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Abstract

The key objective of this manuscript is to present new results for solving non-constant
coefficients ordinary differential equations using a new integral transform called Khalouta
transform (KhT). This new integral transform was defined and developed by the author
in 2023. The new results presented consist in finding general formulas of solutions for the
non-constant coefficients ordinary differential equations. Various numerical examples are
presented in order to show the efficiency of the obtained results. Numerical test results
confirm that the KhT technique is very effective in obtaining the exact solution of linear
differential problems.
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1. Introduction

Many problems that arise in applied mathematics, mathematical
physics and engineering sciences are usually described by differential
equations [3, 4, 8, 9, 11, 13, 15, 17]. The ordinary differential equations
appear in many areas of mathematics, as well as science and engineering.
Many mathematical techniques have been applied by many scientists and
researchers in various fields of science and engineering to find solutions to
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these equations. Recently, integral transforms have been widely used in
order to solve various kinds of differential equations.

Integral transforms have their origins in the 19" century work of
Joseph Fourier and Oliver Heaviside, then set up in a general framework
in the 20™ century. The basic idea is to represent a function f(t) in terms
of a transform I(s)

I5)= [ K(s,b)f(t)dt. (1.1)

Here, K(s,t) represents the kernel.

There are a number of important integral transforms like that of
Laplace transform [7], Fourier transform [2], Sumudu transform [12],
Elzaki transform [5], Aboodh transform [1], Shehu transform [10], ZZ-
transform [16], they are defined by choosing different kernels.

Our aim in this manuscript is to present new results for solving non-
constant coefficients ordinary differential equations using a new integral
transform known as the KhT which is a generalization of the integral
transforms mentioned above.

The remaining part of this manuscript is structured in five sections.
In Sec. 2, we introduce the definition and properties of the KhT. In Sec. 3,
we give our results in detail and study their application for solving non-
constant coefficients ordinary differential equations under initial
conditions (ICs) through illustrative numerical tests in Sec. 4. Lastly, Sec. 5
is devoted to the conclusions of the current research work.

2. Definition and properties of the KhT
Definition 2.1: [6] Let set S define as
S={u(t):3K,9,,9, >0,|u(t) |< Kexp(d, |t]),if t (1) x[0, 0)}. (2.1)

The KhT of a function u(f) e S is define as
_ —5(" _st
R[] = K06, 7,m)= 2 [ expl =2 Juty, 22)
where 5>0,7 >0, n>0 are the parameters of the KhT.

Property 1: (Linear property) The KhT is a linear operator
KH[Au(t) + po(t)] = AKH[u(t)] + uKH[o(t)], (2.3)

where A and u are non-zero constant numbers.
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Property 2: (Derivative property) If u(t) is n” differentiable, then

n

K 0)= 2 Ky 1] i) (2.4)

Property 3: (Inverse property) If KH[u(t)]=K(s,y,n) is the KhT of a
function u(t), then the inverse KhT of u(t) is given by

KH ™ [K(s,n,7)] = u(t),for t > 0. (2.5)

Property 4: The inverse KhT of some basic functions

KH'[1]=1,
KH™ |7|=t,
KH™ {& 2 u>0,
s" ] n!
af s ]
KH [% =exp(at),
KH™?| %M | =sin(at), (2.6)
_52+a2,y2n2 | ( )
KH™| %M __|=sinh(at),
| -2y | (at)
C
KH™| > |=cos(at),
LS +azyn i
S
KH™ |- | =cosh(at),
L s —a Yn i

where a is a constant number.

3. Fundamental results
Theorem 3.1: The Khalouta transform of Bessel’s function of zero order denoted
by J,(t) is given by

KH[J, ()] = ———. 3.1)

52"’72772

Proof: Consider Bessel’s function of order 1, where neN is given by [14]
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t t* £
J,(6)= oM [ 2.(2n+2)+2.4.(2n+2)(2n+4)_2.4.6.(2n+2)(2n+4)(2n+6)+m:|' (3-2)

When 7 =0, Bessel’s function of zero order is given by

t6
]O (t) 1- 2 22 42 22.42.62 + (33)
Applying the KhT and Property 1to equation (3.3) gives
1
KH[]O(t)]zKH[l]——KH[tZ] ‘1- o 2KH[t 1+...
-1- 12'yn 1 4!yn 1 6!yn
Ty TpgTa T7ge s6
1
_ _1 yznz 1.3 y4174 135 Y 17
=1 E[ &2 J+ﬂ[ &) 246| *
_ 1
1+,yZznZ
S
= . (3.4)
s2_'_,)/2n2
Theorem 3.2: Let the function t exp(at)e S, then
KH = .
[texp(at)] — (3.5)

where a is a constant number.
Proof: Using equation (2.2), we get

KH[t exp(at)] = % j: exp [— S—tj texp(at)dt

=ij:texp[ S7aM |\t ]

