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 In recent times, the mixed multifractal analysis has generated interest. The 

purpose of this paper is twofold. Firstly, we define the mixed multifractal 
Hewitt-Stromberg measures and introduce a multifractal formalism based on this 
type of measures. Secondly, we prove that the upper mixed multifractal 
box-dimension of the overlaps of self-similar sets and measures is strictly smaller 
than the mixed multifractal Hausdorff dimension of self-similar sets and 
measures. Finally, we demonstrate that this result is still valid for the mixed 
multifractal Hewitt-Stromberg dimensions. 
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1. Introduction  
During the last decades, many fields of physics aims to develop the notion of 

multifractal analysis because it has played a special role in the history of modern 
science [6, 27]. Many authors have focused on this analysis [15], [16] and its 
practical uses, particularly concerning data from the field of econophysics. [8]. 

Mixed multifractal analysis encompasses the study of both functions and 
measures. In certain cases, geometric sets are primarily known through measures 
which are depended on them, this means that take a measure   and a set   
implies that the quantity      represent the maximum value of      for all 
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subsets    . In this approach, the focus is on the measure's properties rather 
than the geometric structure of  . 

The objective of this work is to develop a mixed multifractal analysis for a 
finite number of measures. Many natural fractal like objects, which are of interest, 
do not at all times arising from simultaneous functions, but instead derived from 
simultaneous measures. Thus, in [18, 19], a mixed multifractal formalism linked 
to the multifractal extensions of Hausdorff and packing measures and their 
corresponding dimensions is proven, founded on a generalization of the widely 
recognized vast deviation formalism.  

Additionally, The rapid ascension of Hewitt-Stromberg measures, the 
measures which were established by Hewitt and Stromberg in their 
well-established textbook [13], has demonstrated over the intervening decades the 
success of this focused approach on the examination of Localized characteristics 
of fractals. Many serval authors have made a great deal of progress in that kind of 
measure, we can cite for exemple [2-4, 9, 24, 25]. This rapid progression motivate 
us to define the mixed multifractal Hewitt-Stromberg measures and to introduce a 
formalism that utilizes these measures within a multifractal framework. 

Other important results have developed from the mixed multifractal 
analysis's study, which has shown its strength in characterizing the local behavior 
of measures, particularly those that are fractal ( see [7, 18, 21, 26]). In [20], L. 
Olsen proposed a conjecture that compares the upper multifractal box-dimension 
of the overlaps of self-similar sets and measures and the multifractal Hausdorff 
dimension of self-similar sets and measures. Accordingly, we seek in this 
research to show that this result is still valid in the mixed case. However, to 
demonstrate the validity of this conjecture we need the concept of contracting 
similarities. 

Given                  a contracting similarities, and    
              a probability vectors for        . For every  , let identify the 
Lipschitz constant value of    by           Define   as a self-similar set 
and let             represent the vector-valued measure formed from 
self-similar mesures on   . Suppose that the list       fulfills the Open Set 
Condition, denote by          the Hausdorff dimension of  . It is 
commonly acknowledged that, the overlap             possesses zero 
 -dimensional Hausdorff measure for all    , i.e.,  
                                      

In the sequel, we denote by            ,  -times and        
    ,  -times. 

The overlaps             are likewise considered negligible viewed 
from a mixed multifractal framework. We establish that for all values of 
               , the upper mixed multifractal box-dimension           
       of the overlaps is strictly inferior to the mixed multifractal Hausdorff 
dimension          of  , i.e.,  

   (           )                             
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This paper will be organized in the following manner. In the first step we 
introduce the mixed multifractal Hausdorff, packing and Hewitt-Stromberg 
measures and we propose a new multifractal formalism approach derived from 
this type of measures. The second point to check is studying the dimensions of 
overlaps of self-similar measures and sets. 

2. Preliminaries and statements of results  

Definition 1: [21] For            is defined as a self-similar set associated 
to the list                       if it is the unique non-empty compact subset 
of    satisfying  
    ⋃          

Definition 2: [14] For             is defined as a self-similar measure 
associated to the list                       if it is the unique Borel prababiliy 
measure on    satisfying  
     ∑             

    

Definition 3: [5, 23] We define the list           to fulfill the Open Set 
Condition (OSC) if there is an open non-empty and bounded subset   of    
with  
  ⋃           
    

                                               

Definition 4: We define the list           to fullfil the Strong Set Condition 
(SSC) if there is an open non-empty and bounded subset   of    with  
  ⋃           
    

                                             

Definition 5: [4] We assert that the vector-valued measure             
composed of   Borel probability measures on    fulfill doubling condition if 
there is     such that, for every ball        of center   and radius   and 
for          

         
   

(    
           

            
          )     

2.1 Hausdorff and packing measures and dimensions 
[11] For a subset     , let the diameter of   be defined as  

                                
We say that the countable set       is a  -covering of   if  
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    ⋃                              
For     and   0, the Hausdorff measure is expressed as  

        
        {∑                                                  }  

This leads us to give a definition of the  -dimensional Hausdorff measure of 
  by  

         
   
   

        
   

   
      

