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Abstract

In the framework of q*-rung orthopair neutrosophic topological space(q*-RONTS), this
study focuses on establishing and analyzing separation axioms, such as N%, T, N7, T, and
Ni.T,. The paper explores the manifestation of these axioms within the broader framework
of g*-rung orthopair neutrosophic (q*-RON) theory, taking into account the complex role
of degrees of truth, falsehood, and indeterminacy. Additionally demonstrate how the
unique structure of q*-RONTS influences the separation of sets and points using in-depth
definitions, theorems, and examples. The analysis of the impact of separation qualities in q*-
rung orthopair neutrosophic topoligical subspaces and how these properties are maintained

or changed under continuous mappings is also included in this paper.
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1. Introduction

In the field of topology, the idea of separation axioms has unquestionably
always been essential. Numerous worthwhile studies in general topology were
founded on this idea. Additionally, these studies had a significant impact on many
aspects of daily life, and their conclusions were put into practice in several
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applications. However, as the industry and technology develop, people's needs
have evolved, and general topology is no longer sufficient in practical
applications. As a result, these findings' practical implications have lessened.
Scientists then discovered that there were several kinds of topological spaces, and
that separation axioms played a significant role in these topological
spaces.Smarandache introduced the idea of a neutrophilic set in [1]. In several
investigations, this concept emerged as the main player. Additionally, in [2],
Salma and Alblowi presented the theory of neutrosophic topological space
employing this novel idea. As a new tool for practical applications and as new
terminology that we believe will be useful in future research, we describe many
kinds of separation axioms in q*-RONTS in this paper.

In the field of mathematics known as topology, the characteristics of things
that resist constant change are examined. The study of spaces, forms, and their
properties is what it is all about. Applications for topology can be found in many
domains, including biology, chemistry, computer science, engineering, and
physics [3], [4], [5], [6], [7]- The isomorphisms that define the category of
topological spaces are referred as homeomorphisms, and they are essential to the
theory.

In this paper introduces new formulations of separation axioms in
q*-RONTS, examining various aspects and interrelationships of these definitions.
Properties of "good extension" for each type of space are demonstrated. The
definition criteria aim to preserve the relationships between separation features in
q"-RONTS. The goal is to enhance the understanding of q*-RON Ng,T,-spaces,
NgnT;-spaces, Ny, T,-spaces, and related separation axioms.

2. Literature review

Various studies have been done in q-rung orthopair fuzzy sets(q-ROFS).
Zadeh [8] established the concept of a fuzzy set(FS). A FS is one in which items
can have membership degrees ranging from 0 to 1, as opposed to having a binary
membership. The FS theory has many extensions and variants. The concept of an
intuitionistic fuzzy set(IFS) [9] is one of these extensions, which includes a
second degree of belongingness to denote nonbelongingness. In 2013, Revathi
[10] introduced the concept of Ordered (r,s) intuitionistic fuzzy quasi-uniform
regular G6 extremally disconnected spaces. In a subsequent study, Revathi [11]
presented the notion of regular G§ -continuous mappings.The idea of the
Pythagorean fuzzy set (PFS) is another extension [12]. On the other hand, the idea
of q-ROFS generalizes PFS [13]. Another form, Picture fuzzy set, explains the
neutral belongingness degree of the elements using a third function [14].

Proposed in 2019, spherical fuzzy set [15], [16] expressed the degrees of
belongingness of elements using the idea of spherical belongingness functions.
Finally, g-ROPFS [17] combines the ideas of q-ROFS and picture FS. Multiple
applications in areas including pattern recognition, image processing, and
decision-making have been made possible by these multiple expansions and
modifications of FS theory [18], [19]. After Zadeh, a variety of FS extensions
were introduced and examined, such as IFS [20], picture fuzzy sets [21],
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neutrosophic sets (NS) [1], Pythagorean neutrosophic sets (PNS) [22], q-ROFS
[13] and Fermatean neutrosophic sets [23]

Cheng-Ming [24] introduced the concept of fuzzy topological spaces (FTS),
while Lowen [25] later proposed an alternative definition that modified a
fundamental aspect of topology. Coker [26] and Turanli and Coker [27] further
advanced this concept by introducing intuitionistic fuzzy topological spaces
(IFTS) and exploring key topological properties such as continuity and
compactness. Olgun [28] refined Pythagorean fuzzy continuity for functions
between picture fuzzy topological spaces, while Tiirkarslan et al. [29] developed
the topology of q-ROFS. Razaq et al. [30] examined continuity within these
spaces and picture fuzzy topology. Neutrosophic topological space can be applied
to many engineering problems. This led to the development of neutrosophic sets
by Smarandache [31] in 1998. In 2024, Shyamaladevi [32] conducted an
extensive review of numerous papers exploring the practical applications of
neutrosophic topology, a remarkable extension of classical topology.

Shen [33] introduced separation axioms namely TO, T1, T2, T3, and T4
within the framework of fuzzifying topology. Subsequently, Bayhan [34] and
Lupianez [35] extended these fuzzy separation axioms to Intuitionistic Fuzzy
Topological Spaces (IFTS). Later developments by Jasim [36], Ali [37], and
Ozturk [38] introduced various forms of separation axioms in fuzzy topological
spaces. Neutrosophic topological spaces, as a generalization of classical topology,
have found numerous applications in engineering and other fields . In 2024,
Shyamaladevi [39] provided a comprehensive review of literature highlighting
the practical applications of neutrosophic topology, emphasizing its utility in
addressing problems characterized by uncertainty and indeterminacy. More
recently, Dey [40] formulated the TO, T1, and T2 separation axioms within the
context of neutrosophic topological spaces. Building on these foundational
studies, the present work proposes an extended formulation of separation axioms
within the framework of q*-rung orthopair neutrosophic spaces.

3. Motivation of the study

This paper aims to develop the theories of q*-RON Ng,, To-spaces, q"-RON
NgnT;-spaces, q"-RON Ng, T,-spaces, q*-RON separation axioms. Before that,
we will look into a few characteristics of q"-RON sets. Because many features of
topological spaces are related to subspaces, the importance of subspace topology
and subspaces cannot be understated, much as in the study of topological spaces
in classical, fuzzy, or other contexts.

