Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 7, pp. 25672600

DOI : 10.47974/]IM-2063

Optimal control analysis of malaria and typhoid fever co-dynamics

S.Y. Tchoumi *

Department of Mathematics and Computer Sciences
ENSAI, University of Ngaoundere

P. O. Box 455

Ngaoundere

Cameroon

and

Department of Mathematics and Applied Mathematics
University of Pretoria

Pretoria

South Africa

C. W. Chukwu '

Department of Mathematical Sciences
Georgia Southern University

65 Georgia Ave.

P.O. Box 8093, Statesboro

Georgia 30460

U.S.A.

M. L. Diagne*®

Departement de Mathematiques
UFR des Sciences et Technologies
Universite de Thies

Thies

Senegal

H. Rwezaura *
Department of Mathematics
University of Dar es Salaam
P. O. Box 35062

Dar es Salaam

Tanzania

* E-mail: sytchoumi83@gmail.com (Corresponding Author)
" E-mail: wiliam.chukwu@gmail.com

§ E-mail: couragelamine@gmail .com

¥ E-mail: heriethrwezaula@gmail.com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2063

2568 S.Y. TCHOUMI ET AL.

J. M. Tchuenche

School of Computer Science and Applied Mathematics
University of the Witwatersrand

Private Bag 3, Wits 2050

Johannesburg

South Africa

and

School of Computational and Communication Sciences and Engineering
Nelson Mandela African Institution of Science and Technology

P. O. Box 447

Arusha

Tanzania

Abstract

Malaria is an infectious vector-borne disease spread by infected mosquitoes, while
typhoid fever is contracted by either drinking water or eating food contaminated with
the Salmonella typhoid bacteria. Both diseases affect millions of individuals every year,
causing a great deal of morbidity and mortality. Previous mathematical models of the co-
dynamics of these two diseases have not considered the interplay between symptomatic and
asymptomatic individuals infected with typhoid. To fill this gap, we formulate a malaria
and typhoid co-infection model explicitly including both of these classes and use standard
theory of dynamical systems to analyze the model. The sub-models reproduction numbers
are derived. Theoretical results show that the disease-free and endemic equilibria could co-
exist (backward bifurcation) for both the typhoid only and malaria only sub-models when
the respective reproduction number is less than unity. The potential impact of malaria on
typhoid reveals that the increase in the number of cases due to malaria could lead to a
decrease of the number of typhoid fever cases. To mitigate the spread of both malaria and
typhoid fever, the model is extended to include three control measures: malaria prevention,
typhoid vaccination and treatment. Numerical simulations are carried out and graphically
depicted, and it is noted that reduction in the spread of typhoid greatly impacts the decrease
in the number of malaria infectious individuals. Also, as expected, the most effective
combination control strategy is the simultaneous implementation of malaria prevention,
typhoid treatment and vaccination.
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1. Introduction

Malaria, an infectious vector-borne disease is mainly transmitted by the
Plasmodium falciparum parasite (which is the most dangerous strain) and spread
by infected female Anopheles mosquito. Malaria usually presents symptoms such
as chills, fever, general discomfort, headache, nausea and vomiting, diarrhea,
abdominal pain, muscle or joint pain, fatigue, rapid breathing, and cough [1, 18].
From the 2021 World Malaria Report, in 2020, Malaria was estimated to have
resulted in 241 million cases, 627,000 deaths, with the highest number of
deaths (77%) in children less than 5 years old. Overall, 90% of Malaria cases
and deaths were reported in Africa [33, 38].

Typhoid fever caused by Salmonella #yphi is an acute illness associated with
severe fever. Humans contract the disease by ingesting the bacteria in
contaminated food or water. Infected individuals then contaminate the
environment such as water reservoir or supply through stool. Typhoid infected
individuals usually present symptoms as poor appetite, headache, fever as high as
104 degrees Fahrenheit, and sometimes diarrhea [2]. According to the World
Health Organization (WHO), approximately 11 to 20 million people develop
typhoid fever, with approximately 128,000 to 161,000 people dying from this
disease annually [3]. Children 5 to 15 years old are generally at the highest risk of
contracting the disease, and those under the age of 5 have the highest death risk in
typhoid endemic countries [2].

Epidemiologically, co-dynamics refers to a simultaneous or dual infection
of an indivual by two or more pathogens such as viruses, bacteria, or fungi [16,
27]. An association between malaria and typhoid fever was first described in the
medical literature in the middle of the 19" century and was named
typhomalarial fever by the United States Army [13, 32]. Other studies confirmed
the relationship/association as well as the geographical overlap between malaria
and salmonellac by describing a higher incidence of non-typhoidal salmonella
bacteremia among patients with malarial parasitemia [8, 12].

Several mathematical modeling studies consider either malaria only or
typhoid fever only [4, 34, 35], to name a few, and the literature therein. Studies of
the co-dynamics of both diseases are not new. Mushayabasa et al., in [23] studied
a malaria-typhoid co-dynamics model, which only considers the direct
transmission of typhoid (person-to-person) and assumes no recovery of
co-infected individuals from single disease. In [24], the authors noted that a
typhoid outbreak in malaria endemic settings might lead to higher cumulative
cases of dually-infected individuals displaying clinical symptoms common to
both diseases. It has been noted that false diagnoses with higher possible cases for
typhoid than malaria could cause a significant devastating impact on Kenyan
societies, a reminder that both diseases must be managed simultaneously for
successful control of co-epidemics [25]. Typhoid fever and malaria, as well as
their co-infection, could persist in the community as it has been shown that the
reproduction number of the co-dynamics of malaria and typhoid fever could be
higher than unity [39]. Thus, to reduce the spread of both diseases, attention
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should be paid to key sensitive parameters such as the transmission or contact rate
of typhoid fever, the per capita mosquito biting rate [5, 24]. In [5], the classical
Susceptible-Infected-Recovered (SIR)-type malaria and typhoid co-dynamics
model incorporating vector and loss of immunity by humans is considered. Their
results show that a high number of malaria and typhoid fever infected individuals
increases the value of mosquito biting rate mainly because there are more idle
infected individuals on which mosquitoes can feed. In general, the best strategy to
minimize or eradicate malaria-typhoid co-dynamics in any population is to reduce
the transmission probabilities of malaria (that is, mosquito biting rates) and
typhoid, which in turn decreases the rate of the reproduction number below unity.
Workie and koya [39] analyzed a deterministic model of typhoid fever with
Plasmodium Vivax and Plasmodium Falciparum co-dynamics that incorporates
treatment. Their results suggest that to eradicate the disease, one needs to
implement (i) appropriate treatment, (ii) reduce the reproduction number by
decreasing the contact rate with typhoid fever and malaria infectious individuals,
and (iii) protect the human population from mosquitoes bites through the use of
different malaria and typhoid fever control strategies. Analytical results from [24]
showed that typhoid and malaria co-dynamics model could exhibit a backward
bifurcation phenomenon. In contrast, numerical results in [7, 25, 31] suggest that
a typhoid outbreak in malaria-endemic settings may lead to a higher population of
co-infected individuals than the mono-infected population.

