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Abstract

In this paper, using an order creator for integral, a new random variable is introduced.
Also, some basic properties are investigated. As follow, a new integral that is a random
process is introduced. This new random process shows the amount of air pollution caused
by airborne particles in an area. By studying the properties of the random process, some
results are obtained in relation to the amount of air pollution.
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1. Introduction

Air pollution is one of the biggest problems in many countries [1], [7] and
[9]. This problem effects on economics, health and etc. At the same time, several
factors, such as cars, factories and etc. effect on the concentration of pollutants.
Measuring of the concentration of substances is difficult and so expensive,
because it needs special equipments for ecological monitoring systems [4],
[13]and [8]. One of the most important methods which describes the rate of air
pollution in an area is mathematical modeling [10]. On the other hand, the
movement of airborne particles is random. Therefore, an stochastic mathematical
model describes the behaviour of particles suspended in the air [2].
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In this paper, the desired area is considered as a probability space. Also, the
rate of pollution produced per unit time is considered a random variable. To
obtain, the a mount of total air pollution, stochastic integral is used.

The stochastic integral has been considered first by Itd in 1944 [5], and he
applied it in mathematical finance, then Stratonovich in 1966 [12] introduced
another type of stochastic integral with applications in physics. In this paper, a
new type of stochastic integral via the maps change the order is introduced that is
based on "order creators for integral" which is defined by Karami, Molaei and
Asgari [6]. To define, we assume (Q, F, P) is a probability triple, and M is the
collection of random variables from Q to R™.

The "order creator for integral" [6] is a mapping S: Q0 X M — R with these
conditions

(i) Ifx,n €M and x(p) =n(p), S, x) = S(p,n) forall p € Q.
(i) Sp,—x) =—=S(p,x) foreach (p,x) € A X M.

(i) If any component of y(p) and n(p) satisfies in y(p)(i) <np)I),
S, x) <S(p,n) forall p € Q.

To illustrate S we assume y is the velocity vector of the air flow generated
by an air pollution source. For a point p in the region Q € R3, we take S(p, x)
as the density of pollution of the air at point p.

By a mapping S we can define the following two partially orders on € and
M. For y,n € M, the inequality y =7 is defined by S(p, x) = S(p,n) for all
p € Q. For p,q € Q, the inequality p = q is defined by S(p,x) = S(q, x) for
all y e M.

In the next section, using this notion, a new concept of stochastic integral is
introduced. Also, the stochastic integral properties are investigated. As follow,
this resulted integral denotes the air pollution in a region created by a flow on it in
section 3. In the last section, some properties of mathematical expectation in this
sense are investigated.

2. Integral
In this section, an order creator for integrals ,S, is considered. Using of S, an
order on M is defined.
Let y € M, define y* and y~ by:
() = {X(P) if S(p,x) =2 5(p,0)
=00 i S.0)> S, x)
() = {—x(p) if S(,x) < 5(p,0)
X ) =10 if S(,0) <S@,x)
for all p € Q.

Theorem 1: y* and y~ are stochastic variables on Q and y = x* — x~.

Proof: First we prove, y* is a measurable map. For a given open subset U of
R", y* ' (U) isthe set {p € Q: y*(p) € U}.If 0 € U, then
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2T W =Tyt T W - o).
Where, )(+_1{0} ={peQy(p)(<o0, i=12,...,n}. Since, y is a
measurable function so, )(+_1{0} and )(+_1 (U —{0}) are measurable. If

0 € US, then x* ' (U) = x~1(U). Therefore, y* is a stochastic variable.
The same deduction implies that ¥~ is measurable. The equality y = y ™ —
x~ follows from the definitions of y* and y~.

Definition 1: For y,n € M with x(q) = {x(¢)(D}i=, and n(q) = {n(q)(D}i=1,
the variable y V7 from Q to R" is defined by y Vn(q) = {x Vn(q)()},.
Where the i component of (yV 7)(q) is the maximum of the set

(@@, () (D}

Theorem 2: If y,n € M, y V1 is a stochastic variable.

Proof: Let x,n:Q = R be two one-dimensional stochastic variables. Let U € R
be a Borel set. Take Borel sets U; and U, such that U = U; UU, with

x() > n(p) for all p € x~'(Uy) and x(q) <n(q) for all g € n*(U). Thus
v Y(U) = x"Y(U,) un~1(U,) and y V7 is measurable.

Now consider y,1n:Q — R™ are n-dimensional stochastic variables.
Considering that all components of the map yVn are one-dimensional
stochastic variable, using the above theorems, it is measurable, so (y V7n)(p) isa
stochastic variable.