[ o texp } ]+;n[s amjwexp(_[s‘;nWJtJdtJ
S [_SV:m exp[ [ jtﬂ
- (3.6)

Theorem 3.3: Let KH[u(t)]=/K(s,n,v) be KhT of u(t), then
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H[tu(t)] = 7 iC(s n,7)+2LK(s,m, 7). (3.7)

Proof: From equation (2.2) we have
- _s(” _st
KH[u()]=K(s,n,7) = u(t)exp[ m]dt. 3.8)

By differentiating both sides of equation (3.8), we get
2 Kts,m,7)= 7[ [ u(t)exp[ st jdt]

_ : o ( u(t) exp[ Ddt

= IO ( 7u(t)exp{ ]+——tu(t)exp[ Ddt

= —%(%J'O u(t)exp (— S%D + #(% IO tu(t)exp[—%] dtj

= —%K(s,r], )+ #KH[tu(t)]. (3.9)
Then equation (3.9) becomes

KO = "7 2 K(s,m,7)+ 7K1, 7). (3.10)

Theorem 3.4: Let KH[u(t)] = K(s,m,7) be KhT of u(t), then
KH[/ ()] =1 5 K(s,1,7). (3.11)
Proof: Replacing u(t) with /() into (3.7) and using Property 2 leads to
KH[()] =" £ KED(0)]+ 7 KH (1)
s an(* 67, n)——u(O)) {2 Ky =2 u0)
( (s, 7)) =TT 2 (5000 + K, 7, )= w0)

- K LK, m)) ( szum)]
+IC(s,y,n) u(0). (3.12)

II
e N Q)‘Q)

Simplifying equation (3.12), we have
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KH [fu(t)] = n%/c(s, ¥,1). (3.13)
Theorem 3.5: Let KH[u(t)]=/K(s,n,v) be KhT of u(t), then
KH[f' (] =5 5K, 1,7) = K(s,1, 1)+ u(0). (3.14)
Proof: Replacing u(t) with u"(t) into (3.7) and using Property 2 leads to
KH[u"(£)] = ””TZ%KH [0 (8)] + 2L KH[u"(1)]

_mof s — S 0= S
- S n[yznz IC(SI,}/IT’) )/2112 u(o) mu(o))

m 52 52 s
+s( o K(s,v,m) _W”(O) “m u (0))

2 2 2 2 P 2 2 ,

=P 2K o LG ) 20 )
S S '

+%K(Sr}’/n)—%”(0)—”(0)

__x S0 20y

- m’C(SJ’/n)*'y on IC(S/’}//T’)"— mu(0)+u(0)

+%K(s,y,n) —%u(O)—u'(O). (3.15)

Simplifying equation (3.15), we have

KH[tu(t)] = %K(s,y,n)—%K(s,y,n)+%u(0). (3.16)

X|w»

4. Numerical tests

Example 4.1: Let us assume a non-constant coefficients ordinary

differential equation as
u"(t)+tu'(t) —u(t) =0, (4.1)

under ICs
u(0)=0,u'(0)=1. (4.2)

Operating the KhT and Property 1 on equation (4.1) gives
KH[u"(#)]+ KH[tu'(#)] - KH[u(t)] = 0. (4.3)

Using Property 2 and Theorem 3.4, equation (4.3) becomes
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iC(s ny)- o 2M(O)——u(O)+n /C(s n,y)-K(s,n,v)=0. (4.4)

Substituting the ICs (4.2) and simplifying equation (4.4), we get

2 ks, m )+ =LK (s, y) =5 (4.5)
oK+ = K= .

After a simple calculation, we obtain the solution to equation (4.5) as
K(s,m,7)= 7”+wnexp[ . ZJ,v/eR (4.6)

Since u(0)=0, then v =0, and so we arrive at
K(s,m,7)="1. (4.7)
Applying the inverse KhT on (4.7) takes the form
u(t)=t. (4.8)
Here, equation (4.8) represents the exact solution of equations (4.1)-

4.2).

Example 4.2: Let us assume a non-constant coefficients ordinary
differential equation as

u"(t)+tu'(t) - 2u(t) =6, (4.9)

under ICs
u(0)=0,u'(0)=0. (4.10)

Operating the KhT and Property 1 on equation (4.9) gives
KH[u"(t)]+ KH[tu'(t)] - 2KH][u(t)] = KH[6]. (4.11)

Using Property 2 and Theorem 3.4, equation (4.11) becomes

2

(s 1Y) =z 0= w0+ 2 K1, y)-2K(s,m, 1) =6, (412)

Substituting the ICs (4.10) and simplifying equation (4.12), we get

o 2 2 _ 6
LRG| 52 s 1) =2, (413)

After a simple calculation, we obtain the solution to equation (4.13) as
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2.2 2
K(s,m,7)=6 752 +yn’ exp[z;nz],y/ eR. (4.14)

Since u(0)=0, then w =0, and so we arrive at

2.2
K(s,n,y)=613. (4.15)
S
Applying the inverse KhT on (4.15) takes the form
u(t) =3t. (4.16)

Here, equation (4.16) represents the exact solution of equations (4.9)-
(4.10).