Only few of the studies cited above incorporate optimal control in their
malaria and typhoid fever co-dynamic model and do not take into account the
transitions between asymptomatic and symptomatic typhoid cases, which is a
major challenge in the control of this disease. Herein, we propose a mathematical
model of the co-dynamics of malaria and typhoid fever that integrates the
transition from asymptomatic to symptomatic. This model is analyzed with and
without optimal control, the latter referring to analyzing the model where
decisions are made continuously over time, considering changing information.
The optimal control section follows the same approach as in [36] where three
control interventions denoted by c¢;, ¢, and c¢3 representing malaria prevention,
typhoid fever vaccination and typhoid fever treatment, respectively are
incorporated. We numerically evaluate various strategies, that is the outcome of
combining different interventions related to each control on the fight against
co-dynamic malaria and typhoid fever with the aim of finding the best strategy or
combination of these controls that allows to better mitigate the spread of both
diseases and their co-infection. As expected, implementation of the three control
strategies is more effective to mitigate the spread of malaria and typhoid fever in a
community [36].

In what follows, the proposed mathematical model of co-dynamics of
malaria and typhoid fever is formulated in Section 2. Section 3 is the theoretical
analysis of the model. Optimal control is carried out in Section 4, while Section 5
presents the numerical simulation (graphical representation). Section 6 is the
conclusion.
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2. Model formulation

During the course of typhoid fever, infected individuals pass through
various epidemiological classes, as represented in Figure 1. In what follows, it is
assumed that the asymptomatic infected with typhoid fever A, cannot recover
naturally, and that infectious individuals with individuals co-infected with
malaria and typhoid fever should be treated simultaneously for both diseases, and
after recovery, they become susceptible again and move into the susceptible
compartment.

We consider three types of populations: humans, mosquitoes, and bacteria.
The total population of humans N, is subdivided into seven classes which are
susceptible Sy, vaccinated against typhoid fever V;, infectious with malaria I,,,,
infectious with typhoid fever I;, asymptomatic infected with typhoid fever A,
infectious with malaria and asymptomatic with typhoid fever Ly ,,, and infectious
with malaria and typhoid fever I,,;. The mosquito population is subdivided into
two classes namely, susceptible S, and infectious [, . For mathematical
tractability and convenience, and because the life-span of adult female
mosquitoes that transmit the disease is generally short-lived, with only a small
proportion living long enough (more than 10 days in tropical regions) to transmit
malaria, we did not include the exposed class (see Figure 2). Let B(t) denote the
population of Sa/monella bacteria at any time t. In contrast, the total populations
of humans and mosquitoes are given by

Np (@) = Sp(t) + V() + Ln(t) + Ae(t) + [e(8) + Ia, (t) + Lne (D),
N,(t) = S,(t) + I,(t) respectively.

In the human population, new arrivals at the constant rate A, are only in the
susceptible compartment, and all humans can die naturally at the rate uy.
Infectious humans have an additional death due to the disease denoted by §; for
malaria, 6, for typhoid fever, and &3 for typhoid fever and malaria
co-infections.

In the mosquito population, the new mosquitoes arrive in the susceptible
class, and due to their short life span, all mosquitoes only die naturally at rate p,,.
Typhoid fever infected individuals Iy, A, Iy, and Iy, release bacteria into
nature at the rate a;, @,, @3 and a,, respectively. These bacteria die at the
constant rate pg. The rest of the transitions between the compartments is
represented in Figures 1 and 2.
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Figure 1
Compartmental diagram of the human population, where p = (1 — p),

q=A-q), p1 = (Up+ 6n), 2 = (Up + &), and pz = (pp + 6e)-

Figure 2
Compartmental diagram of the mosquito component of the model.

From the above model description and Figures 1 and 2, we derive the
following nonlinear system of ordinary differential equations:

Sp = Ap +uV + 0l + qily + Oeline — A + A + v + w)Sh,
Vi=vS, — A+ (A —)A +u+u)V,
Iy = A (S + V) — (A + 0y + 1) Ly,
A = pA(Sp +Ve(1 = ) + (1 = Qwely + Oplyar = (An + Ve + 12) A,
Ie = (1 =p)Ac(Sp + V(1 =€) + Ve Ae = (¢ + A + 1)1, (1)
imAt = AnAe + Pl — (Ve + Om + 13) nas
Ine = (1= P) Ak + Ay + Velmar = (@ e + 13) Ine
B = (ayl; + a,A, + azlpae + aylyy) — ugB,
Sv =7, — (b + 1)Sy,
iv =18, — tply,
subject to the initial conditions:
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Sx(0) > 0,V,(0) = 0,1,,(0) > 0,4,(0) = 0,1,(0) = 0, 1,,4,(0) = 0,
It (0) = 0,B(0) = 0, S,(0) > 0,1,(0) = 0. )

The forces of infection for the bacteria, humans, and vector populations are
defined as follows:

A = BB, A = frub-2,
h

and
2-1; — ,Bvb Im+1mAt+1mt’

Np
respectively. The parameter b is the mosquito biting rate, while the parameters
B¢, Bm, B, represent respectively the infection rate of typhoid fever, the
probability for a human to be malaria infected after a bite of an infected mosquito
and the probability for a mosquito to be infected after a blood meal on a malaria
infected human.