The probability space (Q, F, P) is constructed by taking Q) = U;§=1 Aj, with
Aj €F and A;NA; =9 for all i #j. If C;:F—> R"™ be a constant map with
j € {1,2,---, k}. Then the stochastic variable ¢ of the form ¢ = Zle C]-)(Aj isa
simple stochastic variable on (). In this situation, we denote the stochastic integral
of ¢ with respect to the probability measure P by f; @dP and we define it by
f; @dP =¥¥_, S(.,C)P(4;). We see that f; @dP:Q — R is a mapping which
is defined by (f, @dP)(q) = X¥_, S(q,C)P(4)).

If S(.,C;) is a random variable, then Zle S(.,CHP(4)) is a finite
summation of measurable functions. Thus [ ; @dP is measurable, and this means
that f; @dP:Q — R is a stochastic variable.

Definition 1 If y € M, then we define the integral of y with measure P by
Jo xdP = [ x*dP — [, x~dP,
where

Jo x*dP =

Now we show that this new concept of integral is a kind of stochastic
integral.

f; @dP.

\Y
0=s@<y*,p simple
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Theorem 3: f; xdP is a stochastic variable.

Proof: The proof is obtained easily by lemma 2.6 in [3].

3. Air pollution

Let X(t)(q) be the rate of pollution flow at point g produced by a source
of air pollution at time t. {X(t)};cr is a random process. The map S(q, X;) is
Density of airborne particles in g at time t. Also, f; X(t)dP is the total air
pollution at time ¢, which is a random process.

In this case, Q is considered the study area and the measure of this area is
one, P(Q)) = 1. Also, we assume that F is power set of Q. Thus, (Q,F,P) is a
probability space.

Theorem 4: Let X:0 — R™ be a Wiener process. Assume S(.,X) = u(X,t)

. . au 9 8%u
where u is a continuous map. Also, =2 and that for all i,j=
at~ 0x; 0x;0xj
1,2,...,n exist and are continuous. Then
a 92
SC,X) =S80, X) +3n, [7 ”dX-l— S ;a;‘dt 0<s<r

Proof: X(.) = (X1(.),X5(),....,X,(.)) is a Wiener process so, assume
Y(t) = u(X, t). By Ito formula

dY_—dt+zrla dX; +2 zflg;‘dt
Hence,
Y(r) — Y(s)_z{llf“’—“dx +230, S“;;‘d

The proof is complete.

According to the findings of the preceding theorem, the density of air

pollution at p € Q at time r, S(p, X,), is equal to the sum of the density of air

2
pollution at p € Q at time s with %, [* Ou dX +- Z" T Gt

i=1Jg W
Example 1: Suppose Q € R3 and the source of air pollution is at point g,.
Define

$(@.Xe) = 7= g (DX (®).

Where, d(q,q) is Euclidean distance between q and q,. The function g,
is the effect of weather conditions such as wind, rainfall, etc. on the concentration
of pollutants.

If X(t) is a simple stochastic variable, X (t) =2L.G Xaj-

[ X(©)dP = 5, 5(, C)P(A) = g(t) LGP (A))

d(qq )+1



A NEW STOCHASTIC INTEGRAL 2775

X P.
= s 9O [ X(0d
Thus, if X(t) is a positive stochastic variable, then
N N
f X(t)dP =v0<<p<X+ @simple f ngP
d(q 90 )+1 g( )(V0<¢<X+ @simple f (pd ) - g(t)f X(t)dP

The following example shows that, if there are two air pollution sources.
The total pollution which is produced by these two sources is not equal the sum of
air pollution that is generated by each one. The equality is established if the
condition of the second part of the next theorem is established.

)+1

Example 2: Let Q = [0,1] and X, Y be two one-dimensional random variables
1 1 = 1 1

defined by X = ;)([0%) + EX[%,I] and Y = )([0%) + 3)([%%) + 4)([%’1]. If we take

S, X) = (X(p))?, then

e 5202 (0.9) 5. (1) - oo
fo YdP = S(., )P ([og)) +5(.5)P ([; ;)) +5(.3)P([51]) = 0346,

3
On the other hand, X + Y = 5)([0%) + g)([%;) + Ex[l,l]‘ Hence,

o crenar =s(3)p([o3)+5 ()P (B:2) +s (5P (B))
= 2.411.
Thus [ (X +Y)dP # [, XdP + [ YdP.

Theorem 5: [6] Suppose y,n: = R™ are stochastic variables. By using of S
for "order creator for integral” we have the following properties:

(i) If0<y<n,then [J xdP < [ ndP.
(i) I SC.x+m) =5SCx)+SC ). then [ (x +n)dP = [ xdP + [, ndP.
(iii) Jf, axdP = a f; xdP forall a € R.

Remark 1: The set { f; xdP: x is a stochastic variableon 1} is a vector space,
when for all random variables y,n on Q, S(.,x+n) =S, x) +S(,n) .

Theorem 6: If {X,,},51 is a sequence of increasing random variables, then
liMy oo [ XndP = [ XdP where limy, o, X, (@) = X () forall w € Q.

