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Abstract

In this discussion, the extended fractional Korteweg-de Vries(K-dV) equation has
been studied using the modified Sardar sub-equation method. The method in question is an
efficient method with various answers, which is very practical and expresses different types
of answers. The graphical analysis expressed well shows the behavior of the answers.
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1. Introduction

Many important and significant problems in engineering,
experimental sciences, and social sciences are expressed in the form of
mathematical models. These models usually lead to the determination of
a function and should apply to equations that include derivatives of this
unknown function. In the 18th century, the partial differential equation
began with the work of mathematicians such as Euler, Lagrange, De Albert
and Laplace with an analytical study of physical models. The theory of
equations, which includes ordinary differential equations and differential
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equations with partial derivatives, is a branch of mathematical analysis
that has a close relationship with physics. Physical concepts such as the
movement of a vibrating string, gravity, fluid flow, heat conduction,
electricity and magnetism have all led to the emergence of different
differential equations. The answers of these equations correctly answer
the effects of these physical phenomena. Many physical phenomena
cannot be expressed with ordinary derivative models, and the observations
and results obtained in these models are closer to modeling with fractional
derivatives. In addition to this concept of ordinary derivative which is
interpreted with speed in mechanical physics, it also takes on another
aspect in fractional derivatives. This aspect can be expressed by increasing
or decreasing the moving acceleration. In recent years, the study of
nonlinear partial differential equations (PDEs) has seen significant
advancements, with researchers developing various innovative methods
to find exact solutions. These solutions are crucial for understanding the
behavior of complex systems in physics, engineering, biology, and other
fields. Below are some of the prominent methods that have been presented:
one of the best methods is the modified Sardar sub-equation technique [1]
[2]. The modified Sardar sub-equation method is an efficient and effective
solution method for calculating exact wave solutions and one of the most
direct and effective algebraic methods for finding exact solutions of
differential equations with nonlinear partial derivatives [3][4][5][6][7].
The difference between this method and other old methods is to avoid
complex and tedious calculations and more accurate and explicit
conclusions to determine the isolated wave solutions with high accuracy.
In recent years, this method is useful and useful for determining the exact
solutions (soliton, alternating and exponential solutions) of the Schrodinger
equation, Eckhaus equation and various differential equations with other
non-linear partial derivatives that are widely used in various fields of
science and engineering. , has been successfully used [8][9][10][11][12][13]
[14][15][16]. The present paper applied the modified Sardar sub-equation
method to derive traveling wave solutions for the extended fractional
Korteweg-de Vries(K-dV) equation

o A
DT gol "r?

|:2i4 _(Cz(l_f)+D2fo-2):|D§2a(p1 +

3

ASSCl *D D"3/1D3" =0 1
2\ ,(I=f)—fo’D, ( g‘/’l) +? : 1= D



SOLUTIONS OF THE EXTENDED KORTEWEG-DE VRIES(K-DV) EQUATION 2797

The significance of this topic has indeed spurred extensive research
and studies, driving researchers to explore and develop various effective
methods. Over time, this has resulted in the identification and adoption of
widely used techniques that have proven to be impactful in addressing the
challenges or goals associated with the subject. These methods have not
only advanced understanding but have also provided practical solutions,
contributing to progress in the field. The continuous evolution of research
in this area highlights its ongoing relevance and the need for further
innovation. From [17] we have:
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and

In the following, we present the method in question in the second
part, and in the third part, we describe the application of the method along
with the graphical analysis of the behavior of the answers. And in the final
part, we present the results of the discussion.