The following are the primary contributions of this paper:

(i) The innovative ideas, q*-RONT, q*-RONP, q*-RONC and q"-RON
subspaces are introduced.

(ii) Define the q"-rung orthopair neutrosophic Ng,T;-spaces (i = 0,1,2) and
examined various properties associated with these separation axioms.
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4. Structure of the paper

The study is divided into distinct sections, each addressing specific aspects
of FS theory and q"-RONS. Section 5 establishes the foundation by introducing
fundamental concepts in FS theory and examining set-theoretic approaches
related to q*-RONS , q"-RONTS and q*-RONTC functions, providing a basis
for further exploration. Section 6 establishes the q*-RONP and q*-RON
subspace topology. Section 7 delves into various separation axioms, analyzing
their distinct properties. The paper concludes in Section 8 by emphasizing the
significance of these separation axioms within the broader context of topological
research and detailing their

5. Preliminaries

This section introduces the necessary preliminary definitions to provide a
clear understanding of the subsequent outcomes.

Definition 5.1: [8] Consider X as a non-empty set. A FS A’y is defined as
Ay ={(x, uArf(x)):x € X}, where uA,f(x):X - [0,1]  specifies  the
membership degree of each element x in the FS A’;. A fuzzy set represents a

collection of elements, each associated with a membership value indicating its
degree of inclusion.

Definition 5.2: [41] A q-ROFS A in the universal set X is defined asA =
{(x, 4(x), v4(x)), x € X} where the condition 0 < uf(x) +v](x) <1 holds.
Here p4: X — [0,1] represents the degree of belongingness and v4: X — [0,1]
represents the degree of non-belongingness of an element x € X in the set A'.

Definition 5.3: [1] Assuming that X # @, then the set A = {(x, u;(x), v4(x)),
mi(x),x € X} is called NS on X, where 0 < pi(x) +v4(x) + m4(x) < 3 for
all x € X, v4: X = [0,1] is the degree of non-belongingness and m4: X — [0,1]
is the degree of indeterminacy and pj: X — [0,1] is the degree of belongingness
of every x € X to the set A as well.

Definition 5.4: [42] Assume that the set X is not an empty, then the set
Agn = {(x, g (), Vi, (00)), T4, (%), % € X} where 0 < ,ugqn x) + ngn x)
<1 and for all x € X such that 0 < ,ufiqn x) + ngqn x) + n}qn x) <2 is
called q-RONS where q > 1, 'qun:X - [0,1] is the degree of belongingness,
qun:X - [0,1] is the degree of non-belongingness and ”Aqn:X - [0,1] is the
degree of indeterminacy of the element x € X to the set Ag,. The symbol for the
set of all -RONS over X is Nqn X).

Definition 5.5: [39] For a ¢-RONS
Aqn = {(x, Hhgn (x),nAqn (x),qun (x),x) € X} of the non-empty fixed set
X, the q"-RONS A’[m, is defined to be the following triple structure:
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Ay = {(u}qn,nzqn,vzqn)} where ,u}qn = min(ug,,, 1 — max(my, ., v4,,)),

rrzqn = min(ms,,, 1 — max(4,,, Vi,,)) qun = min(v4,,, 1 —max(u4,,,
Tig)) and 0 < u}%n(x) +v:ign(x) <1 and for all x €X such that 0 <
ﬂ}%n x) + vzgn x) + ﬂ;gn (x) <2 is called q"-RONS where ¢ > 1, . :X -
[0,1] is the degree of belongingness, v;{:m:X - [0,1] is the degree of
non-belongingness and ”:ii}n:X — [0,1] is the degree of indeterminacy of the
element x € X to the set Ay, . The symbol for the set of all q*-RONS over X is
N (X)
Definition 5.6: [39] Let X # ¢, A’[m and Eq*n be the q"-RON subsets in X with
the notation Aj, = {(x, 'u:iqn (x), v;{qn (x), nﬁqn(x)): x €X} and B, = {(x,
ugqn(x),vgqn(x),n;qn(x)):x € X}). If yAan(x) < ugqn(x),nzqn(x) < n;qn(x)
and vgqn(x) > vgqn (x) then it is denoted as Aj, S B,.

Definition 5.7: [39] For q*-RONS A}, and B;,, 4;, U Bgn, A7 N B, and

A, will be defined as

() ApU Bi ={(x MAX{U ey Mg b XMy (0, g, (0},
min{v;  (X),vg,, ()1}

(i) AN Bgn={(x min{uz, (0, ug,, ()} min{rz (%), w5 ()},
max{v;  (x),vg (D}

(i) A = {(x, ngn )1 - njqn (x),u:iqn (x):x € X)}.

Remark 1:
(i)  Alltypes of @z, and @, are conceded , thatis @4, = (0,0,1) = @gy,.
(i) All types of Xg, and Xg, are conceded, thatis Xq, = (1,1,0) = Xg,.

Definition 5.8: [39] Let X # ¢ and 74, be a collection of q*-RON subsets of
X.If 14, satisfies the following properties then it is called a s q*-RONT.
(i)  Dgn,Xgn € Tgn, where @z, = (0,0,1) and Xz, = (1,1,0).
(i) If A;ni, B;ni € T4y then A;ni n B‘;ni
(i) Forall i € J,if {A},,} € 75, then (UL, A5y, € Ty

Then (X, 1g,) is called a q"-RONTS.

Every member of q*-RONT is called as open q"-RONS, and its
complement is closed q"-RONS.

.
€ Tin

Definition 5.9: [39] Let (A:‘m, Tgny)» (Bq*n, Tgn,) be any two q"-RONTS and
Tgn, C Tgqn,- Then, the 74,, q"-RONT is said to be finer than the q*-RONT

*
Ton,-
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Definition 5.10: [39] Let (X,73,) be a q"-RONTS, and let AZn CX be a
q*-RONS in X. If there is an open q"-RON subset G;n such that Aqn C AZn
X, then X is said to be a neighbourhood of A*qn

Definition 5.11: [39] Let (X", 7;,) be q"-RONTS and let 4}, = {(x, “jii}n(x)'
V;ién x)), nﬁan (x):x € X} bea q*-RONS. In this case q*-rung orthopair interior
and closure for Ag,, are deﬁned as

(i) Intga(Aly) = U {oqnl Al ,0’;;,” is open q*-RONS},

(ii) Clqn(A ) =N { . C an, qn; 1s closed q*-RONS }.

