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Abstract

In the present paper, we extend the concepts of pseudo-spectra and condition pseudo-
spectra of any closed relations in non-Archimedean Banach spaces. Moreover, many results
are proved about them.
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1. Introduction

In the Archimedean context, Neumann [11] presented linear relations
in relation to the diffirential operators with non-dense domain. Recently,
Arens [3] had developed the linear relations in complex spaces. There are
numerous works on linear relations, see, e.g. [1], [2], [5] and [13]. Sookoo
[9] generalized several results concerning norms and linear operators on
complex normed spaces and he considered terms for continuity of an
F-norm on a complex locally convex space. In the end, he gave a few
properties related to the absorbing subsets in complex F-normed spaces.
Recently, Atiya, Ibrahem, and Adeeb [4] investigated the relation between
faithful, finitely generated, separated acts and the one-to-one operators
and examined the associated S-act of coshA and its attributes. On the
other hand, they established that if A is a continuous linear operator, hence
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cosh A

finite-dimensional, then V_

In the non-Archimedean framework, we will extend several results of

is faithful and separated S-act, and if a complex Banach space V is
is infinitely generated.

spectral theory of linear (bounded) operators to linear (closed) relations in
non-Archimedean Banach spaces. Also the concept of pseudo-spectra of
any linear (closed) relations is extended and studied.

In the rest of this study, Q, will be the collection of p-adic numbers,
K is a complete field with a nontrivial non-Archimedean valuation |-|, F
and & denote non-Archimedean (n.A) Banach spaces over K and
CR(F,€) isthe space of any closed linear relations from F to &£. If F =€,
we put LR(F,F) = LR(F), B(F) is the domain of any linear (bounded)
operators on F and F' will be the dual space of the space F.

2. Preliminaries

We recall various elementary results.

Definition 2.1: [6] A domain K is called n.A if it is furnished with a
function |-|: K — R satisfying

(i) |f1=0 if, and only if, f=0;
(i) | ful=1f1|ul foreach f,uek;
(iii) | f+p| <max{| f|,|u|} forall f,uekK.

Definition 2.2: [6] The domain K is sc if all decreasing succession of
balls (B,), in K has a non-empty intersection.

Definition 2.3: [6] If F isa ves over K, hence the function [|-||: F - R,
is n.A norm when:

(i) |lz||=0 if and only if z=0;
(i) ||Bz||=1B1]z]| foreach zeF and BeK;
(i) | 2+ £ | <max(| ], || f ) for any z, f 7.
Definition 2.4: [6] A complete n.A normed linear space will be called a

n.A Banach space.
We obtain:
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Lemma 2.5: [8] Let (x)),,., €& be linearly independent, hence there are elements

X%, in € with
1, ifk=I;
x.(x))=06,, ={0 kel 1<, k<n. (2.1)

On the other hand, if the family (x,),,., €& is linearly independent,

hence there are elements x;,---,x/ € £ with (2.1) holds.

1<i<n

Theorem 2.6: [10] Presume that K is sc. For any g F \{0}, thereis g'e F'
with ¢(g)=1 and ||¢']| = | |-

Definition 2.7: [7] Let Ae LR(F,E). A is closed if its graph G(A) is
closed. The space of any closed linear relations from F to £ is CR(F,€).
CR(F,F)=CR(F) it F=E.

For further details on n.A linear relations, see [7].

3. Main Results
We get the next remark.
Remark 3.1: If M c £ is a closed subspace. Hence
ind(Q%,)=dim M.
Itisdeduced by N(Q:,)=M and R(Q},) =€/ M. Then o(Q;,) =dim M
and B(Q;,)=0.

Proposition 3.2: Presume that |K| is dense or || F || < |K]|. If Ae LR(F).
Hence the followings hold.

(i) A is continuous if and only if || A ||< o;
(if) y(A)>0 if and only if A is open.