The model parameters, their description, values, and sources are presented
in Table 1. Most values of the model parameters are from published literature; the
rest are assumed for the purpose of illustration and summarized in Table 1 below.
Note that, in Table 1, we assume that &,,,; = (&, + 8;) = (1.8 X 107° + 0.01).
Note that inf. and asymp. in Table 1 stand respectively for infectious and
asymptomatic.

Table 1
Model parameters' description, value and sources. The parameter values are
normalized per day.

Parameter Description | Value | Reference

humans

v Vaccination rate 0.5 Assumed

£ Vaccine efficacy [0.48, 0.956] [10,29]

Ot Death rate due to typhoid 0.01 [23]

Omt Death rate due to co-infection of malaria | §,, + &; Assumed
and typhoid

Ay Recruitment rate of the host population 467 [25]

Un Natural death rate of the host population | _1 [6,11]

59x365

Sm Death rate due to malaria 1.8x 1075 [6]

u Vaccine waning rate 9.041 x 107* [23]

b Number of female mosquito bites per day | 4.3 X 0.33 [9]

Bm Malaria transmission probability per [0.125,0.5] [14]
mosquito bite

Be Infection rate of typhoid 1.37 x 107° [25]

W Recovery rate of malaria infected 0.0035 [9]
individuals

[on Recovery rate of typhoid infected 0.002 Assumed
individuals
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Wt Recovery rate of malaria and typhoid 0.0015 Assumed
infectious individuals
y Typhoid progression rate from 0.009 Assumed
asymptomatic to infectious
P Proportion of newly Typhoid infected who | [0,1] Variable
become asymptomatic
Bacteria
Up Bacterial decay rate 0.0645 [25]
a, Bacteria excretion (infectious) 10 [25]
a, Bacteria excretion (asymptomatic) 1 [25]
as Bacteria excretion (inf. malaria and asym. | 1 Assumed
typhoid)
ay Bacteria excretion (inf. malaria and inf. 10 Assumed
typhoid)
Mosquitoes
A, Recruitment rate of vectors 10t [11]
21
Uy Natural death rate of vectors % [6, 11]
By Transmission probability in vectors from | 0.48 [15]
infected humans
3. Model analysis

Here, the Typhoid-fever only and malaria only sub-models are qualitatively
analyzed.

3.1 Typhoid only model
From the model (1), the typhoid fever only model, which includes
vaccination, is obtained by setting the following variables E,,(t) = l,4:(t) =
I ;e (t) = 0. Thus, the typhoid fever only model is given by the following system
of nonlinear ordinary differential equations:
S‘h = Ah + th + wtlt - (/’{f + v+ Mh)Sh!
V,=vS, — (1 — &) +u+u)V,
A = pA(Sp+ (X = )Vp) + 61 — (ve + pn + 60 Ay, 3)
Iy = (1 —=p)A(Sn+ A = V) +veAr — (W + pp + 8,
B = (allt + a2At) - HBB
By adding the first four equations of the system (3), we obtain
Ny = A — Ny = 8:(Ac + 1),
which implies that
Ny < Ap = Ny,
and some little algebraic manipulations yields

lim supN(t) < 2—: (1)

X—00
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Using (4), we obtain from the last equation of (3) that
(@1+az)Ap

B < ugB.
Similarly as in equation (4),
lim supB(t) < GERL Y (5)
X 00 HhUB

The above result implies that the solutions of system (3) are non-negative
and bounded in the region
5 Ap (a1+az)Ap
0 = {(Su Ve Ae 1, B) € RE: Ny(t) <22, B(1) < —}
Hh HhHB

That is, all solutions of the typhoid fever only model autonomous system (3)
starting in €, remain in Q, for all ¢t = 0. This implies that , is positively
invariant and all solutions starting on the boundary of €, will be attracted to the
interior of Q;. Thus, the model (3) is mathematically and epidemiologically

well-posed, and it is sufficient to study its dynamics in Q, [21, 22].

3.1.1 Stability of the disease-free equilibrium
The disease-free equilibrium (DFE) of the typhoid fever only model system
(3) is given by

0 _ (c0 170 40 10 poy — (_An(utup)
€l = (SLVE, AL 10, BY) = (b 21— 0,00). ©6)

The linear stability of Eff is established using the next-generation operator

method on system (3). Using the notations of [37], the matrices F and V for the
new infection terms and the remaining transfer terms are given by

0 0 Pﬁt(si? +(1- E)Vto)
F=10 0 @@A-p)B(Sp+A-aVO) |
a, a; 0

Apv

and

7Vt (we+p+6) 0
0 0 u
The control reproduction number of the typhoid fever only model (3) is the
dominant eigenvalue of the next generation matrix FV~1 given by

<(Vt+ll+5t) —(1—-qw; 0 )
V= .
B

R = |@@=P)g1tPY)tar(Pgat(1-p)(A-Dw) (A-e)v+in+w)Anft 7)
Cef knug(pp+u+v)Ky ’

where
Ky = (un + 8n) (@ +ve + un + 6p) + qoiye, 91 = Ve + pn + 6,
and g, = w; + py + G,
The basic reproduction number R, ; of the typhoid only model (3) is the
expected number of secondary infections from one primary typhoid infected
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individual during its entire period of infectiousness in a fully naive or susceptible
population [37]. This threshold Ry, ; is obtained when no intervention is

implemented. Thus, when v =0 in R, .

R. = (a1((1-p)g1+pye)+az(Pg2+(1-p)A-qQ)we)) (Hp+WAR Bt
Ocr UpuB(Up+u)Ky ’

From Theorem 2 in [37], the DFE £?f of the typhoid only model system 3 is

locally asymptotically stable if R, ;< 1, and unstable otherwise.