Next, we denote by       the Hausdorff dimension which is introduced by  
           {               }     {                }  

 Now, for     and   0, we introduce the  -dimensional packing 
pre-measure as follows  

    
        {∑                                                 } 

and  

         
   
   
        

   
   
      

This allows us to represent the  -dimensional measure of packing by  

           {∑    
            ⋃     }  

Similarly, we define the packing dimension      as follows  
           {               }     {                }  

2.2 Mixed multifractal Hausdorff measure and dimension 
[18] Consider             as a vector-valued measure composed of   

probability measures on   . The simultaneous scaling behavior of   is defined 
as follows  

     
   

              
     (   

   
               

          
   

               
    )  

Given   a nonempty set of   ,     and let                and 
   . Denote  

                                     
                                             

We introduce the mixed multifractal Hausdorff pre-measure as  

     
          {∑                                                    

             }  
The function   

   
 is   subadditive but not increasing, then we propose 

the following modified definition  

  
          

   
     

          
   

     
        

and  
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The mixed multifractal Hausdorff measure   
    is an outer metric measure 

on     
There is a unique number     

             satisfying,  

     
       {

              
     

             
     

  

2.3 Mixed multifractal packing measure and dimension 
We use the same notations as previously, then we define the mixed 

multifractal packing pre-measure by  

     
           

   ∑                                                            
The function   

   
 is increasing also not   subadditive, then we define  

  
          

   
    
          

   
    
        

and  

              
  ⋃     

∑     
         

The mixed multifractal packing measure       is an outer metric measure on 
     

There exists a unique number     
             such that,  

            {
              

     

             
     

  

For more details see [18].  

2.4 Mixed multifractal box-dimensions of Self-similar measures 
Let          .  
A subset   of   is defined as an  -separated subset of   if  

                                   
For a probability measure             of    and     ,     we 

introduce the mixed packing moment scaling function of the measure   as in [21] 
by  
          

         ∑                                
                                   

It is also possible to define     
     by  

     
        

                                      
∑                                
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where            is a finite or countable family of closed balls such that 
                     , for all    , in addition        

Now, let us define the lower and the upper mixed multifractal 
box-dimensions by  

                   

       
    

      

and  

                
   

       
    

       

2.5 Hewitt-Stromberg measures and dimensions 
 Let     and    . For     , we denote by       the following 

quantity  
                                                          

                    ⋃             
We introduce the Hewitt-Stromberg pre-measure of   by the following 

expression  
             

   
            

and 

         
   

       

Next, let us define the lower  -dimensional Hewitt-Stromberg measure 
      by  

           
    ⋃     

∑    
       

It is possible to define as follows the lower Hewitt-Stromberg dimension 
which is denoted by           

                                             
Analogously, we introduce  
                                                                

                                       
for more details (see [10] and [11]).  

Moreover, the Hewitt-Stromberg pre-measure of   is defined by the 
following expression  

             
   

             

The upper  -dimensional Hewitt-Stromberg measure, which we denote by 
      is defined by  

           
  ⋃     

∑    
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Also, we denote by          the upper Hewitt-Stromberg dimension 
which is defined as follows  

                                               

2.6 Mixed multifractal Hewitt-Stromberg measures and dimension 
 Given     ,      For     , we denote by          the 

following quantity  
              ∑                                                         

Then, for     we define the pre-measure of   by  
                  

               
      is not only not increasing but also not countably sub-additive, so it is 

necessary to apply a standard modification to obtain an outer measure. Thus, we 
consider  

    
          

  ⋃     
∑              

and  

              
   

  
        

There is a unique number                satisfying,  

            {
                 

                
  

 In the same manner, we define  
              ∑                                                        

We express the pre-measure of   as  

  
             

   
               

The function   
   

 is increasing but not   additive, so we obtain an outer 
measure as follows  

              
  ⋃     

∑     
         

There is a unique number                satisfying,  

            {
                 

                
  

 Similarly, there is a unique number                satisfying,  
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       {

                 

                
  

Remark 1: It is obvious for      we obtain  

  
                        

and  

                           
where                 

The following result outlines key properties of the mixed multifractal 
Hewitt-Stromberg measures and introduces fundamental inequalities that the 
mixed multifractal Hewitt-Stromberg measures, the mixed multifractal Hausdorff 
measure and the mixed multifractal packing measure satisfies.   

Theorem 1: Let     ,     and     . Consider the vector-valued 
measure             composed of   Borel probability measures on   . We 
have   
(1)       and       are outer measures.  
(2) For every           and   satisfying the doubling condition, we have 

                    
(3) For every      ,                     
(4) There is an integer      such that                      
(5) When       or           and   satisfying the doubling condition, 

we have  
  
                                   

Proof:  
(1) It is straightforward to show that       is increasing and         = 0. If 

{   } is any countable collection of sets where   ⋃       We can suppose 
without loss of generality that ∑     

          . Fix           and 
    , let             be a centered covering of      satisfying the 
following inequality  

  ∑                       
          

 
    

Then, 

    
         

    ⋃           ∑   ∑                     

     ∑      
          

 
    ∑     

            ∑     
           

Since   was arbitrary and   ⋃      we obtain that  
        ⋃       ∑              
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In the same manner we conclude that       is an outer measure.  
 