Definition 5.12: [39] Consider any two q"-RONTS, (X, 74,,) and (Y, 7g,,).
Then let f: X =Y be a function. If q*-RONS is open f‘l(B;n) is an open
q"-RONS of X, and By, of Y , then f is q*-RONC.

Definition 5.13: [39] Let (X, 745,) and (Y, 74,,) beanytwo q*-RONTS and let
f:Xqn — Y beafunction. Then f is said to be q*-RON open iff the image
of each q"-RON in 74, isa q"-RONS in 7g,,.

6. q*-rung orthopair neutrosophic subspace topology

Definition 6.1: Let a;,a,, a3 €[0,1] and a; +a, + a3 <2 . A q°-RONP
Prox(ay, @y, a3) of X defined by Bx(ay, aya3) = {x, un, (X),Ton,
Pyn Pyn
(x),v;np (x):xeX} forx, €X
qn
. _(aq, ifx;=x
ﬂqn(i’qn) (X) - {0, if X1 FX
. _(ay, ifx; =x
T[qn(i’qn) (X) - {0, if X1 F X
as, if x; =x
q"(P (x) {1, if x; #x°
The collection of all q*-RONP (X, 7;,) is denoted by By,

Definition 6.2: Let (X,745,) and (Y, 7g,,) be any two q"-RONTS and let
f:X—>Y be a function. The function f is called a q* -RON

homeomorphism if it satisfies the following conditions:

(1) f is abijective(both injective and surjective).

(i) f isa q*-RONC.

(iii) The inverse function f~! isalso q*-RONC.

Definition 6.3: Let X and Y be any two crisp sets such that Y = @ and Y € X.
Define Y5, = {(X, Ugn, TTqn, Vgn): X € X}, where ugn, = 1,74, = 1,vg, =0 if
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x €Y and pg, = 0,74, = 0,vg, =1 if x € X|Y. The set of all q*-RON sets
over Y will be denoted by Ng, (Y)

Definition 6.4: Let X and Y be any two crisp sets such that Y # @ and Y C X,
then for a q" -RON set Ap, € Ng,(X) , we define Ag,|Y = {(x, M;Enly’

* * . * — * * — * *
Tt ly? VAZmIY)'x € X}, where '“A’{;nly(x) = “A’&n’nA’&nly(x) = nAZ}n’VAEnIY(x)

= V:f{;n if x €Y and '“j‘lanly(x) =0, T[;anly(x) =0, vjanly(x) =1if x € X|y.

Remark 2: From the Definition 6.3 and 6.4

(i) Agnly € Ngn(Y) for every Ag, € Ngn(X).

(ii) Every q*-RON set Ag, over ¥ can be considered as an q*-RON set over
X by taking ,u:lan =0, T[;En =0, v;:m =1 forall x € X|y

(i) Xgnly = Ygn and @gnly = Bgn

Definition 6.5: Let (X,7;,) be a q"-RONTS. Let @ # Y € X and 14,|y =
{Ggnly: Ggn € Tgn} .Then (Y, 74,ly) is a q°-RONTS.The topology tg,ly is
called q"-RON relative topology of T;n on Y orthe q"-RON subspace topology
of Y and the g"-RONTS (Y,74,]y) is called q*-RON subspace of the
q"-RONTS (X, 145).

Members of 74,|y are called 7g,|y-open sets in Y. An q"-RON set
Agn € Ngn(Y) such that Ag, € 14,y is called a 74,|y-closed set in Y. Then
(Y, 7gnly) is called a q"-RON open subspace or q*-RON closed subspace of
(X,tgn) according as Yg, € T4y, oOr Yy, € Tg5.

Example 6.6: Let X = {x;,x,} and 74, = {@gn, Xgn, Agns Bgn» Agn U Bin, Agn
n B;n}, where A’[m = {(x4,0.40,0.60,0.40), (x,, 0.40,0.50,0.40)} and
Bgn = {(x1,0.30,0.40,0.50), (x;,0.40,0.50,0.50)}. Clearly (X,74y,) is a
q" -RONTS. Let Y ={x;}. Then Xg,|y = {(x1,11,0),(x,,0,0,D)} =Yy, ,
anY = {(xl! 0!0!1)' (xZ! 0!0!1)} = Zn H AanY = {(xli 04'06!04)! (xZJ 0!0!1)} >
Bjuly = {(x1,0.3,0.4,0.5), (x,0,0,1)} , Agy U Bgnly = {(x1,0.4,0.6,0.4), (x,0,0,1)},
Agn N Bgyly = {(x4,0.3,0.4,0.5), (x5, 0,0,1)}. Clearly t7,|y = {05, Yon, Agnly
Banly, (Agn U Bgn)ly, (Agn N Bgn)ly} is a q" -RON subspace of Y, that is
(Y, 7gnly) isa q"-RON subspace of (X, 7g,).

7. q*-rung orthopair neutrosophic T; — Spaces (i =0,1,2)

In this section, discuss the many kinds of separation axioms and look into
their characteristics in this part. Additionally, a diagram and counterexamples are
provided to illustrate the links between them.
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Definition 7.1: If every subspace of an q*-RONTS ((X,74,) possesses a
particular attribute whenever the space X does, then that property is said to be
hereditary.

Definition 7.2: A property of an q"-RONTS (X;,,75,) is said to be a
topological property if and only if it is preserved under homeomorphism.

Definition 7.3: An q"-RONT (X,,,74,) is called q*-RON T, -space or
Ny, Ty-space iff for any two q"-RONPs XX g BanVan and VX Bl % *y, 3
a U[;n € ‘r;n 3 Xy Bgnvan € Uq*n,y%

* *
qun.ﬁqn'an ¢ an’yx&nvﬁ(}nr]ﬁ;n € an'

* * *
Bl Vin GUp or 3 a V€14 3

Example 7.4: Let X ={a,b} and 74, = {@gn, Xgn, Agn, Bgn}, where A, =
{(a,1,1,0),(b,0,0,1)} and B;n = {(a,0,0,1), (b,1,1,0)}. Clearly ((X, T;n) is a
q"-RONTS and it is a N, Tp-space.