3.1.2 Endemic equilibrium and bifurcation analysis
The endemic equilibrium (Sy, Vi, Af, I, B*) is the biologically feasible
solution of the following system:
A +uVe+wdf — (A + v+ up)S, =0,
vSp— (A=) +u+pu)Vi =0,
PAc(Sp + (1 = V) + (1 = Q)weli = (v + up + 6)A: = 0, ®)
(1 =p)Ac(Sp + A = V) +veAr — (0 + pp + 81 = 0,
(aylf + ayAt) —ugB* = 0.
Solving for each variable yields:

S* — AhKl(Bﬁt(1_£)+u+#h) (9)
R BBl((BBe+v) (1—e)+pu+wKp+((2—)up+u)Ke )
where
Ky = tp(Yn + tn) + 8:(6¢ + vn + 2up) + wc(p(un + 80) + qvn — vn)
. vSy,
Ve = (1-&)Ag+u+uy’ (10)

I = th/lt(S}*l‘*'(l_s)Vt*)‘*'(1_p)lt()’t+ﬂh+6t)(5;i+(1_£)Vt*)‘ (11)
Vetu+b)(e+unt+ée)-(1-qQweye
Ar = (l—P)(1—Q)/ltwt(571+(1—€)Vt*)+p(wt+uh+5t)(5i+(1—€)Vt*). (12)
Vetun+de)(@etup+é)—(1-qQweye
By substituting the values above into the force of infection and after some
algebraic manipulations and re-arrangement, we obtain the following quadratic
equation, which is analyzed to investigate the possibility of multiple equilibria.

B(asz + alB + ao) = 0, (13)

where
ag = pnkp(Un +u +v)((Un + 6) (e + Ve +pn +6) + qwtyt)(:Rctf -1
= K3 (Rotf -1,
a; = Ay(1 = &) las(pye + (1 = D) (¥e + bn + 6)]
—upPBe(un + u +v(1 = €))K,,
a; = —(1 — &)upPiK;.

For R, S 1, the discriminant of this equation is given by
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A= a} + 4B, Ky (1 - £)(R3,, — 1). (14)

2
2 _ a
Therefore, A > 0 & Rctf >1 prerE Y A

result summarizes the different cases.

= T, and the following

Theorem 3.1:

1. IfRth > 1, then, the model admits a unique endemic equilibrium.

2. If Rctf
equilibrium.

3. If Ty < iR?tf <1, and a, >0, then, the model admits two endemic
equilibria.

4. Otherwise, the typhoid fever only model has no endemic equilibrium.

=1, and a; >0, then, the model admits a unique endemic

The typhoid fever only model exhibits the phenomenon of backward
bifurcation when condition 3 above is satisfied. This implies that having the basic
reproduction number less than one will not be sufficient to eradicate typhoid fever
in the population. Thus, to mitigate the spread of typhoid fever, additional efforts
or stricter control measures and intervention strategies than initially expected are
required. This will be investigated in Section 4.

3.2 Malaria only model
Because malaria is a mosquito-borne disease, transmission encompasses the
interplay of critical features of host-vector-parasite interactions. By setting
V:0,1.(t) = 0,4,(t) = 0,14 (t) = 0,1, (t) = 0,B(t) = 0, the malaria only
model is given by
Sp = Ay + Wby — A + 1) S,
im = AmSp — (Wm + tn + 6m) I,
Sv =Ny — (A + 1)Sy,
iv = )'VSV = Uyl
The feasible region of system (15) is given by

A Ap
Q= { S s Sor 1) € RESp(O) + I () < 22, 5,(6) + L,(0) < 52},

(15)

Because all solutions the model system (15) starting in £),,, will remain in
Q,, forall time t = 0, (), is positively invariant and attracting.

3.2.1 Stability of the disease-free equilibrium
The DFE of the malaria only model 15 is given by
A Ay
&9, = (8,12,89,19) = (TZ'O'Z' 0). (16)

Similarly, as in the typhoid only model, using the next generation matrix
method in [37], the basic reproductive number of the malaria only model is given

by
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— [ D*AvknBmBy
Rom = | R @mrun+omy a7
From Theorem 2 in [37], when R, <1, local asymptotic stability of the

DFE of the malaria only model (15) follows, and the DFE is unstable otherwise.

3.2.2 Endemic equilibrium of the malaria only model
The endemic equilibrium of the model (15) is given by

S* = Ap(wm+pr+m) x Apdm * Ap=8mIm
T Emtun) Om+up)+upom” ™ "~ m+un) Am+up) +epom " o
AybByA
I‘,;* 14 BU m (18)

(b Bydm+8mtty+Am Uy Up by +Hy©m) iy

By definition,
* 11);
A = Bmb o (19)
h
Substituting the values of I, and N; and after some rearrangements, we
obtain the following quadratic equation:
AinlcaA2: + ¢ 5 + o] = 0.
Thus, Ay, =0, or
sz.%; + 61/1;1 + CO = 0, (20)
where
¢z = —Mppty(bBy + ) = — Gy,
€1 = A%zbzﬂmﬂv(ﬂh + 5m) - Ah.uv(wm + Hn + 8m)(bﬁv + 2.“17):
o = Aply(@Wp + i + 6)*(RG,, — 1) = Go(R§,, — D).
For R, # 1, the discriminant A,, of (20) is positive if and only if

cf

RE, > T =1-=

Hence, we have established the following result.
0b2

Theorem 3.2

1. If Ry, > 1, then, the malaria only model has one unique endemic
equilibrium.

2. If Ry, =1 and ¢; >0, then the Malaria only model has one unique
endemic equilibrium.

3. IfT,< R%m <1 and c¢; >0, then, the malaria only model has two
endemic equilibria.

4.  Otherwise, the malaria only model has no endemic equilibrium.

The malaria only model exhibits the phenomenon of backward bifurcation
when condition 3 of the above Theorem is satisfied.
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3.3 Impact analysis of malaria-typhoid fever co-dynamics
We determine the possible effect of malaria on typhoid fever and vice versa.
To do this, we write R, ; in terms of R, . Using the expression of R, yields