In particular,
(iii) If dimR(A)< oo, then A is open;

(iv) If dimD(A) <, then A is continuous.

Proof: Identical to the demonstration of Proposition 2.3.2 of [5].
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Definition 3.3: Let C e CR(F,€), C will have anindexif o(C) = dim N(C)
and B(C) = dim(€ / R(C)) <. The index of C is determined by ind(C)
= a(C) - B(O).

Definition 3.4: Let CeCR(F). C is called superior semi-Fredholm if
R(C) is closed and «(C) < . The domain of any superior semi-Fredholm
linear relations on F is @ (F).

Definition 3.5: Let C € CR(F). C inferior semi-Fredholm if B(C) <. The
domain of any inferior semi-Fredholm linear relations on F is ®_(F).

The domain ®(F) of any Fredholm linear relations on F is @ (F)
N @ _(F). Let Ce®d(F), we get ind(C) = a(C) — B(C).

Definition 3.6: Let Ce LR(F), C is f.rif dim R(C) < oo.
FR(F) will be the space of any f.r linear relations on F.

Definition 3.7: Let Ce LR(F). C is said to be compact if QC(B,) is
compactoid where B, ={we F :||w| <1}.

KR(F) denotes the space of any compact linear relations on F.
From [12], we get the following remark.

Remark 3.8: Presume that K is locally compact and AeLR(F) is
continuous. If A is compact, hence QA(B,) has a compact closure.

Proposition 3.9: Presume that K is locally compact and Ae LR(F) is
continuous. If A is of finite-dimensional range, hence A is compact.

Proof: Identical to the argument of Proposition 5.2.5. of [13].

Example 3.10: Let (x,), e(cO(Qp))' and (y,), ch(Qp) such that lim, .
%, [ |y, [ =0. Define the single-valued operator A on ¢,(Q,) by for all
xec(Q,)

Ax= ix; (®)y, -
n=1
One can see that A is compact.

Example 3.11: Let (4)), € (@p with 1im,...| 4, | =0. Define the single-valued
operators A and (A,), on ¢,(Q,), respectively, by

foranyieN,Ae, = Ae,,
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Ae =2e fori=0,---,nand A e, =0 whenever n+1<i.

We get (A)), ef’R(cO(Qp)) and  1lim,.. ||[4, —A| =0. Hence
Ae ICR(CO(Qp ))-

Lemma 3.12: Presume that K= Qp. If AeCR(E) and K e KR(E) such that
D(A) < D(K) and K(0) < A(0). Hence

(i) If Ae® (€), hence A+Ke® (&) with ind(A+K)=ind(A);
(ii) If Ae® (&), hence A+Ke® (&) with ind(A)=ind(A+K).

Proof: Identical to the argument of Lemma 3.7. of [1].

Proposition 3.13: Let S,Be LR(E,F) with D(B)c D(S) and
S(0) < B(0). Then B+S§—-S=B.

Proof: If (w,y) €G (B+S-S), hence weD (B+5-5) = D(B) with ye
(B+S-S) w. Thus y € Bw + S(0). From S(0) < B(0), we get y € Bw + B(0).
Hence yeBw and weD(B), we get (w,y) € G(B). Thus G(B+5-5) c
G(B). Reciprocally, if w € G(B), hence w € D(B) with Bw = y + B(0). From
D(B) < D(S) and S(0) c B(0), we get (B+5-5) (0) = B(0) and D(B) =
D(B+5-S5). Thus weD (B+5-5) with (B+S-S)w = y+ (B+S-S5)
(0). Using (i) of Lemma 2.7 of [7], we get ye(B + S—S)w and weD
(B+5-5). Then (w,y) eG (B+5-S). Hence G(B) c G (B+5-5). Thus
G(B) =G (B+5-5). Consequently B=B+5-5.