2. Sardar sub-equation technique description

The Sardar sub-equation technique is a mathematical method used
to solve nonlinear partial differential equations (PDEs). It is particularly
effective for finding exact solutions to such equations, which are often
encountered in physics, engineering, and other applied sciences. This
technique is a generalization or modification of other sub-equation
methods, such as the G’/ G-expansion method or the Kudryashov method,
and is designed to handle a broader class of nonlinear PDEs [1-2]. To use
this approach, we assume the following general NPDE as:

G(u,u,,ux,u .)=0, (2)

xx’*

here Gdenotes a function of u and its derivatives. We consider the wave
transformation as

u(x, t)=U(E)e" ™ & = ox+1nt, (3)

Its goal is to convert equation (2) into a regular equation is NODE:
Nu,u',u’,..)=0, 4)

The solutions of Eq. (4) can be classify as:

V(E=5,+26Q®), 5, %0, ©
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with the constants 6 ,7=1,2,..., M, o, and UM j=1,2 are to be computed
later. Balancing the highest-order derivative and the nonlinear terms of
Eq. (4), determines the integer M. The function Q(§) in Eq. (5) satisfies

Q&) =v,Q'©)+v,Q* &)+, (6)

where V,, U and v, are constants. In addition, the family of solutions

1 7
for Eq. (6) with constant are listed as below:

1. If v,=0,v,>0, and v, =0, then

Qﬁ(é)=i1/—%sech(\/vi (E+9)),
in(§)=i1/—%csch(\/vi (E+9),

2. For constants A, and A,. Let v,=+4AA,, v, >0, and v, =0, we

have

Q, ()= Hod,
7 (@A7 -v,)cosh(u, (£+ &) £ (447 +v,)sinh(Ju, E+£,)

2
v
3. If v,=—-,v,<0,v, >0, with constants B,, and B,, then

L
Q;@:iJ%tanh[ -%(&g)],
Q9= i\/% coth{ e c;)},
Q. (&)=, 2‘22 (tanh(y/=2v, (5 +6)) +isech(y/-2v, (£ +))),

Qg<é>=i,/—;712{tanh[ —%(&g)]teoth[ —%@mﬁ,
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Q (&)== / v, [i«/Bf+B§ -B, cosh(,l—2v1(§+g))]
7 = _2_1)2 7

B, sinh(\[-2v, (£ +¢)) + B,

0 (6) =+ v cosh(y/—2v, (£ +¢))
’ \ 2v, sinh(\[-20, (E+¢) i )

4. If v,=0,v,<0,v,#0, then

Q;(@:;/—%sedﬁ (E+9)),

Q. (O =+, /—%csc(ﬁ (E+9)),

2

v
5. If v, =41 ,0,>0,0, >0, and B} —B >0, then
vZ

Q, (6)=1, /—20712 tanuv;l(é + g)],
Ql3i (é) = i\/g COt[\/%T(‘s + g)}/
Q, (&)=t /21; (tan(y/20, (€ +¢)) £ sec(y/20, (£ +¢)),

Qs ()= i\/% [tan{\/%@ + Q)J - cotU%T@ + g)]}

0 +(§)_+\/u_71[i1/Bf—B§—Blcos(\/a(§+g))J
16 - = 21)2 s

B, sin(\/ —2v,({+¢6))+B,

o i@ﬂJv_f cos(y/2v, (6 +¢))
7 N2, (sin20, G+ g) £ )
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6. If v,=0 and v, >0, then

4v eiﬁ(§+g)
E) =+ 1 ,
Q18 (g) Uleﬁﬁ@*g)

—4v,v,
+4p, ¢ V1)

Qwi (é) = il—ﬁ\/:(é”,
1-4pe V"™

7. If vy,=v,=0 and v, >0, then

1
Q, (&) =t———,
Ju,E+¢)

8. If v,=v,=0 and v, <0, then

Q, (&)=
JI E+g)

3. Mathematical Analysis

The main idea of introducing equation (6) using fractional derivatives
as follows [17]
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3
-VU+sU*+s,U° + /12 =0

Where

A,S
s = {214 —(C,(1- f)+D2fG )}

A’ 3
5, = (2/16 C3(1—f)—f6 Dsj

In (3-2) by HBM between ¢’and d*p, /dy*> we haveM=1. So
solution takes the following form