Example 7.5: Let X = {a,b} and 74, = {@gn, Xgqn}, Clearly ((X,74,) is a
q"-RONTS but it is not a Ng, Ty-space.

Proposition 7.6: Let 75, and 74, be two q"-RONT on a set X 3 74y, is finer
than 74,. If (Xgn, T4n) is a NgnTo-space then (Xgp, Tgy) is also a Ny, Ty-space.

Proof: Let XX g BanYan and Y, x #y be any two q*-RONPs in X.

Since (X,74n) is a NguT, -space, so 3 a Ggp € Tgp

nBanYan’
D XXgnBanvan €
G;n'yxgn,ﬁ{m,ygn € Ggn or 3 a Hyy €74y 3 XX gnBanvan E Hgn,y R Blmvin €
Hgy. Since gy is finer than 4y, So Ggn, Hyn € Tgn = Ggn, Hgn € Tgyn. Thus for
any two q"-RONPs XX gnBanVan and VXl Blnyin> X FY, 3 a Ggn € Tgn 3
X% gnBanvqn € Gqns ¥ KByl & Ggn or 3 a Hgn €Tgn 3 Xxppponven &
Hyn, Yl Byt € Hgy,. Hence (Xgn, Tgn) is also a Ng,Ty-space.

Proposition 7.7: Let (X,75,) be a Ng,Ty-space. Then every q*-RON subspace
of X isa Ng,To-space and hence the property is hereditary.

Proof: Let (Y,74,|y) be a q*-RON subspace of (X,74,), where 7g,|y =
{Ganly: Ggn € Tqn}.To prove that (Y, 7g,ly) is a NgnTo-space. Let Xy gy
and VX Bl Vi be two q"-RONPs in ¥ 3 x#y. Then xg,, 5. v
VX Bl in € X,x #y. Since (X,74,) is a Ng,Ty-space, so 3 a Uy, € 74y 3

* * *
qunvﬁqn‘]/qn € an’ ny;n,ﬁzlln.}Q’;n € an or 3 a VZI” € an 3 qunﬁqnv]’qn 2
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Vars Yt Bimin € Van- - Then X pnyen € Ugnlys Vs invin & Uanly o
XX qnBan¥an & V;fnly,y%nﬁén_y&n € Vinly -Also Ugnly, Viuly € Tgnly . Thus for
any two q*-RONPs XX anBanan’ VX Bonvim € Y 3 x#y, 3 a 14|y- open
q"-RON set Ugnly 2 XRgn BanVan € Ugnly VXL Bl Vi € Ugnly or 3 a tgply-
open q*-RON set Vi,ly 3 XX gmBanvan E €V, . Therfore

*
I/qn’ yx(’;‘nrﬁ(’]n,y&n qn -

(Y, tgnly) is NgnTo-space and hence the property is hereditary.

Proposition 7.8: Let f;,, be a one-to-one q*-RON continuous function from a
q"-RONTS (X,74,) to the q*-RONTS (Y,04,). If (Y,04,) is NgT, then
(X, 7gn) isalso a Ng,To-space.

Proof: Let x&qnlﬁqnqun and xilrm‘ Bln¥im? be any two q*-RONPs in X such that

x' # x*. Since f, is one-to-one, so 3 two q*-RONPs yllqn.mqn,nqn and

ylzfm,m,’m,n&n'yl # y2 inYy 3 ﬁln(xéqn.ﬁqn‘]/qn) = yzlqn-mqn-nqn and ﬁln(xéqnﬁqn'yqn)

= Vit 0318 W pnyen = fan' Olgnmanngn) 304 X0 gty =

fq;ll(ylzthn:m(,]n:n(,]n). Since Y is Ng,To, so 3 a o4,-open q°-RON set Gy, 3
x

1 * 2 * *
Yignmgnngn € Ggn, Vit mtyntn € Ggn or 3 a ggy-open q°-RON set Hg, 3

yllqn:mqn:nqn ¢ ;n'ylzt’]n:mt’]n:"(’]n € Hy, . Again, since f;,, is a q" -RON
continuous, so fq;ll(G;n) is a T4p-open q"-RON set. Also yllqnqun'nqn € Ggn =
q;ll (yllqn,mqn,nqn) € fq;ll (G;n) = xéqn,ﬁqn,yqn € fq;ll (ng) and ylzt’ln,m&n,n{m

Gon = fin 0% )€ it (Gon) = X2 g1 1 @ i (Gon) . Similarly
fon' (Hzy) is a Tgp-open q*-RON set 3 xi;n,ﬁ € fon' (H;n)’xéqn‘ﬁqn‘yqn ¢
inX 3

nMannan
G Ygn
fan' (Hzy). Thus for any two q*-RONPs x:{-qn'ﬁqn;}’qn and xi&nﬁz’;nv&n
x*#x2, 3 a T4 -open q°-RON set f'(Gsn) 3 xéqn'ﬁqnﬂ’qn € fan' (Gon),
xi{;n.ﬁ{qny&n € fon' (Ggn) or 3 a T4, -open q° -RON set f'(Gs) 3
X Banvan fq#(H;n),x;&nJﬁén’y&n € fl(H;,). Therefore (X,75,) is a

NgnTo-space.

Proposition 7.9: The property of being Ng,T,-space is preserved under a
bijective q*-RON open function.

Proof: Let (X,74,) and (Y, 0y4,) be any two q*-RON sets. Also let (X, 74,) be

a NgnTy-space and fg,: X = Y be a bijective q"-RON open function. To prove
* . * 2

that (Y,04,) is a Ng,To-space. Let yllqn»mqn»nqn and Vit bt be any two

q*-RONPs in Y 3 y'#y?. Since f,, is bijective, so 3 two q*-RONPs

1 2 1 _ .2 3 1 a1
quTquanqn and qun-ﬁqn‘]/qn’x =x"in X 3 fqn(qunﬁan)’qn) - qun.mqn.nqn
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2 — 2 : Lo
and fq"(xx&n,ﬁén,yén) = Vi mlpntn Since X is NguTp, so 3 a 74y, -open
2

qunnﬁ{znil’én
€ Hy,. Suppose Gy, exists

* 1 *
q"-RON set G4 3 XR g Ban¥an € Ggn, X

* 1 * 2
q"-RON set Hon 3 Xx40 pgnygn & Hano Xl Bl Vi

€ Ggn or 3 a T4y, -open

1 * 2 * : : *
D XxXgnBanvan € Ggn, and X BV & Ggn . Since fgn, is a q*-RON open

1
) , qun,mqn,nqn -
1 * _ *
fqn(qun,ﬁqn,yqn) € fqn(an) and yl&nzm&nrn&n - fqn(xx&nlﬁl’m_y&n) ¢ fqn(an) .