Proposition 3.14: Assume that |K]| is dense or || F||c|K]|. If F and &
are two non-Archnormed spaces over K and B,A e LR(F,€) with B(0)
< A(0) and D(A) < D(B), hence for each x € D(A),

[(A=B)x|[| > || Ax || =[| Bx|- 3.1)

Furthermore, if B and A are bounded, hence A-B is bounded, and

[A=B[|>[|Al[-[|B]-

Proof: From %Cm, one can see that A(0) = (A-B)(0). From (i) of
Proposition 2.13 of [7], we get for each w € D(A) and for each y, € Aw and
Y, € Bw,
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[(A-B)w|| = d(y, -y,,(A-B)0))
= d(y, - ¥,,A(0))
> d(y,, A0))~d(y,, A(0))
> d(y,, A0) - d(y,, B(0))
> || Aw|| - || Bw]|,

hence the equation (3.1) holds. In other ways, assume that A and B are
bounded. Hence by Proposition 2.17 of [7] and Proposition 3.2, we have
A-B is bounded. It follows from (3.1) that for any w e D(A) such that
|wl|<1, |Aw]| < ||(A-B)w|| + || Bw||. From Proposition 2.17 of [7], || A ||
<|I(A-B)| + || B||. Hence (3.1) holds.

Lemma 3.15: Assume that |K| 2| F|| and K is sc. If A,Be LR(F) with
A is one-to-one and open, B(0) c A(0) and D(B) > D(A). Hence y(A—-B) 2
y(A) — || B||. Also, if || B|| < Y(A), hence A-B is one-to-one and open.

Proof: The argument is identical to the demonstration of Lemma 2.9.2 of
(2].

Proposition 3.16: If K is sc and AeCR(F), hence N(A")=R(A)".
Proof:

y' e(A)(0) ifandonlyif (0,y")eG((A)™")
ifand only if (y’,0)eG(A")
ifand only if y'y=0forany y € R(A)
ifandonly if yeR(A)".

The mapping theorem and closed graph theorem developed in the

p-adic case as follows.

Theorem 3.17: Presume that K is sc and | F || c|K|. Let A€ CR(F). Hence,

(i) D(A) is closed if and only if A is continuous;

(if) R(A) is closed if and only if A is open.

Proof: The argument is identical to the argument of Theorem 3.4.2 of [5].
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4. Pseudospectra of non-Archimedean closed linear relations

In this part, we presume that O,]eCR(F) and N eLR(F)
(continuous): N(0) < J(0), N(0) < O(0), D(J) = D(N), D(O) c D(N) and
|N|| #0. We get:

Definition 4.1: The resolvent set p(J,N) of a pencil jN -] is
p(J,N)={j e K:(jN-])" € B(F)}.

The spectrum o(J,N) of a pencil jN—-J is o(J,N)=K\ p(J,N).

Proposition 4.2: Presume that K is sc and || F || < |K|. Then p(J,N) is
open.

Proof:1f fep(J,N), hence y(fN—-])>0. If ueK with | f—pu|< %,

then by Corollary 2.21 of [7], uN—] = (u— f)N + (fN—]) is one-to-one
with dense range and open. Thus u € p(J,N), hence p(J,N) is open set.

Proposition 4.3: If JeCR(F) and N e BR(F) with N(0) c J(0). Hence

for each )“r /JEP(]/N), RN(,U,]) - RN(A'/I) = (A_u) RN (‘Ll,]) NRN ()“/])
where R (A,]) = (AN-])™".

Proof: From R,;(u,])(0)={0} and using Corollary 2.8 of [7], we get

Ry (1, 1)J(0) = Ry (1, ) (uN =)(0) =
Ry (1, )Ry (1, 1) (0) = Ry (1, ])(0) = {0}.

Then,

(A=wR, (1, J)NR, (4, ])x =Ry (1, ) (A= 1)NR, (4, ])x

=R (1, ])AN =] +] = uN)R (4, ])x
=Ry (1, DR (A, ) "Ry (A, ])x
~Ry (W, DRy (1, ]) "Ry (A, N)x
=Ry (, ))(x+ Ry (4,])(0))
—(Ry (4, Dx+ Ry (u,])(0))

= Ry(u, Nx+Ry(u, )] (0) =Ry (4, ])x

= Ro(u,J)x—Ry(4,])x.