U(é) = 50 + 51Q(§), 0,#0, (10)

1

Putting Egs. (6) and (10) into Egs. (8), gathering all the coefficients of
Q'(&) and setting them to zero, we get the algebraic equations and by

solving them via Maple package we have following solutions

Set 1:
2(1/3 _
PR A S B (11)
s, s, 9s,
Where
A3 /13 5
s = [2/14 (C,(1- f)+D2fG )} (2}“6 C,A-f)- fo3D]

By substituting the parameters of the set 1 in equation (10) in addition
to the general solutions of equation (6), we will have the following cases:

The bright and singular solitons can be consider as (Image 1- a, b):

(1/3)1
g =t 0 /_h(([(ljgg_ﬁgj}
1/3)1 1 . 21 1 3
?,,(&, T)—— ; %, v, Csch{f[(;jg +é[gjf +QJ],

Where v, =0,v, >0, and v, =0.

The dark and singular solitons can be considered as (Image 1- ¢, d):
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(1/3)
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352 5, sz 2 (04 952 o
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2
)
Where v, :4—1,1)1 <0,v, >0, with constants B, and B,.
)
2

The combo bright-singular solitons are expressed as (Image 1- e):

(1/3)
Lo

il (G2 <)
ol fi(2Je- 3 0)<)

Wherev, =+4A A,, v, >0, and v, =0.

17727
The combo solitons are as follows (Image 1-f, g, h,j) :
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(1/3)1
q)l 3(& T)___ %X

2 2

+B’ +B; - B, cosh(wl—zv1 [(;jga +§zl(;j~;a +g}]

U, 2
2v, 1 25 (1
B,sinh| \—2v, || — |&% + 1| = |¢* B
| si ( vl([a)é +9sz(ajr +g)]+

( 0,5, )"V A
—X

S

7

(pl 9(% T) =
st 2ty
zvz i 1 o 251 1 o . '
“h(ﬁ (B0 QB

2
v
Where v, =——,v, <0,v, >0,
4v
2

The trigonometric function solutions are acquired as follows (Image
1- k):

(1/3)2’ ’
(p1 10(5 T)_ SZ % —z—: SQC(@[(%)%“ +§_z:(éjz.a +€]J,
( )(1/3)/'L ) 1 , 21 1 .
¢, ,(57) 352 UT ’—z—zcsc(ﬁ[[ajg +é(;jr +QD,

Where v, =0,v, <0,v, #0.

( 0,5, )P4 | v, O (1), 25(1) 4
- RN Yot IO e R P )
0112(6/7) = s2 s, 2v, M2 e ¢ +9sz o e

And

s (o) |y, \/E )., 25(1).,
P 13(5 7) 352 T z—szOt[ ?([5]5 +9—sz[aj1 +gj},

The mixed trigonometric function solutions are as follows:
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Where v, =——,v, <0,v, >0,
4

The exponential solutions are:

2805
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(G esalies)
s, (0,872 dve
P18 (5’ T) - _3_52 + S, " ﬁ‘r[[ Jga zzl["‘JT +g] ,

ve -4vv,

0. 51)___ (0,5, )“/3)/1>< +4v, eiﬁ[(“)a ZSI[“} ﬁj
Sz S2 1_4U e+2\/—[[ ]"‘ sl[ ]1 +g]

Where v, =0 and v, >0
The rational solutions are:

2\(1/3
(—0,8,2) "2 y 1
s

S
(p1_20 (gl T) = _371 *

For v, =v, =0and v, >0

Contd...
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Image 1

Analytical behavior of set1(a: ¢, , b: ¢, ,c: ¢, . d: @, ,e: ¢, . f: @ _ g ¢  h:
0.8 ¢ k@ ) fora=1.