_ bzAv#hﬁmﬁv
An = I (wm+muh+5m)ngm- @0

Also, from the expression of R

tha
A, = UhUB (ﬂh+u+v)K1Rctf (22)
(@1((1-p)g1+PYe) +a2(Pg2+(1-P)(1-Q)w))(A-&)v+up+wBe
Equations (21) and (22) give the following relations between R, " and
Rop:
R, =L b2AyppPmBr(a1((1-p)g1+PYe) +az(Pg2+(1-p)(1-q)w)) (1~ S)V+un+u)ﬁt
tf  Rop K1 punpp (up+u+v)(@m+miup+6m)
(23)
Partially derivating R, ; with respect to R, yields
OReyy — _L\/bz/\vﬂhﬁmﬁv(‘xl((l P)g1+pYe)+ a2 (pg2+(1-p)(1-q)w))((1- €)U+Hh+u)ﬁt
R0, R Kyp3ppup(p+utv)(@m+mup+8m)
(24)
Note that is less than zero. The partial derivative of R, with respect

Rct ;
to R,,, and the partial derivative of R,,, with respect to R, ; are all less than
zero. So, the increase in the number of cases due to malaria could potentially lead
to a decrease of the number of cases due to typhoid fever. Similarly, an increase in
the number of cases of typhoid fever could potentially lead to a reduction in the
number of cases due to malaria.

3.4 Typhoid fever and malaria model

The co-existence in the population of both malaria and typhoid fever are
now considered. This means that a malaria infected individual can contract
typhoid fever and become infected with both diseases, and vice versa.

3.4.1 Stability of the disease-free equilibrium of typhoid fever and malaria

The disease-free equilibrium of the malaria and typhoid fever model is given
by

8?m = (Sf?' Vto' Ironﬂ A(t)' Ir?lAtt Ir?lt' BO, 519' 119)
= (e MY 0,0,0,0,0,0,22,0).
up(utv+pp)  pp(ut+v+up) Uy

Since the disease threshold parameter for each sub-model (typhoid fever
only and malaria only) using the next generation method in [37] has already been
derived, the associated reproduction number for the full model (1) is given by

Repm = max{?lctf, Ro, ) (25)
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Again, from Theorem 2 in [37], the DFE of the typhoid fever and malaria
co-dynamics model is locally asymptotically stable if the threshold parameter
R., <1, and unstable otherwise.

The possible presence of two endemic equilibria respectively in the malaria
only and Typhoid only sub-models above indicates the possibility of backward
bifurcation in the full model (1) at R, =1 [22],if

max{T;s, Tn} < min {Rctf,ﬁom} <R, <1 and min{a,,c;} > 0.

Ctm

4. Optimal control model

Optimal control for a given system deals with the problem of finding the
best combination of control strategies. Thus, a control problem generally will
include a function of state and control variables (a cost functional), while an
optimal control is a set of differential equations describing the control variables
that minimize the cost function. For more description and choice of quadratic cost
functional below, see [17]. The following four steps will characterize the rest of
this section: (i) description of the optimal control, (ii) proof of the existence of the
optimal control problem, (iii) proof of the uniqueness of the optimal control and
(iv) numerical simulations and graphical representations of the optimal control.

4.1 Formulation of optimal control problem

Three interventions, namely: reducing human contact with mosquitoes,
vaccination and treatment against typhoid fever are proposed to mitigate the
spread of malaria, typhoid fever and their potential co-infection. Thus, three
time-varying controls ¢, (t), c,(t) and c;(t) are considered:

(a) ¢4 (t) represents malaria prevention measures,
(b) c,(t) represents continuous vaccination against typhoid fever,
(c) c3(t) represents typhoid treatment.

These controls are incorporated into the model (1) as follows. First, multiply
the force of infection A,, and 4, by (1 — c¢;(t)). Second, replace the constant
rate of vaccination v by c,(t) and the constant proportion g of infectious with
typhoid fever that recovers by c;(t). Therefore, the optimal control model
consists of the following non-autonomous nonlinear system of ordinary
differential equations:

Sp = Ap + UV + 0l + 30l + Ol — (1= ¢) A + A + ¢5 + 1) Sh,
Ve=068,— (1 —c)Apm + (1 — A+ u+ up)V,,

In = (1= ¢)An(Sp + V) = (Ae + 1) I,

Ay = PA(Sp +Ve(1 =€) + (1 — c3)wely + Wnlmae — (Am + 7 + 12) Ay,

Iy = (1= p)Ac(Sp + Ve(1 =€) + VA — (0 + (1 = c) A + )1,

Imae = (1 = c)Am A + pAel — (¥ + Onltz) Imags (26)
Ie = (L =)l + (1 = )l + VInar — (@me + p13) e

B = (a1l + ayA; + azlpar + a4line) — B,
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Sy =0y — (1 — Ay + wy)Sy,
L = (1 = c)Aysy — Uyl
The aim is to determine controls or combination of control strategies that if
implemented will minimize the total number of infected individuals, that is, to
find an optimal combination of the best control strategy while reducing the
relative cost [17]. Thus, we wish to find the optimal values of
(c1(t), c;(t), c5(t)) that minimize the objective functional J(c,(t), c,(t), c5(t)),
where
J(e1 (8, €2(8),€5(8) = [y (Aul + ApAc + Asly + Aglac + Al +
B¢t (t) + Bycz (t) + Byc3(b).)dt 27)
The functional in (27) takes into account the asymptomatic and infectious
classes, and the cost of implementing each of the controls ¢, (t), c,(t), and
c3(t). While the non-linearity of the controls allows the Hamiltonian to attain its
minimum over the admissible control set, the choice of a quadratic control
functional allows the positive balancing cost factors transfer the integral into
monetary quantity over a finite time period [20, 17, 28]. The positive coefficients
A;,;1<i<5 and B;,1 <i <3 are balancing weight parameters, while the
controls ¢, (t), c,(t) and c5(t) are bounded, Lebesgue integrable functions [19,

20]. The main goal is to find an optimal control function c;(t), c;(t) and c3(t),
such that

J(ci, ¢3,¢3) = min{J (cy, 3, c3)|cq, €3, ¢5 € T(T)}, (28)
with T'(T) the set of admissible controls defined as
['(T) = {c;|c;(.) is Lebesgue mesurable on[0,T],0 < ¢;(t) < 1,vt € [0,T]}.