€ Hg, then

function, so f;n,(Ggn) is a oy, -open q° -RON set 3

. . % . 1 * 2
Similarly if Hg, exists 3 XX g BanVan ¢ Hyp, and X BV

fon(Hon) is a o, - open q°-RON set 3 Yllqn,mqn.nqn = fqn(x§qn'ﬁqn‘an) ¢
fon(HZn) and yf& ) € fyn(Hgn). Thus for any two
q* -RONPs yllanmannqn and ylzan.m{m.n{;n inY 3 y'#y* 3 a og,)-open
q"-RON setfon(Gan) 3 Vigmanngn € fqn(G;n)'ylZ&n_m&n_n"m € fan(Ggn) or 3 a
Ogn -open q" -RON  set fon(Hgn) 3 Vipmgnngn € fon(Han) ¥,
fqn(Hgyn). Therefore (Y, 04,) isa Ng, Tp-space.

2
= X
oty = Jan Q6L gt 1

! !
Mangn

Proposition 7.10: The property of being Ng, Ty-space is a topological property.

Proof: Let (X,74,) and (Y,04,) be two q"-RON sets. Also let (X,74,) be a
NgnTo-space and fy,:X =Y be a q"-RON homeomorphism.Since f,,, is a
q"-RON homeomorphism, so f;, is a bijective q"-RON open function. By
Proposition 7.8, (Y, 04y,) is a Ng,To-space. Hence proved.

Definition 7.11: An q"-RONT (X,p,74,) is called q*-RON T; -space or
NgnT;-space iff for any two q"-RONPs X g BanVan and VX Blm¥ln » X F V> E|
a Ugp €140 3 XX gnBan¥qn € U;"'yxén.ﬁc’;nryén €Upm and 3 a Vj €14 3

*

*
qun;ﬁan’qn ¢ an’yxtranﬁ{mvy&n € an'

Example 7.12: Let X = {a, b} and 74, = {@gn, Xgn, Agn, Bgn}, Where
Agn = {(a,1,1,0),(»,0,0,1)} and By, = {(a,0,0,1),(h,1,1,0)} .Clearly
((X,74n) isa g*-RONTS and it is a Ng,T;-space.

Example 7.13: Let X = {a,b} and 74, = {@gn, Xqn}, Clearly ((X,74,) is a
q"-RONTS but it is not a Ny, T; -space.

Proposition 7.14: Let 73, and 74, be any two q"-RONT on a set X 3 g, is
finer than 7g,. If (Xg4n, Tgn) is a Ng,T; -space then (Xgn,Tgy) is also a
Ny, T;-space.

Proof: Let X g BanVan and YR B> X F Y be two q"-RONPs in X. Since

* . * * * *
((X,7qn) is a Ng,Ty-space, so 3 a Ggn € Tgy D XRgn BanVan € Ggn, VXl Bl ¥in



Q-RUNG ORTHOPAIR NEUTROSOPHIC TOPOLOGICAL SPACES 2697

* * * * b */
€ Ggn and 3 a Hy, € 74, 3 XX g BanVan ¢ an'y%nﬁ&nryén € Hgy,. Since T4y,
is finer than 74, , so Ggn, Hgn € Tgn = Ggn, Hgn € T4, - Thus for any two

* . * */
q" -RONPs XX g BanVan and VX Bl 1 X 3 x#y,3 a Gy €14 3
* * * */
quanan’qn € an'yxan.ﬁz’mryén ¢ an and 3 a an € an 3 qunrﬂqn‘)’qn 2

* * */ . *
Hen, VX Bl in € Hgpn. Hence (X4, Tgn) is also a Ng,T;-space.

Proposition 7.15: Let (X4n,74n) be a q° -RONTS. If (Xgn,7g,) is a
Ny, Ti-space then it is a Ny, To-space.

Proof: Let Let xx_ g yon and YNl Blmvins X FY be two q*-RONPs in X.
Since X is Ng,T;-space, so 3 a Uy, € Tgy 3 XX gnBanvan € Ué"’y“&n'ﬁén'yén ¢
Upn and 3 a V3 €15, 3 XX gnBan¥an & |/ VX Blnin € Vgn - Hence

(Xqn Tgn) 1s a Ng, Ty-space.

Remark 3: As demonstrated by Example 7.16, the opposite of Proposition 7.15
need not be true.

Example 7.16: Let X ={a,b} and 74, = {@yn, Xqn, Agn} » Where Ag, =
{(a,1,1,0),(»,0,0,1)}. Clearly (X,75,) is a Ng,T, -space but not a
NgnT;-space.

Proposition 7.17: Let (X,75,) be a Ng,T; -space. Then every gq*-RON

*

subspace of X isa Ny, T;-space and hence the property is hereditary.

Proof: Let (Y,74nly) be a q*-RON subspace of (X,74,), where 74|y =
{Ggnly: Ggn € Tgn}. Let XX g BanVan and Yl Bl¥im? be any two q*-RONPs in
Yo>x+y.

Then X8 gnBanan’ YXln Bl Vin €X, and x #y. Given (X,75,) is a
yxé{nrﬁtllnv]’c;n ¢ U;n and 3

* * * *
a Vin€Tgn 3 XxyuBynven € Vo ¥ N Bhnvin € Vgn - Then XX qnBanvaqn €

* * * *
NgnT;-space, so 3 a Ug, € 74 3 XRgnBanan € Ugn,

anlY: YX&n,ﬁ,’m,y[m ¢ anlY and XRqn.BqnYan ¢ anlY' yx&n,ﬁ(’m,y&n € VZznlY- Also
Ugnly, Vanly € Tgnly- Thus for any two q*-RONPs XN gnBantan YXlmBlnvin € Y
3 x#y, 3 a Tg|y- open q*-RON set Ugyly 3 X gnBanVqn € Ugnly,

YRl Blm¥on € Ugnly and 3 a tg4|y- open q*-RON set V5 |y 3 X8 g BanVan ¢
ti;l'yxz’;n.ﬁ&n.yén € Vyn . Therfore (Y,7g,|y) is Ng,T; -space and hence the
property is hereditary.