Set 2:

B (—02522)(1/3) B i\/g(—vzszz)(l/3) 5 01— /130152
r 2s e

5
) 2s, (-0,5,2)" (N3 +1)

Where
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A3 ) A5
5, = {2/14 (C,(1- H+D,fo )},sf?[

YT -C,(1-f)-fo Ds]

By substituting the parameters of the second part in equation (10) in
addition to the general solutions of equation (6), we will have the following
cases:

We obtain bright and singular solitons as:

(~0,s 2)(1/3) i\/g(—v s z)<1/3>
(p171("=tf T) = ( 22252 - 22 X

2s

2

Ve 1) A’us, 1
\/E h{\/v_l[(ajg (<08, )1/3(1\E+1)( jr +QD

(1/3) (1/3)
0, (&7)= ( 252) z\/_( ;S;S ) J

v, 1),, Aus, 1
\/ECSCh[\/U_l{(;jg _( 0,5 )1/3 (l\/g-i-l)[ jT +Q\D

Wherev, =0, v, >0, and v, =0.
The dark and singular solitons can be considered as:

(<05 2)(1/3) i\/g(—v s 2)(1/3)
(Pls(é/r):( 22;2 - 22 x

2s,
_ U, tanh \/z (nga 3 /'stlsz [lea -~
2v, 2 o (_vzszz)(l/S)(i\/g+1) o
¢, (& 1)= (-0,5,)"” i3(v,5,7)" )
o 25, 2s,

| v o | v [lj g Vvs, (ljr" .
2v, 2l o (_vzszz )“/3)(1'\/5 )l S|

(Y .
Where v, =—1,v1 <0,v, >0, with constants B,, and B,.

v,

Bright-singular solitons as:
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o . (&1)= {(_02522)(”3) B i\/g(—vzszz)ﬂ/& ]X

2s
4Jv,A,
(4A? - vz)cosh[\/v_l([;jga _ V[;j T +§ ]J +

(44 +vz)sinh[\/v_l ([;jéa _v[;jfa + Oj]

Vo,
(-0,5,2)" (N3 +1)
Wherev, =+4A A,, v, >0, and v, =0.

1° 727
The combo solitons are as follows:

(-v,5,2)" B z'\/?:(—vzszz)“/” )
2s 2s

2

i (tanh[@ (BN ﬂUi

(G2 )

3
Avs,

(—02522)“/3)(1'\/5 +1)

2

and V =

D6 (5/ T) = {

2

and V =

2s 2s

2 2

el (2 () )
ol Fltd)

(-0,5,2)" (N3 +1)

1) (}; ‘L') _ [(—UZSZZ )(1/3) ~ i\/g(_vzszz )(1/3) ]X

and V =
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2s 2s

2 2

(3 (5/ T) = [

+ /B2 +B? - B, cosh[, = [( L Jga . Ao, [1j,a N gD

o —0,5,7 )"V (N3 + )\ &

(-0,5,2)"? ) i3 (—0,5,7)" ]X

1

2v, . 1) .. Aus, 1) .
B, smh[J—Zvl [(a]é _(—vzszz)(1/3)(i\/§+l)(0¢jr +g]]+32

®, (&, 7) :[(—UZSZZ)(US) ~ i\/g(_vzszz)um)Jx

2s, 2s

2

1 Av.s 1
h| /-2 — &Y - 172 = |t*
St D e

2v, . 1) .. ASU]SZ e . |
Sf‘h[m Ha)g s )3 +1>(“JT +€Bil

2
v
Where v, =——,v, <0,v, >0,
2

The trigonometric function solutions are acquired as follows:

(—02522 )(1/3) _ i\/g(_vzszz )(1/3) J X

2s 2s

2 2

,—& sec| 4/-v [ljé" - Aus, (ljr" +
v, 1| o (—02522)(1/3)(i\/§+1) o S|

(_vzszz)(l/a) B i\/g(—vzszz)(lm .
2s, 2s

D110 (5/ T) = [

(p1711 (é/ T) = [

S S (ljfa— A0, (lj‘r”%
| v, el “CosymaBnta)” 7))