The following lemma is deduced from Proposition 4.3.
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Corollary 4.4: Let |eCR(F). Then g, f €p(L), R(f,L) R(g,L) = R(g,L)
R(f,L) where for each ¢ e p(L), R(g,L) = (¢gI -L)".

Lemma 4.5: Let F be a non-Archnormed space over K and & be a non-
ArchBanach space over K. If [eCR(F,E) and Be LR(F,E) (continuous)
with B(0) < J(0) and D(B) > D(J). Hence |+ B is closed.

Proof: The argument is identical to the demonstration of Lemma 3.6 of [1].

Definition 4.6: Let >0, the pseudo-spectrum o,(O,N) of a pencil
O-fN is
6,(0,N)=0(0,N)u{f eK: [ (O- N)" > %},
with [[(O- fN)"||=w if feo(O,N). The pseudo-resolvent p,(O,N) ofa
pencil O— fN is
p,(0,N)=p(O,N)n{f eK:[[(O— )" || < ).
We get:
Proposition 4.7:

i) o(O,N)=N,.0,(O,N);
(ii) an(O’N) oo, (J,N)>0(O,N) whenever 0 <n, <1,.

Lemma 4.8: Assume that ||F| <|K|. Let €>0 and bgo(J,N), hence
beo, (J,N) if, and only if, there is w e F with ||w|| =1 and

[(J-bN)w| <e.

Proof:1f beo,(J,N)\o(],N). Hence, there exists w e £ with
1 =bNY | > 11, (4.1)

Putting x =(J —-bN)'w. Utilizing Corollary 2.8 of [7],

(J=bN)x = (] -bN)(J —bN)"'w
=w+(J ~bN)(0).

Using Lemma 2.7 of [7], we(J—-bN)x. From N(0) < J(0), we get
(J=bN) (0) = J(0) - bN(0) = J(0). Then
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d(w,(J=bN)(©0) = [[(J - bN)x ||

=d(w, ](0))
<[lwll=d(w,0).

Hence

1J=bN)x [ <]w]. (42)
From (4.1) and (4.2),
ellx (I >[wll=[(J-bN)x||.
Utilizing || F || < |K|, thereis ke K with || x| =|k|. Posing g=k'x,
we obtain || ¢||=1 with
[(J-bN)g | <e.

Reciprocally, we presume that there exists w e F with ||w|| =1 and
IJ-bN)w|| <&.

Utilizing be p(J,N), we get ]| =bN is one-to-one and open, thus
YU =bN)[|w] < [|(J-bN)w|| <&

therefore 0<y(J-bN)<e. Utilizing Theorem 2.15 of [7], y(J-bN) =
|(J=bN)"|". Hence,

17 =N || >~

So, beo (J,N)\o(J,N).
The next result holds.

Theorem 4.9: Assume that |K|o||F || and K is sc. If €>0. Hence the
following statements are equivalent.

(i) beo.(],N)

(ii) There is Ce LR(F) (continuous) with D(J)c D(C), C(0) < J(0)
and ||C|| <& with beo(J+C,N);

(iii) Either be o(J,N) or |[(J-bN)™"[|> 1.

Proof: (i) = (ii) Suppose that be o _(J,N). If beo(],N), we canset C=0.
If beo,(J,N). From Lemma 4.8, there exists ze F with |z[|=1 and
|(A-bN)z | <e. From Theorem 2.6, there is p € F' with ¢(z)=1, | ¢| =

|z ' =1. Define the relation C on F by for any xeF, Cx=-¢(x)
(J=bN)z.
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It is easy to see that C is single valued and everywhere defined (as
C(0)=0). Moreover,
[Cx [l < [lx ([l (J = bN)z]|.