Example 4.3: Let us assume a non-constant coefficients ordinary
differential equation as

tu"(t)+(1-2t)u'(t) - 2u(t) =0, (4.17)
under ICs
u(0)=1,u'(0)=2. (4.18)
Operating the KhT and Property 1 on equation (4.17) gives
KH [tu"(#)] - 2KH [tu'(#)] + KH [2'(#)] + KH [1u(¢)] = 0. (4.19)

Using Theorems 3.4, 3.5 and Property 2, equation (4.19) becomes
s 0

s s 0
y on ’C(S/TLY)_%IC(S/TI/ 7’)"‘%7"(0)_2776*”’6(5/77/ 7)"‘

%K(s,n, y)—%u(O) —2K(s,m,7)=0.  (4.20)

Substituting the ICs (4.18) and simplifying equation (4.20), we get

S

(2-2n) 2 Kc(s,m =2Ks,m, 1) =0. (421)

After a simple calculation, we obtain the solution to equation (4.21) as
-V

Kis,ny)= 7, vek. (4.22)

Applying the inverse KhT on (4.22) takes the form
u(t) =y exp(2t). (4.23)

Since u(0)=1, then w =1, and so we arrive at
u(t) = exp(2t). (4.24)
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Here, equation (4.24) represents the exact solution of equations (4.17)-
(4.18).

Example 4.4: Let us assume a non-constant coefficients ordinary
differential equation as

B (1) + (£ + 1)/ (1) + 2(t) = exp(~t), (4.25)

under ICs
u(0)=0,u'(0)=1. (4.26)

Operating the KhT and Property 1 on equation (4.25) gives
KH[fu"(t)] + KH [tu'(t)] + KH [1'(£)] + 2KH [u(t)] = KH[exp(-t)]. ~ (4.27)

Using Theorems 3.4, 3.5 and Property 2, equation (4.27) becomes

s 0 s s 0
?% ’C(S/ n, Y) _%K(S/ n, ’J/) + %M(O) + Tl%’C(Sr n ’J/)
s s s
+%K(s,n,y)—%u(0)+21C(s, n,v)= s (4.28)
Substituting the ICs (4.26) and simplifying equation (4.28), we get
0 2y sy
%IC(S/ 77/ 7)+WIC(S/ T’/ '}’) - (S+m)z . (429)

After a simple calculation, we obtain the solution to equation (4.29) as

K@s,n,7)=""" +y,yeR. (4.30)

(s+m)*

Applying the inverse KhT on (4.30) takes the form
u(t)=texp(-t)+y. (4.31)

Since u(0)=0, then y =0, and so we arrive at
u(t) =texp(-t). (4.32)

Here, equation (4.32) represents the exact solution of equations (4.25)-
(4.26).

Example 4.5: Let us assume a non-constant coefficients ordinary
differential equation as

tu"(H)+u'(t) + tu(t) =0, (4.33)
under ICs

u(0)=1,1'(0) = 0. (4.34)
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Operating the KhT and Property 1 on equation (4.33) gives
KH[tu"(t)]+ KH[z'(t)] + KH[tu(t)] = 0. (4.35)

Using Theorems 3.3, 3.5 and Property 2, equation (4.35) becomes

50

s s s
v on ’C(S/ n, Y) _%K(S/ n, y)+%u(0)+%16(s, n, 7/)_

s m o m -
%”(0)"‘?67”«5/77/}’)""?’«5/77/7)—0- (436)

Substituting the ICs (4.34) and simplifying equation (4.36), we get

s, m*| o m —
[fTJ%IC(s,n,y)Jr?’C(S,n,Y)— 0. (4.37)

After a simple calculation, we obtain the solution to equation (4.37) as

K(s,m,7)=~~ (4.38)

Since u(0)=1, then w =s, and so we arrive at

K(s,m,7)=— (4.39)

'52+y2n2 !
Applying the inverse KhT on (4.39) takes the form
u(t)=J,(). (4.40)

Here, equation (4.40) represents the exact solution of equations (4.33)-
(4.34).

5. Conclusion

In this manuscript, we have develop the KhT for solving non-constant
coefficients ordinary differential equations by presenting new results.
These results are reinforced with illustrative examples. The proposed
examples have shown that the exact solution can be obtained with very
little computational work and in a very short time. So, we conclude that
the KhT technique is very powerful and effective in finding the solution to
a large class of the proposed problems, and it also helps in solving many
problems related to different kinds of linear and nonlinear differential

equations.
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