Proof: Since the sequence {X,},>, is increasing, then the first part of theorem 5
implies [ X,dP < [; XdP. Therefore, lim, [ X,dP < [, XdP. To show
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the opposite inequality we assume f; XdP < oo. Given € > 0 there exists a
simple random variable ¥ with Y (w) < X(w) for all w € Q and f; ydP >
f; XdP — e. For 0 < ¢ < 1 we define the sets {A,},>1 by

A, ={w: X,(w) = cp(w)},n € N.

The increasing property of the sequence {X,,},-; implies to the increasing
property of the sequence {A,}n,»1 and Up_; 4, = Q. We have cyp(w) <
Y(w) £ X,(w) for all w € Q and cY(w) < X(w) when X(w) >0, and
Up—q 4, = Q. Thus,

Jo X,aP = [0 Xpxa, dP = c [o Yx,,dP
S0,
sup, f; X,dP = c(sup, f; Yxa,dP).

Let ¥(w) =X, ajxp,(w) , where B;SQ for all i=12,... k.
Therefore,

Jo Wxa,dP = [; T aixsna,dP = Ty SC,a)P(B; N Ay).

Since the sequence {A,} converges to (1 monotonically, we have
limy 0P (Ay N B;) = P(B;). Therefore, limy,_o, [ Wxa,dP = [ ¥x5,dP.

Consequently,

liMy oo [y XndP = sup, [, XodP = c [J pdP > [J XdP —&.

The proof is complete when ¢ - 1 and ¢ — 0.

4. Mathematical expectation

In general, if two random variables, X;, X,, are independent, f; X,dP and
f ; X,dP are not necessarily independent. In the next example we present two
independent random variables X; and X, that E( fé X,dP. f; X,dP) is not
equal to E(J, X,dP)E([, X,dP).

Example 3: Let O be a probability space and X;:QQ —> R for i =1,2 be
stochastic variables where
Xi(“’)‘{o w€ Q- B
B;'s are measurable sets and P(B;) =p. X; and X, are independent
random variables. But f; X,dP = f; X,dP = S(.,1)p. The straightforward

calculations implies

E(J, X,dP. [, X,dP) # E(J, X,dP)E(J, X,dP).
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Theorem 7: Let ¢ and y be simple random variables which, ¢ = Z;?:l C]-)(A].
and P = Y2 Dixp,. If S(.C;) and S(.D;) are independent for j =1,2,...,k
and i =12,...,m then, E(, ¢dP. [ }dP) = E(J, pdP)E([, }dP).

Proof: By the definition of integral
E(f, @dP. [, $dP) = E(X_; S(.C)P(4).-Z21 S(, DIP(By))
=E(X¥_, X% S(. CHS(, D)P(A)P(B))
=Yk, ¥, E(S(.,C)S(., D))P(A)P(B;)
= E([,, pdP)E(f, pdP).

Remark 2: Let {¢,} and {1,,} be sequences of simple random variables which
lim,Le@,(p) = X(p) and lim, Y, (p) = Y(p) for all p € Q. Also consider

S(.,¢,) and S(.,y,) are independent then f; XdP and f; YdP are
independent.

Theorem 8: Let S be a continuous function and for any finite sequence {X;}1—;
random variables that S(.,27- ;X)) = 2L 4S( LX) where 274, =1, if X
be a positive stochastic variable, then f; Xdp = S(., E(X)).

Proof: Let ¢ = %;_;a;x,, be a simple random variable. By theorem assumption,
SCE(@) =2.S(,a)p(4) = f; @dP . Using monotone convergence
theorem [11], there is a sequence of simple random variables {¢,} such that
lim, @, = X. Hence, by theorem 6, lim,_q f; @ndP = f; XdP. On the
other hand, since S is continuous function so, lim, ,.S(.,E(@,)) =
S(.,E(X)). Therefore, [> XdP = S(.,E(X)).

Example 4: The motion of particles in the air is Brownian motion. A possible
improvement of the mathematical model is frictional forces. The one-dimensional
stochastic model is

X =—bX + oW,

where W (.) is "white noise". b > 0 and o are factor of friction and diffusion
factor respectively. X(.) is the velocity of Brownian particles. The stochastic
differential equation is

dX = —bXdt + odW, X(0) = X,.
The solution is
X(t) =e7PtXx, + afot e b= qw t=0

Consider S(.,X(t)) = X(t). Set {¢, = Z.m'{ai)(Ai},‘f:l be the sequence of

i=
simple stochastic variables which convergence to X. Therefore,
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E(J; XdP) = limy_oE(f ¢ndP) = limy oo Zi22S(., a;)P(A;)
= lim, o2 a;P(4) = lim, o E(¢,) = E(X).

Thus, the expectation of the total air pollution is equal the expectation of the
random variable X.

Conclusion

Since the movement of airborne particles is random. An stochastic
mathematical model is a suitable choice to describe amount of air pollution in an
area. Using order creators for integral, total amount of air pollution expressed
with a random variable. Also, some basic properties are investigated.
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