For x#0,

<)l -bNz .
Thus,
ICli<IIg-bN)z]).

Then ||C|| < €. But,
(J+C-bN)z=(J+C—-bN)z
=(J-bN)z+Cz
=(J-bN)z-(z)(] -bN)z
=(J-bN)(0)
=(J -bN)(0)+C(0)
=(J+C-DbN)(0).

Hence 0z e N(J+C—-bN), thus (] +C—-bN)z is not one-to-one, then
beo(J+C,N).

(it)= (iii) We agrue by absurdity. If b g o (J,N), thus be p(],N)
and ||[(J] — bN)"| <e&™. So, be p(J,N) and y(J] - bN)>¢. Hence | -bN
is one-to-one with dense range and open. Since [(0) > C(0) = (bN -]) (0)
and D(J-bN) = D(J) € D(C) and ||C| <& < y(bN —]). By Corollary 2.21
of [7], bN-]+C 1is open and one-to-one with dense range. So bep
(J+C,N) which is absurd. It is clear that (iii) implies (7).

From Theorem 4.9, we get.

Corollary 4.10: Presume that |K |2 || F || and K is sc. If €>0. Hence
0.(O,N)= U o(O+C,N).

CeLR(F):D(0)=D(C), 0(0)>C(0), |[C|| < &

Proposition 4.1: Presume that |K|2||F || and K is sc. Let JeCR(F)
be one-to-one (dense range) and N € LR(F) be continuous with N(0) <
J(0), D(J) € D(N), || N|| # 0 and €>0. Hence

. e=y(])
o, N |f Kl £ 70,
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Proof: First case: If y(J)<e. Utilizing Theorem 2.15 of [7], ||J'| =

|(J-ON)" | >¢&'. Hence 0€0,(J,N) so there is no something to show.
Second case: If y(J)=¢€. Hence [=]-0N is open, then 0€ p(J,N).

From Theorem 2.15 of [7], ||(J—ON) ™ || =¢™". Hence 0 £ ,(J,N). Thus

o.(J,N)c{feK:|f|>0}.

Third case: If y(J)> €, hence ] isopen. Let feK : | f| < )¢ Hence

INT
| AN < y(J)—¢€, then || AN || < y(J). From Corollary 2.21 of [7], fN—] is
open and one-to-one with dense range i.e., f & o(J,N). While w € D(J),

(N =Dwll = |[Jwl=1 fHINw{| = U= FHINDw], (4.3)

hence
YN=Dz-|fIIN[+y(]) 2.
From Theorem 2.15 of [7], ||(J— fN)™ ||S% Thus f ep,(J,N). Hence
o (N {feK:|f>eh.

Theorem 4.12: Presume that | K| o || F || and K is sc. If € >0. Then ¢ (], N)
is open.

Proof: If fep,(J,N), hence for re]O,ﬁ[ with B(f,r) n p.(J,N) # &
where B(f,r) ={oaeK:r>|a-f|}. If aeB(f,r) np(J,N), hence
r>|la-f| and acep, (J,N). Thus oce p(J,N) and y(aN - ]J)>e. Hence
oN —] is open and one-to-one with dense range. From | f —a/| < <€ and
Corollary 2.21 of [7], fN—] is open and one-to-one with dense range.
Then f e p(],N). Let w e D(]),

[(N=-Dwl| = [[(J-aN+aN-fN)w|
2 [|[(J-aN)w|-lo-f[||Nw|
2 y@N-])||w|-la-fl[|N]lw].
Hence

y(J-fN)2y(J-aN)-[[N || f-e]|.
Then

}/(fN—])ZrHN|\+sfora110<r<“%”.

Hence

e<y(fN-]).
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Consequently, f e p,.(J,N). Then, p,(],N) is a closed set.
At the moment, we describe the essential pseudo-spectra of closed
linear relations on non-ArchBanach spaces.