Where v, =0,v, <0,v, 0.
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2s 2s

2

SR O (ljéa ~ Vvs, (ljra .
2v, 21l o (—02522)(1/3)(i\/§+1) o S|

2

o, (E,1) =[(—02522)(1/3) ) i\/g(_UZSZZ)(lm) ]X

And

2s

2 2

3
D1 cot| |2 (ljéa - A oS, (ljr"‘ +c |1,
2v, 2 [l (—02522)‘1/3)(1'\/3 +)la

We obtain mixed trigonometric function solutions as:

0, (& 1)= [ (_02;22 ) _ i\/g(_vzszz " J X

2s 2s

o, & T):[(_vzszz)“/” B Z-\/g(_vzszz)u/g)JX

2

v, 1)., Avs, 1) .
N )

v, 1).. A'us, 1) .
Fol o (e (e )

(—vzszz)”/ ¥ B i\/g (—02522)(1/ % y
2s 2s

2 2

U tan| (20 (1]5“— Avs, [1J1a+g _
8v, "« (—UZSZZ)“/S)(i\/5+1) o

"L cot| (20 (lJé"— Ao, [ljr"+
8v, 1| o (—02522)(1/3)(i\/§+1) o Sl

(_Uzszz )(1/3) B l-\/g(_vzszz )(1/3) §
2s 2s

2

(P1,14 (5/ T) = [

D116 (5/ T) = {

2 2
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+/B+B’ B, cos[ 20, [(1}5" X Mo, [;]r“ +gJ]

} o —02522)(1/3)(i\/§+ 1)
e B, sin| {20, (1J & - Ao, [1)1" +¢ ||+B,
o (0,8, )"V (V3 + )\ &

(_Uzszz )3 ) i\/g(—vzszz )3 ] §

v

0117(87) = { 2s 2s

2

) 2305 1
2 1 o 172 — “
G ba e
2v, . 1).. 130152 e |
o (e e

2
v
Where v, =——,v, <0,v, >0,
4v
2

The exponential solutions are:

(_vzszz )<1/3) ) l-\/g(_vzszz )(1/3)
2s

(pl,lg (5/ T) = {

2
1)ea 2.311152 1) o
iﬁ{[g}f _(—vzsb‘””(f@l)[5} +§]

1).e Vs, 1) o /
ﬂﬂ[[;jé _<—vzs£>““>(z'6+1>[5]1 +€

—4vv,

v,e

2s 2s

2 2

0,0(E ﬂ:[(‘”zsf " iﬁ(—vzsf)(wJ
1-19\>7

1)e Pogs, 1) o
iﬁ{(;)f 7(‘”2522)(]/3)("&*])[;]1 *

1) 132)152 1) & ’
12\/;[[;]5 7(7172522)(1/3)(1-\/§+1)(EJT e

4v,e
X

1-4ve

Where v, =0 and v, >0

The rational solutions are:
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2s 2s
1

1) Augs, 1), '
\/U_z[(a]é: (—Uzszz)(l/a)(i\/ngl)(ajT +‘5j

For v, =v, =0and v, >0

?, (& T):[(_Uzszz)(l/S) B l'\/g(—vzszz)(l/wJ><

2 2

Conclusion:

This study focuses on obtaining new solutions for Korteweg-de Vries
equation using fractional derivatives and the extended Sardar-Sub
equation method. The Korteweg-de Vries equation equation is a
fundamental nonlinear partial differential equation that describes wave
propagation in various physical contexts. By incorporating fractional
derivatives, we extend the applicability of the KDV equation to systems
with memory effects or anomalous diffusion, which are common in
complex systems. This method is a powerful analytical tool for solving
NLPDEs. It is known for its ability to generate a wide variety of solutions,
including solitary waves, periodic solutions, and other types of wave
solutions. The method involves transforming the original equation into a
simpler form, which can then be solved using standard techniques.