4.2 Existence and characterization of an optimal control

To prove the existence of a potential optimal control for the model (26) and
derive the optimality system, the following Theorem is applied.

Theorem 4.1: Consider the objective functional | in (27), with c¢; € I' subject to
the constraint state system (26). There exists ci, c;,c3 € I'(T) such that J(cj,
c5,¢3) = min{J(cq, €3, ¢3)| €1, €3, c3 € T (T)} subject to the control system {26}
with initial conditions at t = 0.

Proof: The state and control variables of the system (26) are positive, and the
control set T'(T) is closed and convex. Therefore, the integrand of the objective
functional J as expressed in the system (26) is a convex function of (cy, c,, ¢3)
on the control set I'(T). Since the state solutions are bounded, the Lipschitz
property with respect to the state variables is satisfied. It can also be seen that
there exist positive numbers @; and ©, and a constant w3 > 1 such that

ﬂ
@y([c1]? + el +1c3]2) 2 — @3 = J(cy, €5, C3).
Boundness of the state variables follows and hence, the existence of an
optimal control of the model (26).
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4.3 The uniqueness of optimal control
Applying Pontryagin's maximum principle [30], necessary conditions that
the three controls and corresponding state variables must satisfy are dereived. The
Hamiltonian function for the system (26) where &;,1 < i < 10 are now the
co-state variables or adjoints is defined as:
H = ALy + AzA; + Asly + Aglpae + Aslye + BicE (8) + By (t) + Bsc2(t)

meIU
ot BB +

+El (Ah + th + (l)mlm + C3(Ut1t + (‘)mtlmt - ((1 - Cl)

C3 + ) Sh)

16 (oS = (- ) B2+ (1= BB +u+m) V2)

65 (1= ) B2 (S + V) = (BB + i)

+&, (PBeB(Sh + Ve(1 = £)) + (1 = e) @y + wlmae — (1 =
cl)% +y+ 1) A

+&5 (1= P)BB(Sh + Ve(1 = £)) + A, — (w, + (1 - c1) hm 4
A 29)

bﬁmlv
+&6 ((1 —¢y) N_hAt + pBiBly — (¥ + wp, + ﬂ3)ImAt)

bBmly
+&7 ((1 —D)BBly + (1 —¢y) N_hlt + Vlnat — (Ome + H3)Imt)
+és(aily + ax A + aglpar + Ayl — pugB)

+$o (Av - (llv +(1- q)%ﬁfﬁlmt)) Sv)

bBy(Im+Imar+ime)
610 (1 = o) elintimactind s, 1)

The next Theorem presents the adjoint system and control characterization.

Theorem 4.2: Given an optimal control ci, c; and c3 and corresponding state
solutions Sy, Vi, Ln, Ae, It, Imag) Ime» B, Sp, I, of the corresponding state system
(1), there exists adjoint variables, &;,1 < i < 10, satisfying equation (32) given
in Appendix. The controls c3, c; and c3 satisfy the following optimality

Am [Sh(f3—51)+Vt(53—fz)‘*'At(fe—54)+1t(f7—fs)]"'ﬂvsv(flo—fr;))}
2B, !

c{ = max {O,min (1,
¢, = max {O,min (1,%)},
c; = max {O,min (1,%:51))}.

(30)

Proof: By applying Pontryagin maximum principle [30] yields the adjoint system
below:



OPTIMAL CONTROL ANALYSIS OF MALARIA AND TYPHOID FEVER 2583

L 1o _on L

&' = as & = av; ' = Ay’
S R | N |

54 - 0At’ ES - 01t' 56 - 6ImAt' (31)
o _om L - _oH —L

57 - f’lmt’ 58 - B’ 59 - 65,,' 510 - 61,,'

with zero final time conditions (transversality). The characterization of the
optimal control given by (30) is obtained by solving the equations on the interior
of the control set

OH _  OH _ . OH _

der 9, ocs

Using the bounds on the controls, we obtain the desired characterization.

5. Numerical simulations

Model simulations are generally used to graphically depict the long-term
trajectory of complex nonlinear systems for which obtaining close form analytical
solutions are a daunting task. The main objective herein is to evaluate the impact
of optimal control on the spread of malaria and typhoid fever co-dynamics, as
well as the effect the control of one of the diseases could have on another. Table 1
provides the model parameter values used for our numerical simulations. The
fourth-order Runge-Kutta scheme is applied to the state equations (26). Then, the
current iteration of the state equation are used to solve the adjoint equations (32)
via a backward fourth-order Runge-Kutta scheme. For illustrative purposes, other
parameter values are assumed as follows: the weight factor A; =5, 4, = A3 =
A, =A;=1,B; =25, B, =12 and B; = 2, and the chosen initial conditions
are S,(0) =5000,V,(0) = 0.1,,(0) = 50,4,(0) = 10, [,,,,(0) = 40, L, (0) =
10, B(0) =100,S,(0) = 12000 and /,(0) = 200.

5.1 Strategy 1: Typhoid fever prevention and treatment

—

| e without control | s withoU CONtrO!
L with control with control

5000

4500
4000 t
t 3500
:5* 3000

7
2500

2000 -

1500

1000

50 100 150 200 250

50 100 150 200 250 Time (days)

Time (days)

(a) Dynamics of susceptible individuals (b) Dynamics of vaccinated individuals

Figure 3
Time series evolution of susceptible and vaccinated against typhoid fever.
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Figures 3a and 3b depict the time/dynamical evolution of the susceptible and
vaccinated classes with and without controls (prevention (vaccination) of
susceptibles against typhoid fever c¢,(t), and treatment of Typhoid c5(t)). The
simultaneous application of the two control interventions shows an increase in
vaccinated individuals and a decrease in the number of susceptibles.

¥ 1600 -
62 S WithoUut control | s—without control

S—with control |

optimal control

1400 |

1200

50 100 150 200 250

50 100 150 200 250
Time (days)

Time (days)

(a) Dynamics of infected with malaria I,,.  (b) Dynamic of infected with typhoid I;.