Definition 4.13: Assume that K is spherically complete. Let £>0, the
essential pseudo-spectrum o, (J,N) of the pencil ] - fN is given by

GE,E(]’N)= n Gg(]+K/N)/
KeCy(F)

where C](]-') = {Ke KR(F) : D(K) > D(]), K(0) = J(0)} and p, (J,N)
denotes the essential pseudoresolvent set of J— fN given by p, (J,N) =
K\o,,(J,N).

LR (F) denotes the domain of any linear (continuous) relations on
F and LR (F) is the domain of any linear (continuous) single valued
relations on F, we get:

Theorem 4.14: Assume that K=Q, and || F | <|Q,|. Hence the next are
equivalent.

i) f#o,.( N)
(ii) Forany Ce LR (F) with D(C) o D(]), J(0) > C(0) and ||C| <€,
J+C—-fNed®d(F)and ind(—fN+]+C)=0;

(iii) For any Be LR (F) with D(J)c D(B):e> || B||,
J+B— fN e ®(F)and ind(J + B— fN)=0.

Proof: (i)= (ii) If f go0,,(J,N), hence there is KeC](]-") with f g0,
(J+K,N). By Corollary 4.10, fep (J+K + C,N) for each Ce LR(F)
with D(J) = D(K), K(0) = J(0) (hence D(]) = D(]) n D(K) = D(] +K)),
D(C)oD(J) and ||C|| <e. We get

J+C+K-fNe®(F)and ind(J+C+K- fN)=0. (4.4)

By Lemma 3.12 , we get
J+C—fN e ®(F)and ind(J +C—- fN)=0. (4.5)
(i) = (iii) is simple.
(iii)= (i) Presume that for any Be LR (F) with D(]) < D(B) :
e>|| B,
J+B—fN e®(F)and ind(] + B— fN)=0.
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Let fe@p with J+B-fN € ®(F) and ind(J+B — fN)=0. Set
n=o(] + B-fN) = B(J+B - fN). Let {x,-,x} be the basis of
N(J+B~-fN) and {y,,---,y} be the basis of R(J+B-fN)*". From Lemma
2.5, there are x;,---,x, e ¥' and y,,---,y, € F with

x(x)=6,, and y,(y,)=06,,, 1<k, I<n,

where 6, , =0 if k#] and §,, =1 if k=1. Consider the relation F on F by
F: F - F

u = Z;lexl'(u)yl.

Hence F e LR (F). By, for each xe F,

|Exll = 1| 220y, |

’
max || x,(x)y, |

IA

IN

!’
max (| 11y, 1D .

Then, dim R(F) is finite. Hence, F € FR(F), thus F € KR(F). Now,
we will prove that

N(J+B- fN)NN(F)= {0}, (4.6)

and
R(J +B- fN)NR(F) = {0} (4.7)

foreach Be LR (F) with D(J)c D(B). If we N(J + B- fN) n N(F), thus
wzia,x, witho,,---, 00 e(@p.
=1

1

Hence forany 1<k<n, x,(w)=1%
thus Fw =0, hence

. )
L6, , = a,. Moreover, if w e N(F),

>x (w)y, =0.
k=1
Therefore, we get for any 1<k <n, x,(w)=0. So, w=0. Hence,
N +B-fN)nN(F)=1{0}.

If beR(B + J—fN) N R(F), hence beR(J] + B-fN) and beR(F).
Let be R(F), we get
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n

b= Zjloc].yj, witha,,---, 00 € Qp.
Hence for any 1<k<n, y,(b) = XL06,, = a,. Furthermore, if
beR(A + B— fN), thus for each 1<k<n, y,(b)=0. Hence b=0. So,

R(J+B- fN)AR(F)=0.

