(x)= x3+¢, is provided
for experimental validation, where ¢ stands for a little perturbation or correction
factor. Both functions are plotted using Origin software to provide a detailed
examination of their graphical trends and to visually compare their behavior. The
findings show that the f(x) and T (X) curves strongly overlap at several places
(see figure 1), suggesting that the approximate function offers a reliable
approximation of the precise answer. The closeness of the two graphs indicates
that f(x) is a good approximation for equation (1.3), despite slight variations
caused by the perturbation factor €. The approximate function's utility in
theoretical and practical applications is validated by this graphical representation,
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which supports the idea that it retains a significant association with the precise
solution despite minor deviations.

Comparison between Exact and Approximate Solution

Table 1
Comparison between Exact and Approximate Solution
» | Exact solution T(z) | Approximate Solution f§(s) | [f(5) — T (3¢)|
-1 -1 -0.99 0.01
-0.9 -0.729 -0.719 0.01
-0.8 -0.512 -0.502 0.01
-0.7 -0.343 -0.333 0.01
-0.6 -0.216 -0.206 0.01
-0.5 -0.125 -0.115 0.01
-0.4 -0.064 -0.054 0.01
-0.3 -0.027 -0.017 0.01
-0.2 -0.008 0.002 0.01
-0.1 -0.001 0.009 0.01
0 0 0.01 0.01
0.1 0.001 0.011 0.01
0.2 0.008 0.018 0.01
0.3 0.027 0.037 0.01
0.4 0.064 0.074 0.01
0.5 0.125 0.135 0.01
0.6 0.216 0.226 0.01
0.7 0.343 0.353 0.01
0.8 0.512 0.522 0.01
0.9 0.729 0.739 0.01
1 1 1.01 0.01
10
— /
05 T(x)
«/
> 004 T -l
i
051 /
/
1.0 : : T
1.0 05 0.0 05 1.0
X
Figure 1
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5. Conclusion

This paper establishes the Hyers-Ulam stability of the cubic functional
equation in Non-Archimedean normed spaces. Our results verify that there is an
exact solution that is near the approximate solution for a given function satisfying
an approximation version of the cubic functional equation (1.3). This illustrates
the basic stability property, which makes sure that minor changes in the functional
equation don’t cause the exact solution to change significantly.

We examined and provided a graphical depiction of the link between the
approximate and exact solutions in Non-Archimedean normed space in order to
prove these findings. This graphic highlights the stability of the cubic functional
equation under minor perturbations and offers an easy explanation of how
functional equation perturbations affect solution behavior.The findings
emphasize the structural integrity of functional equations under approximation
and enhance our knowledge of stability theory in non-Archimedean contexts.
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