Proposition 7.18: Let (X4, Tgn) be a q*-RONTS. Then every q*-RON crisp
pointin X is 7z,-closed q*-RON set if and only if X isa Ng,T;-space.
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Proof: Necessary part: Let X8 g BanVan and Yoaqndgnran be two q"-RONPs in X
3 x#y. Since x #y, so XX gnBan¥an € (¥1,1,0)¢. By assumption y;,, is a
Tgn-closed q"-RON set. Therefore (y1,10)¢ is @ Tgn-open q"-RON set. Thus 3
a Tgp-open q°-RON set (¥110)° 3 ¥xppanvgn € V1,100 Ut Yo g 70 €
(r1,1,0)¢. Similarly x; 14 is a 74,-open q"-RON set 3 Yoqnaqnrqn € (x11,0)¢
but XX gnBanvan E (x1,1,0)¢. Therefore X isa Ng,T;-space.

Sufficient part: Let x;,0 be a q"-RON crisp point in X . Also let
Yoqndqnran be a q*-RONP in X 3 x # y.Then Yoandqnran € (x11,0)¢ . Let us
consider a q*-RONP XX g BanVan with support x. Since X is a Ng,T;-space, so
for Yoqndqnran and X% Ban¥qns 3 @ Tgn -open q° -RON set Gg, 3
Yoqndqnrqn € Ggn and XX gnBanvan E Ggn - Since for all Rgp, Bon, Vqn With
0 < R4y 1,0 <Py < 1,0 <y,, <1, o0ne such Gy, exists, therefore we must
have a tg,-open q*-RON set Hy, 3 Yoandqnrqn € Hgp and x110 N Hg, =

gn» that is Yoanagnrqn € Han S (x1,1,0)¢. Therefore (x1,,)¢ is a Tg,-open
q"-RON set and hence ;1 isa T4,-closed q*-RON set. Hence proved.

Proposition 7.19: Let f,, be a one-to-one q*-RONC function from a
q"-RONTS (X,7z,) to the q"-RONTS (Y,04,). If (Y,04,) is Ng,T; then
(X, 74n) isalsoa Ng,T;-space.

Proof: Let xéanﬁanl’qn and xia , be any two q"-RONPs in X 3

n'ﬁ[;nnyén

x' # x%. Since fy, is one-to-one, so 3 two q*-RONPs y}qn’ and

2 T
1 2 1 — a1
yl&n,man,nan.y * y- m Y > fqn(qun,ﬁqn,yqn) - Yan,mqn,nqn and fqn(xxt’m,g"m,yt’m)
2 : 1 -1 1 2
= that is x = and x
ylf’l"'sz’m'"t’m > Rgn.Bqn.Yqn fqn (qun,mqn,nqn) x{]
-1
fqn (yl’
qn

1 * 2
qun»mqn.nqn € an’yl&

n'ﬁ(’qn'Y(;n -
mtfm’n&n). Since Y is Ng,Ty, so 3 a ogzq-open q°-RON set Gy, 3
T & Ggn and 3 a og,-open q°-RON set Hg, 3

yllqn»mqn'"qn ¢ Hq"’ylzz'm'mz';n."fqn
fon' (Ggn) is a T4y -open q° -RON set. Also yllanmqnvnqn € Ggn = fin*
(yllqn,mqn,nqn) € fan' (Ggn) = (xéqn,ﬁqn,yqn € fon'(Ggn)  and ylzgmmgm,n&n

Gyn = frt (yf&nym&nyn&n) € font (Gon) = xgqnﬁqn,yqn € fon' (Gon). Similarly
fan' (Hgn) is a Tgn-open q*-RON set 3 xéi]nrﬁ[;nv]’!]n € fon' (Hgn), xiqnvﬁqnqun ¢
font(Hz). Thus for any two q*-RONPs xiqnﬁan?’qn and xi&nﬁc’m%’m inX 3
x' #x% 3 a t;,-open q"-RON set f'(Gyn) 3 xéqn_ﬁqn'},qn € fon' (Ggn),
xi&nrﬁ&nﬂ’én € fon' (Gjn) and 3 a 74 -open q° -RON set f!'(Ggn) 3
R gmBanvan fqgl(H;n),xian,Bén’yén € fo'(Hgn) . Therefore (X,75,) is a
Ng,T;-space.

€ Hg,. Since f;, is a q"-RON continuous, so
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Proposition 7.20: The property of being Ng,T;-space is preserved under a
bijective q*-RON open function.

Proof: Let (X,14,) and (Y, 04,) be two q"-RON sets. Also let (X,74,) be a
NgnT;-space and fg,,: X = Y be abijective q"-RON open function. To prove that
(Y,04n) is a Ng, T;-space. Let yllqn:mqn-nqn and ylle]n-mxlqn:n(’qn be two q"-RONPs
inY 3 y' # y®. Since f,, is bijective, so 3 two q*-RONPs xiqn:ﬁqnﬂ’qn and

2 1,2 1 _ 1
XX Banven' * T % mn X > fs q"(qun'ﬁqniyqn) =Y lqn'mqn'"qn) and
2 a2 3 : * * *
fq”(x%nﬁ{;nm&n) = yl&n’man’n&n). Since X is NgpT;, so 3 a 7g4-open q"-RON

* 1 * 2 * *
set Ggn 3 XX gnBan¥an € Ggn, xgr € Ggn and 3 a Tg,-open q°-RON set

B Yin
Hpyp 2 xéqnﬁqn_yqn & Hyp, xi&nrﬁ(’m'%’m € Hg, . Suppose Gy, exists 3
x§qnﬁqn¥qn Bl € Ggn . Since fy, is a q* -RON open
function, so fon(Ggn) i a 0y -open q° -RON set 3 yllqn'mqn'nqn =
fqn(xéqn,ﬁqn,yqn) € fqn(G(;n) and ylzfm,mfm,nfm = fqn(xian,ﬁ"m_y&n) ¢ fqn(G;n) .