We get FeC](]-') = CHBffN(]-') since D(J) = D(J+B - fN) c D(F),
FO) c J(0O)= (J+B - fN)(0). By Theorem 3.12, J+B-fN + Fe®(F)
and ind(J+B + F— fN) =0. Hence

oJ]+B+F—fN)=B(J]+B+F— fN). (4.8)
If xeN (J+B+F-fN), thus 0e(J+B + F- fN)x, hence -Fxe(] +
B-fN)x, thus —FxeR (J+B — fN) n R(F). Using (4.7), we get Fx=0
and 0e(J+B — fN)x. Thus xeN (J+B - fN) n N(F) and by (4.6), we
obtain x=0. Then a(J+B + F—fN) =0. By (4.8), RU+B + F-fN) =F.
From J+B + F—fN is closed and Theorem 3.17, J+B + F— fN is open.
Moreover, it is one-to-one with dense range. Consequently, fep(J +
B+F,N) forany Be LR (F) with D(J) < D(B) and || B < €. By Theorem
49, f g0 (J+F,N). Then

f#o,.(N)= N o(+FN),

FeCy(F)
thus f g0, .(J,N).

Remark 4.15: Assume that K=Q, and || c|Q,|. Let £>0. From
Theorem 4.14,

o,.(J,N)= U o,(J+C,N)= U o(+BN),

CeLR(F):D(])=D(C),C(0)=](0),|Cl|l<e B:D(J)=D(B), ||B||<e
where o,(J,N)={f eK:] - fN is not Fredholm of index 0}

Proposition 4.16: Assume that K=Q , [£[|c|Q,| and &£>0. The
followings hold.

(i) If 0<g <g,, hence o,(J,N) c o, . (J,N) c .. (J,N);
(ii) Forany £>0,0,.(J,N)co,(],N);
(iii) 0,(J,N) € Neso 0, . (J, N).

Proof:
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(i) If bg o, (J,N), hence by Theorem 4.14, for each Ce LR (£) with
D(C) = D(]), C(0) = J(0) and || C| <¢,,
J+C—bN e ®(€) and ind(] + C—bN) =0.
Thus for each CeLR (£) with D(C) > D(]), C(0) < J(0) and
ICl<e,
J+C—bN € ®(€) with ind(] + C—bN)=0.
Hence b g o, (J,N). If bg O-e,sl(]' N), thus from Theorem 4.14, for
any Ce LR (£) with D(C) = D(]), C(0) < J(0) and ||C| <g,,
J+C—-DbN e ®(&) with ind(J] + C—bN)=0.

For C=0, then 4 £0,(J,N).

(ii) For each £>0,
o, (J,LN)= N o,(J+K,N)co,(J+K,N) for each KeC/(E).
! KeC, (€)

eC] (

In particular K =0, we get the desired result.

(iii) By (i), for each £>0,
O'P(],N)CO'E/‘Q(],N).

Hence
oI, N)eNo,,(,N).

5. Condition pseudospectrum of non-Archimedean bounded linear
relations

In this section, we presume that | € BR(F) is closed.

Definition 5.1: Let O € BR(F) and 1> 0. The condition pseudo-spectrum
An(O) of O on F is
A, (0)=0O)uif eK:([(AI-O)I(fI-O)" [ >n""},

with [ (O- MI|(-0)" | == if f<o(O).
Utilizing Definition 5.1, get.



2454 J. ETTAYB

Proposition 5.2: If O € BR(F), we get

(i) 0(0)=N,0A,(0);
(i) o(O)c A171 (O)c A172 (O) whenever 0<n, <1,.