References

[1] S.T. Mohyud, A. Yildirim, and S. Sariaydin, “Numerical soliton solu-
tions of the improved Boussinesq equation,” Int. |. Numer. Methods
Heat Fluid Flow, vol. 21, no. 7, pp. 822-827 (2011).

[2] M. Igbal, A. R. Seadawy, and D. Lu, “Construction of solitary wave
solutions to the nonlinear modified Korteweg-de Vries dynamical
equation in unmagnetized plasma via mathematical methods,” Mod.
Phys. Lett. B, vol. 33, no. 32, p. 1850183 (2018).

[3] H.Rezazadeh, “New soliton solutions of the complex Ginzburg-Lan-
dau equation with Kerr law nonlinearity,” Optik, vol. 167, pp. 218-227
(2018).

[4] N. Taghizadeh and A. Neirameh, “New complex solutions for some

special nonlinear partial differential systems,” Comput. Math. Appl.,
vol. 62, no. 4, pp. 2037-2044 (2011).



2814 A. SHARIF AND M. GHOJOGH

[5] A. Neirameh and M. Eslami, “New solitary wave solutions for frac-
tional Jaulent-Miodek hierarchy equation,” Mod. Phys. Lett. B, vol. 36,
no. 7, p. 2150612 (2022).

[6] H.Rezazadeh, M. Inc, and D. Baleanu, “New solitary wave solutions
for variants of (3+1)-dimensional Wazwaz-Benjamin-Bona-Mahony
equations,” Front. Phys., vol. 8, p. 332 (2020).

[71 W.X.Ma and J. H. Lee, “A transformed rational function method and
exact solutions to the 3+1 dimensional Jimbo-Miwa equation,” Chaos
Solitons Fractals, vol. 42, no. 3, pp. 1356-1363 (2009).

[8] M. Wazwaz, “The tanh-function method: Solitons and periodic so-
lutions for the Dodd-Bullough-Mikhailov and the Tzitzeica-Dodd-
Bullough equations,” Chaos Solitons Fractals, vol. 25, no. 1, pp. 5563
(2005).

[9] J. H. He and X. H. Wu, “Exp-function method for nonlinear wave
equations,” Chaos Solitons Fractals, vol. 30, no. 3, pp. 700-708 (2006).

[10] A. Bekir and A. Boz, “Exact solutions for nonlinear evolution equa-
tions using exp-function method,” Phys. Lett. A, vol. 372, no. 10, pp.
1619-1625 (2008).

[11] W. X. Ma, T. Huang, and Y. Zhang, “A multiple exp-function method
for nonlinear differential equations and its application,” Phys. Scr.,
vol. 82, p. 065003 (2010).

[12] M. Mehdipoor and A. Neirameh, “New soliton solutions to the
(3+1)-dimensional Jimbo-Miwa equation,” Optik, vol. 126, no. 23, pp.
4718-4722 (2015).

[13] A. T. Ali, “New generalized Jacobi elliptic function rational expan-
sion method,” |. Comput. Appl. Math., vol. 235, no. 14, pp. 41174127
(2011).

[14] A. Neirameh, “Binary simplest equation method to the generalized
Sinh—Gordon equation,” Optik, vol. 126, no. 23, pp. 4763-4770 (2015).

[15] S. T. Mohyud and M. A. Noor, “Homotopy perturbation method for
solving partial differential equations,” Z. Naturforsch., vol. 64a, no. 4,
pp. 157-170 (2009).

[16] H. Rezazadeh, A. Neirameh, M. Eslami, and A. Bekir, “New exact
solutions for Chan-Hilliard equation by new sub-equation method,”
J. Interdiscip. Math., vol. 22, no. 6, pp. 849-861 (2019).

[17] A.Neirameh and M. Eslami, “New travelling wave solutions for plas-
ma model of extended K-dV equation,” Afrika Matematika, vol. 30,
pp. 335-344 (2019).

Received June, 2024