€ Hy, then

* 2
€ Ggn, and xNi;n

.. . « . 1 * 2
Similarly if Hg, exists 3 XX g BanVan & Hgn, and X BV

fon(Hzn) is a gg, -open q* -RON set 3 yllanmqn;nqn = fqn(x§anﬁqn'yqn) ¢
fan(Hgn) and yfan,m&n,n&n = fqn(xign‘ﬁén'yén) € fan(H;y). Thus for any two
q* -RONPs y}anmannqn and ylzl'm,mf;n,nz'm inY 3 y'#y*, 3 a o,,-open
Q" RON setfyn(Gin) 3 Viomanngn € fan(Gin)s Vi s o € fyn(Gin) and 3
a Og-open Q" -RON set fon(Hin) 3 Yhmonngn & fan(Han) Vi ot o1 €
fqn(Hgn). Therefore (Y,a4,) isa Ng,T;-space.

Proposition 7.21: The property of being N, T;-space is a topological property.

Proof: Let (X,74,) and (Y,04,) be two q"-RON sets.Also let (X,74,) be a
NgnT;-space and fg,,:X =Y be a q*-RON homeomorphism. Since fz, is a
q"-RON homeomorphism, so fg,, is a bijective q"-RON open function. By
proposition 7.20, (Y, 04,) is a Ng,T;-space. Hence proved.

Proposition 7.22: Let (X, 74,) be a q"-RON set. Then X is Ng,T; if and only
if the intersection of all the q*-RON neighbourhoods of an arbitrary q*-RONP of
X isan q*-RONP.

Proof: Necessary part: Let xx_, g, be an arbitrary q"-RONP in X and Ny,
qnuPqn,Yqn

be the intersection of all the q"-RON neighbourhoods of xx . .. y,,- Also let

Yoqndqnran beany q"-RONPin X 3 x # y. Since X is Ng,T;,s0 3 a q*-RON

neighbourhoods Gg, of XxgnBanvan 2 Yognagnran & Ggn and consequently

. . . .
Ypgndqnran € Ngp. Since Ypgndqnrqn 18 arbitrary, so Ngn = XX gnBanVan®
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Sufficient part: Let X8 gn.BanVan and Yognaqnran be two q*-RONPs in X

such that x #y . By assumption, the intersection of all the q" -RON
neighbourhoods of Xy, 5. ven 15 XxgnBanyen- SO» there must exist a q"-RON

neighbourhood of XR g BanVan which dose not contain Vognagnran- Similarly,

there must exista g*-RON neighbourhood of y,, . ..~ which dose not contain
qn9qn.Tqn

XX gnBanVan- Therefore X isa Ng,T;. Hence proved

Definition 7.23: An q"-RONT (X,,, 7z,) is called Ng,T,-space or q*-RON
Hausdorff space if and only if for any two q*-RONPs XX g BanVan and

qunr,ﬁqnl,anl
* * * * (A%
an' qun/,ﬁ’qnl,yan € V;]n and an n an - Q)qn-

,x #y , there exist Ugp, Vgn € Tgn such that XX gnBanvqn €

Example 7.24: Let X = {l,m} and 74, = {Dyn, Xgn, Lgn, Mgn}, where Lg, =
{(1,1,1,0), (m, 0,0,1)} and M;n ={(1,0,0,1), (m, 1,1,0)}. Clearly ((X, ‘L'j;n) isa
q"-RONTS and it is a Ny, T,-space.

Example 7.25: Let X = {l,m} and 74, = {@gy, Xgn}, Clearly ((X,74,) is a
q"-RONTS but it is not a Ny, T,-space.

Proposition 7.26: Let 7, and 77, be two q"-RONT on a set X 3 7y, is finer
than 7g,. If (X,75,) isa Ng,T,-space then (X, g,) is also a Ng,T,-space.
Proof: Let XR g BanVan and VXl Bl X F Y be two q"-RONPs in X. Since

qunrﬁqn.yqn €
* * * * —_ * b */ : *
an'yx{zn'ﬁtsnnyén € Hyy and Gy N Hgy = @gy. Since T4, is finer than 7g,, so

((X,tgn) is a Ng,T, -space, so 3 a Ggp,Hgn €ETgn 3

Gagn,Hgn € Tgn = Ggn, Hgn € T4y, Thus for any two q"-RONPs X g BanVan and

. * * */
YRl Byl 10 X 3 x#y, 3 a Gy Hyy € T4y such that XX gnBanyqn €
Gan» VXl Bl ¥im € Hyy, and Ggn N Hgy = @gn . Hence (X,7gn) is also a

Ny, T,-space.

Proposition 7.27: Let (X,74,) be a q"-RONTS.If (X,73,) is a Ng,T,-space
then itis a Ny, T;-space.

Proof: Let Let XR g BanVan and VX Blnins X FY be two q*-RONPs in X.
Since (X, 7g,) is a Ng,T,-space, so 3 Tg,-open q*-RON sets Hg, and Ky, 3
X g Banvan € Hq*n’y?(f;n.ﬁc';n.yén € Kqn and Hpn N Kgn = Q)qn. Since
X% gnBanvqn € Hgn and Hgn N Kgn = Dgn» SO X% gnBanvqn € Kqn - Similarly,
VS BlnVim € Hyg,. Thus 3 a Hyy, €14y D XX gnBanan € Héwy&{m.ﬁ{m.yén 2
Hyp and 3 a Kg, €74, 3 X% g BanVan & Kan, VXl Bl in € Ky, . Hence
(X, Tqn) isa Ng,T;-space.
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Remark 4: As demonstrated by Example 7.28, the opposite of Proposition 7.27
need not be true.

Example 7.28: Let X ={a,b} and 74, = {Dyn, Xgn, Agn,} » Where Ag, =
{(a,1,1,0),(»,0,0,1)}. Clearly (X,tgn) is a Ng,To -space but not a
Ny, T;-space.

Proposition 7.29: Let (X,7;,) be a Ng,T, -space. Then every q*-RON
subspace of X isa Ng,T,-space and hence the property is hereditary.