Figure 4
Time series evolution of malaria and typhoid fever infected individuals.

Figures 4a and 4b depict the dynamics of malaria infected and typhoid
infected individuals. Simultaneous application of the two control interventions
shows a positive population-level effect on the typhoid infected class resulting in
a decrease in the number of these typhoid infected individuals. On the other hand,
for the malaria infected class, there is no change in the infected during the
ascending phase (0 to 100 days) when the control c3(t) is implemented. The
change takes place at the level of the growth phase of the c; control. During this
phase, there is a considerable increase in malaria infections.

e withoUL CONrOI 9000 e without r,mva»/
- with control |

with control

8000

7000

6000

3000

2000 +

1000

50 100 150 200 250 50 100 150 200 250
Time (days) Time (days)

(a) Dynamic of typhoid asymptomatic (b) Dynamic of the bacteria B(t).
class A;
Figure S
Time series evolution of typhoid asymptomatic individuals and bacteria.
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Figures 5a and 5b depicts typhoid asymptomatic class and bacteria
dynamics. The application of this control strategy shows a positive population
level effect on the asymptomatic typhoid class and the bacteria.

<48 ] —— without comrol/
£ without control B with control

—— with control

50 100 150 200 250

" LI mys,‘é‘“ e 2 Time (days)
(a) Dynamics of malaria infected and (b) Dynamic of I,
typhoid asymptomatic class I, 4,
Figure 6

Time series showing simulations for malaria-typhoid asymptomatic and
malaria-typhoid fever infectious individuals.

Figures 6a and 6b depict the dynamics of those infected with malaria,
asymptomatic with typhoid fever, and those co-infected with malaria and typhoid
fever. This control strategy makes it possible to reduce co-infections.

| without control

| s without control with control

1485 | with control 500
1.19

1185+ 450
: 118
ERRT 400
ERRY/
= 350
Z 1165

;:: 118 300 |

1.155

115 250
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. . 200 - - - -
50 100 150 200 250 50 100 150 200 250
Time (days) Time (days)
(a) Dynamic of susceptible vectors S,,. (b) Dynamic of infected mosquitoes I,
Figure 7

Time series evolution of susceptibles and infectious mosquitoes.

While typhoid therapeutic measures (prevention/vaccination c,(t) and
treatment c3(t)) do not directly impact the mosquito population, there is,
however, a minimal impact on the latter as depicted in Figures 7a and 7b.
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0 50 100 150 200 250 0 50 100 150 200 250
Time (days) Time (days)

(a) Optimal control ¢, (b) Optimal control c3
Figure 8
Control functions ¢, and c3 where ¢ =0

The control profiles of ¢, (t) and c;(t) are graphically depicted in Figures
8a and 8b. Vaccination starts at its upper bounds and is maintained until day 200
and then decreases, while c;(t) is a convex function that reaches its maximum at
150. In conclusion, this control strategy has a positive population-level effect on
all compartments with the exception of those infected with malaria.

5.2 Strategy 2: Malaria prevention and Typhoid fever treatment

Strategy 2, which combines prevention against malaria and treatment
against typhoid fever, seems to have a minimal population-level effect as the
number of susceptibles with and without control is not significantly different, see
Figure 9a. In the control model, the constant vaccination rate is replaced by the
time-dependent control c,, so for ¢, = 0, there is no vaccination in the control
model, but we have constant vaccination in the model without control. Thus,
Figure 9b is quite logical since the vaccination is not applied in control problem.
Figures 10a and 10b show that this control strategy does minimally affect malaria
infected and typhoid infected classes. This result is also valid for asymptomatic
typhoid and bacteria (Figures 11a and 11b). The inefficiency of this strategy is
more visible for co-infection, Figures 12a and 12b. The control profiles of malaria
prevention c;(t) revealed that prevention is applied at the beginning of the
intervention but only for a short time, and this supports the results in Figures 10a
and 10b. The impact of the control on the vector is depicted in Figures 13a and
13b. For the treatment control, we have an increasing function which attains its
maximum on day 200 and then decreases, see Figures 14a and 14b. The paradox
with this strategy is that its effectiveness is only on typhoid infections and perhaps
even on the co-infected class.
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Time series evolution of individuals infected with malaria, asymptomatic with
typhoid fever and infectious with both malaria and typhoid fever.
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Time series evolution of susceptible and infectious mosquitoes.
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Figure 14

Control profiles of malaria prevention c; and typhoid treatment c3 (no vaccination
against typhoid fever ¢, = 0.)
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5.3 Strategy 3: Malaria prevention and typhoid fever prevention

Strategy 3, which combines prevention and vaccination, is proving
significant. In fact, Figures 15a and 15b show that the susceptible population is
almost completely vaccinated. Prevention immediately affects those infected with
malaria as seen in Figure 16a and typhoid Figure 16b. On the other hand, for
co-dynamics, the effect is quite noticeable compared to strategy 2. This similar
impact is carried over to the other classes as depicted in Figures 17a-19a. This
strategy shows that infection with a single disease (malaria or typhoid) and
co-infection can be reduced without typhoid treatment. However, treatment
should continue to be administered to typhoid infected individuals. It is noted that
the control for prevention is maintained at the maximum until the end of the
intervention, while typhoid vaccination starts decreasing around day 190, Figures
20a, and 20b.
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Figure 15
Dynamics of susceptible and vaccinated individuals against typhoid fever.
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Figure 16
Dynamics of malaria infectious and typhoid fever infectious individuals.
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Dynamics of typhoid Fever asymptomatic infected individuals and bacteria.
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Dynamics of infectious with malaria and asymptomatic with typhoid fever and
infectious with malaria and typhoid fever.
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Dynamics of susceptible and infectious mosquitoes.



OPTIMAL CONTROL ANALYSIS OF MALARIA AND TYPHOID FEVER 2591

09 09
08 08
07+ 0.
06+ 06
; 05 E 0
04 ~ 04
03 03
02 02
01+ 01
0 0 " s
0 50 100 150 200 250 o 50 100 150 200 250
Time (days) Time (days)
(a) Optimal control profile for malaria (b) Optimal control profile of vaccination
prevention, ¢ against typhoid fever, c,
Figure 20

Control functions ¢; and ¢, where treatment against typhoid fever c3 = 0.