Lemma 5.3: Presume that |K|o||F|| and K is sc. Let Je BR(F), €>0
and f g o(]). Hence feA_(J) \ o(]) if, and only if, there is g € F \{0} with
Igl=1 and

1J-Mgll<ell]-fIl-

Proof:1f feA_(J)\o(]), thus
IT=MIA-D" >

Hence
_ -1 1
1= 1> Sy
Moreover,
A=) ] 1
Tl el

Thus there is w e F \ {0} with

-1 [[eo]]
I(J - A1) w||>m (56.1)

Posing x = (] — fI)'w. Utilizing Corollary 2.8 of [7],
(J=Mx=(J-M(J-fA)"w
—w+ (- MO

By Lemma 2.7 of [7], we(J— fI)x. Using (J - fI) (0) = J(0) — fI(0) =
J(0), as a result

1T = Mx| < llwl]. (5.2)
From (5.1) and (5.2),
[xlli(A=Dle>[ylI=l(T- x|

Utilizing || F || <|K]|, there exists keK with | x| =|k|. Posing
w=k"x, we get |w| =1 and

1(J = Mw]| <el[(J = ]|
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Reciprocally, we presume that there exists we& with ||w||=1 and
1(J = Mywl| <el[(J = M-
From f e p(S), we get S— fI is one-to-one and open, so
YU=Mx<I(-Mxll<ell(J= M-

Hence O0<y (J—fI) < € |(J— fI)||. From Theorem 2.15 of [7], y(J — fI)
— |- ). Ths,

1T =MIINT -

Then, feo,(J)\o()).

\>l.
&

Theorem 5.4: If O e BR(F):0 £ p(O),n>0 and j=|O7" ||| O||, hence

(i) If se A (O)\{0}, so %eAm.(O)\{O};
(ii) If %eAm.(O)\{O}, hence seAm_2 (O™H\ {0}

Proof: (i) Presume that se A, (O™)\ {0}, so

Is(1-0)o1s*o(-0) |

S<llo?=sI[l©™ =sD™|

IN

Istjo™ {1-0]|x
I(2-0) N0l

1o fiof(:-o)ixl(t-o) .

Hence, % €A, (O)\{0}.
(ii) Such asin (i), if %e Am,(O)\ {0}, hence se A , (O™H\{0}.
nj
Proposition 5.5: If O € BR(F),n>0 and s€K with ||O-sI|| #0. Hence

(i) se Gnl\O—sIH(O) o se An(O);
(i) seA | (O) & seo,(0).

[O-sI|
Proof:
(i) Presume that se A (O), we get sec(O) or [[(O-sl)|| [[(O-sD)"|
>n"'. Hence seo(O)or |[(O-s)™|| >m. So seo,, ,O).

Analogously, if s e O 04| (O), so se An(O).
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(ii) Presume that se o, (O), imply seo(O) or [[(O—sI)™ ||>n"". Thus

sea(0)or [(O-sD|O-sn " | > (Ol

So seo , (J). Analogously, if secn(O), hence se A , (O).

[o=sI| [o=sl|

Proposition 5.6: Presume that OeBR(F), n>0, s5,8€K, s#0, hence
g+ sAn(O) = An(sO +gI).

Proof:If we A, (sO+glI) and s=0, hence wea(sO+gl) and
%<||sO+gI—wIH||(sO+gI—wI)’1 [
=[(O-(w-gs DI(O-(w-g)s"D)"|.

So (w-g)s'e A, (O), then weg+sA (O). Similarly, we obtain
g+sAn(O) c An(sO+gI).

Theorem 5.7: Let S,E € BR(F) and O be a closed and bounded operator with
0ep(O) and j=||O"|||O]. If E=07'SO, thus for any n>0,

A, (B)SA(S)SA, (B
j2

Proof: Presume that se A (E), hence se o(E)=0(S) or

2

2 i
S NE=SL[[[(E=sD)" || = |07(S=sDO ||| 078 =sD) 7O

(OO I* IS =sDIH (S s
IS =sDI(S=sD™ |-

IA

IA

Utilizing > >0, se A (S). So A, (E)c A, (9).
If se A, (S), thus sea(E)=o(S) lor
%<||5—51||H(5—s1)’1 | = |O(E=sDO [|[|O(E~sI)" O |

(oo™ y* IE=sIIE-sn™ |
FIE=sDIIE=sD)™ |-

IA

IA

Then se A, (E). So A (S)c A, (E).
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