Proof: Let (Y,7gqly) be a q"-RON subspace of (X,74,), where 74|y =
{Ggnly: Ggn € Tgn}. To prove that (Y, 7gnly) is a Ng,Tp-space. Let Xy gy
and VX Bl Vi be two q"-RONPs in ¥ 3 x=#y. Then XX g BanVan’
VXl Bl Vi €EX,x #y. Since (X,74,) is a Ng,T, -space, so I 74, -0pen
q" -RON sets Uy, and V5, 3 X g Ban¥qn € Uq*n'y%nﬁ&n.n’;n €V and
Uin N Vin = Oqne Then Xy punran € Uanly Vg € Vanly  and
Wgnly N Viuly) = Wgn N Vi)ly = @gn - Thus for any two g"-RONPs

qunrﬂqnﬂ’qn'yx:;n,ﬁ{;n,}’z;nEY 3 x#y, 3 a Thly- open q° -RON sets

Upnly, Vgnly 2 XX gn.Banvan € U;nlYin&n,Bc’m,yc’ln € Vpnly and (Ugnly N
Vinly) = @gn. Therfore (Y,74nly) is Ng,T,-space and hence the property is
hereditary.

Proposition 7.30: Let f,, be a one-to-one q"-RONC function from a
q"-RONTS (X, 74,) to the q"-RON Hausdorff space (Y, 04,). Then (X,74,) is
also a q"-RON Hausdorff space.

Proof: Let xiqn:ﬁan}’qn and xia , be any two q*-RONPs in X 3

nBanYin
x' # x*. Since fy, is one-to-one, so 3 two q*-RONPs yllanmqn'nqn and
ylzl’]‘n'm&n'n&n’ yl * yZ in Y 3 fqn(xéqn,ﬁqn,yqn) = yllqn,mqn,nqn and
f; q"(xif;n.ﬁ/qn.)/én) =Y lzzllnrmr’]nrnr’]n , that is xéanﬁqn'yqn = q;ll O llqn'mqn'"qn) and
xi:znﬁ[zn%;n = fon' (ylZ(IJn:m(’]n:n(’]n)' Since (Y, 04y,) is q"-RON Hausdorff space, so
3 a og,-open q°-RON sets Hg, ,Hyn, 3 yllqn‘mqn‘nqn € Hq*"l’ylz{;n.m";n.n";n €
Hgn, and Hgn N Hgn, = @gn . Since fg is a q" -RON continuous, so
foi'(Hgn,) and  fi'(Hgn,) are 74, -open q° -RON sets. Now
Fal (i) N fird (Hyng) = ford (Hyny 0 Hyn) = fird @) . Als0 Y 0
€ Hgn, = fon' Olymgnngn) € fin' (Hany) = X%y onyan € fan (Han,) - Similarly

2 -1 * * 1
X BV € fqn (Hgn,) . Thus for any two q" -RONPs XX g BgnVan and

2 : * * — *
X Bvn B X such that x* # x?, 3 74,-open q"-RON sets f!'(Hgn,),
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=“1ry* 1 —1rp* 2 -1 p* —1/py+*
an (Hgn,) 3 XRqnBanvan < fan (anl)'xxgn,ﬁ‘;n,y,;n € fan (Hgn,) and fo (Hgn,)

N fo'(Hgn,) = Bgn. Therefore (X,7;,) isa q*-RON Hausdorff space.

Proposition 7.31: The property of being Ng,T,-space is preserved under a
bijective q*-RON open function.

Proof: Let (X,74,) and (Y, 04,) be two q*-RON sets. Also let (X,74,) be a
Ng,T;-space and f,,: X = Y beabijective q*-RON open function. To prove that
* : * 1 2 *
(Y,04n) is a Ng,T,-space. Let Yignmanngn and Vil il be two q"-RONPs
inY 3 y' # y2. Since fqn is bijective, so 3 two q*-RONPs xéqnﬁqnv]’qn and
2 1,2 ; 1 — 1 2
xN(’anﬁt’m'Vén'x =x"mnX>3 ﬁm(xﬂqn'ﬂanyqn) - qun'mqn'nqn and fqn(xqun'ﬁr’m']’én)
. Since X is Ng,T,, so 3 a t4-open q°-RON set Ggn, Hg, 3
1 * 2 * * % __ A% : .
XX qnBan¥an € Ggn, X Bl Vom € Hy, and Gg, N Hgp = @gy,. Since fu, is a
q"-RON open function, so fon(Ggn), fan(Hgn) are a ogn-open q*-RON set 3

— a2
- ylt’zn'mt’m'"t’m

Yigwmannan = fan R gnBanyan) € fan(Gin) » ylzgm,m&n_n;m = fqn(xégmﬁ,;n_yén) €
fon(Hgn) . Again fo, is bijective, s0 fon(Ggn) N fan(Hgn) = fan(Ggn N
Hpn) = fan(D5n) = @y . Thus for any two q* -RONPs yllqn.mqn.nqn and
yinym&nyn&n inY 3 y'#y% 3 a o5,-open q"-RON sets [y, (Gon), fon (Hin)
3 yllqn,mqn,nqn € fqn(G;n)' ylzl’m_m{m,n&n € fqn(H;n) and fqn(Gt;n) n fqn(H;n)
= @yn. Therefore (Y, 04,) isa Ng,T,-space.

Proposition 7.32: The property of being Ng, T,-space is a topological property.

Proof: Let (X,74,) and (Y,04,) be two q"-RON sets.Also let (X,75,) be a
Ng,T,-space and fg,:X > Y be a q*-RON homeomorphism. Since f,, is a
q"-RON homeomorphism, so f;, is a bijective q"-RON open function. By
proposition 7.31, (Y,04,) is a Ng,T,-space. Hence proved.

8. Conclusion and Future Directions

Our goal in this paper is to explore the important separation axioms in
q*-RONTS . Since many features of topological spaces are intrinsically related to
their subspaces, the role of subspace topology and subspaces is crucial, just as it is
in classical and fuzzy topological studies. In this paper we define q*-RON
JNgnTo,NgnT1 andNg, T, spaces and clarify the different features associated with
these fundamental separation axioms, therefore highlighting their importance in
the larger topological research environment.Future studies will concentrate on
examining other ideas pertaining to q"-RONTS. The results presented in this
article are expected to be useful to the community of researchers and to help
further the development of different aspects of q*-RONT.
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