5.4 Strategy 4: Malaria prevention, typhoid fever prevention and typhoid fever
treatment

As expected, concurrently implementing the three controls is more effective
in mitigating the spread of both disease and their co-infection since towards the
end of the implementation/simulation period, almost all susceptible individuals
are vaccinated as depicted in Figures 21a and 21b. Also, infections, as well as the
bacteria population, are reduced, Figures 22a-25b. These controls have an
immediate population level effect on those infected with malaria, but one has to
wait for 60 days to see the positive effect on those infected with typhoid.
Co-dynamics are reduced from day 100. Malaria prevention is maintained at its
maximum throughout the implementation of the control, Figure 26a, while
vaccination against typhoid fever is maintained at a maximum until day 190 and
then decreases, Figure 26b. Regarding typhoid treatment, the graph is a convex
function (almost like a normal distribution) that attains its maximum on or around
day 160, Figure 26c.
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Dynamics of susceptible and vaccinated against Typhoid Fever individuals.
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Dynamics of susceptible and infectious mosquitoes.
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Control functions where ¢; # 0, ¢, # 0 and c3 # 0.

6. Conclusion

Malaria is a vector-borne infectious disease that continues to cause
morbidity and mortality in endemic areas worldwide, while typhoid fever is
contracted by either drinking water or eating food contaminated with the
Salmonella typhoid bacterium. Both diseases affects millions of individuals every
year. While previous studies of the co-dynamics of these two diseases have not
considered the interplay between typhoid symptomatic and asymptomatic
individuals, these two classes are explicitly included in our proposed study by
formulating a deterministic malaria and typhoid co-infection mathematical model
that incorporates vaccination class (against typhoid), and the transitions between
typhoid symptomatic and asymptomatic individuals. Using standard theory of
dynamical systems, two sub-models and the full model are analyzed. The control
or effective reproduction number for typhoid and the basic reproduction number
for malaria are computed. Theoretical analysis of the model reveal that both the
typhoid only and malaria only sub-models could exhibit the phenomenon of
backward bifurcation, an epidemiological phenomenon where the disease persists
in the population when the reproduction number is less than unity. That is, a stable
DFE and a stable endemic equilibrium co-exist. In such a case, having the basic
reproduction number less than unity is only necessary but not a sufficient
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condition to mitigate the spread of the disease and additional control measures
should be implemented in such a case to mitigate the spread of the infection [21,
22]. Investigation of the potential impact of malaria on typhoid and vice versa
reveals not surprisingly that the increase in the number of cases due to malaria
could potentially lead to a decrease of the number of cases due to typhoid fever,
while an increase in the number of cases of typhoid fever could potentially lead to
a reduction in the number of cases due to malaria.

Disease control is an important measure implemented to mitigate infectious
diseases spread. To this end, the model is extended to include three intervention
measures, namely: ¢, (t) for malaria prevention, c,(t) for typhoid vaccination,
and c3(t) for typhoid treatment. Existence, characterization and uniqueness of
an optimal control are provided. To gain more insights, using Matlab software,
numerical simulations are carried out and results graphically depicted, which are
summarized as follows:

(a) Reduction in the spread of typhoid greatly impacts reducing the number of
malaria infectious individuals.

(b) The model analysis reveal as expected that the simultaneous implementation
of the three control measures, namely prevention, treatment of infected
individuals, and vaccination to reduce susceptibility to typhoid fever is the
most effective optimal control strategy.

(¢) Vaccination of typhoid plays a vital role in reducing the number of
susceptible individuals who could acquire malaria-typhoid co-infection.
There are some limitations to the proposed model. Malaria treatment was

not included as control measure in this study. With the development of a malaria

vaccine for children below the age of five, extending the proposed model by
including a two-group population to account for vaccination of children under
five is important to align with the current knowledge about malaria epidemiology

[34]. Notwithstanding these limitations, our proposed model could be used as a

modeling framework to mitigate co-infection of malaria and typhoid fever.

Finally, while our study is at a population level, an agent-based model is viable to

account for individuals' intrinsic characteristics. Further studies at macro or

micro-level with inputs from/collaboration with public health experts is important
to ensure that the research question and anticipated results are appropriate and

useful for policy making [26].
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Appendix

The adjoint variables §;,1 <i < 10 satisfy the following system of
equations

& = PR Sulv(E — £) + Vil (8 — &) + Acdy (66 — &)

bBy(1—
el (& = €] + 228, (i + Dae + ) (10 = €9)

+W(& — &)+ BeB(& —pés— (1 —p)és)

+c2(§1 — §2) + unéy
& = PR Sulv(E — £ + Vil (6 — &) + Auly (8 — £

bBy(1-
el (& = €] + 2228, (i + nae + L) (10 = §9)
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Np
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& = PR [SuIv(Es — £0) + VLo (8 = &) + Ay (6 — £0)
el (& = €] + 228, (i + nae + L) (1o = )
+ 2Bt (50— £) + wu(§s — (1 e2)ds — cady) — i

Np

+ués — As,
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& = M[S (&5 — &) + Vil (&5 — &) + Ay (86 — &)
+1,1, (& — &)] +””"’“ D 5, (I + e + Ine) (E10 — &o)

+ PP (6 — £10) + (G — £ + ¥ (6 — &)

Np
—ay &g + pzés — Ay,
& = M [SuIv(Es — &) + Vel (&5 — &) + Al (86 — &)

bBy(1—
+1t1,,(f7 = &)] + P8, (b + nae + L) (G20 = §9)

+ PP (8 — 1) e (§ = §1) — @sds + sty — As,
$g = BeSn(§y —p&a — (L —p)és) + (1 — p)BeVi (2 — pés — (1 — P)&s)
+Belm (3 —pés — (1 = p)&7) + 1pls,

1 _ by
& = M(1 + Lnat + Ime) ($9 — §10) + oS,
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