(2) Let     . For        , write  

     {        
           
          

               
          }  

We may clearly assume that   
        . Fix      and let   

                 . Then V is a Vitali covering (see [17]) of   . By using 
Vitali's Lemma, there exists a countable or finite subfamily              
such that                              and  
     ⋃   

      ⋃   
                  

Since      , then for      we have  

  

∑                                    ∑                      
                                                                               

                                                                   
        

      
 

 Therefore, we may choose     such that  
  ∑    

                          
 
   

Consequently,  
                          ∑   

                     
   ∑    

                          
       ∑   

                    
 
  

                       
 
  

         
           

 
Making    , since   was arbitrary and   ⋃      we obtain that 

                    
 
(3) To establish that                    when       we use the same 

arguments as in statement (2).  
 
(4) For      by using the theorem of Besicovitch's covering (see [22]), 

we can affirm that there exists     and  -sub-families              
     such that   ⋃   

   ⋃              and             is a centered 
packing of   for all  . Then  

  
                 ∑   

   ∑                    

         ∑   
       

          
                         

 

 Therefore,  
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also 

    
                            

Finally, we get  
                    

 
(5) Let    , consider            as a centered covering of  . As a 

result,  

      
                       

It is evident that from the definitions   
                 Given       as 

a countable collection of subsets of    with the condition that   ⋃     , then  

    
       ∑                             

         
        

At last, we establish that   
                  

Alternatively, we have   
         

       and  

             
  ⋃     

{∑     
       }     

  ⋃     
{∑     

       }            

which prove the desired result.  
 Now, we list the relationship between the lower and upper mixed 

multifractal Hewitt-Stromberg functions and the mixed multifractal box 
dimension and the multifractal pre-Hewitt-Stromberg dimension. At the outset, it 
is worth mentioning that there is a unique number                
satisfying,  

  {  
                        
                         

 

 Proposition 1 Let              
(1)  For           and   satisfying the doubling condition, we have  

                
   

{   {   
 
           ⋃                            }}  

(2)  For     , we have  

                  {    
 
          ⋃                            }  

Proof:   

(1) We first prove that                  
       

    
      . Suppose for some 

    that  
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Thus, we can find     such that for any       

           
          

Then, 

  
    

                      
which leads to a contradiction, Finally we deduce that  

         
   

       
    

                                
for more details see [1].  

Next, denote  

       
   

{   {   
 
          ⋃                            }}  

Suppose that          and choose               For      there 
is      as a family of bounded subset of   in order that   ⋃      and 
               It is clear that            , then we conclude that 
  
         which implies that           . It is a contradiction. On the other 

hand, we suppose that           For               we have          
 . This leads to the conclusion that   

             . Consequently this 
suggests the existence of      as a family of bounded subset of   with the 
property that   ⋃      and                . We deduce that, 
               and it is also a contradiction.  

 
(2) The second statement'proof is analogous to the first one then we use the 

same arguments, the proof is therefore omitted.  

Notations: For          =:  , denote  
                    
                    
                    

Proposition 2:  
(1) The functions         and         are both convex.  
(2)  For          , the following functions:                   

moreover          are decreasing.  

Proof: 
(1) Let                          and          denote    

           . Let now define            as a centered  -packing of set  . 
Applying Hölder's inequality, we have  



2544� J. HATTAB

  
                          

           
            

Then  

  
                                                             

Consequently,  
                                   

Next, we demonstrate the convexity of   . Let              and 
       , we obtain  

                         
Then, It is possible to find coverings       and       of set   satisfying  

  ∑     
                      ∑     

             
For      let    ⋃                  Hence,       is a covering of 

 , we get  
 

                                                           (⋃   
            )

                                                          ∑   
                                       

                                                          ∑   
       

                                 
 

 Applying Hölder's inequality, we obtain  

                                

  

         (∑   
       

            )
 
(∑   

       
            )

   

         (∑   
       

         )
 
(∑   

       
         )

   

         ( ∑   
     

         )
 
( ∑   

     
         )

   

                    

 

Since   was arbitrary, we obtain  
                                   

(2) For        , let                                           
             with       reel numbers. Let            be a centered 
covering of   for      we can find a  -family      of bounded subset of   
in such a way that   ⋃       We have  

                     
Then,  

  
         

        
We therefore conclude that  
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Hence,  
                           

Consequently,  
                        

Finally,  
             

Similarly, we prove the monotony of    and      

3. Results 
 We begin this section with some notations to make our work easier. For 

        let  
                        ⋃       
signifying that    represents the family of sequences of length   and   refers to 
all finite sequences.  

If       we can write      . Additionally if                 we 
will denote  

              
            

                  
Also the truncation of   to the  -th place is defined by              , 

for    . Therefore, we define        by        ⋂         where 
                 

In addition, the concatenation of   and   is defined by    
                     , for         

                                                             
                                                                   

Since           satisfies the (OSC), we have       then we can 
select     such that        . So, there exists     such that  

                         
For      and     with       we write  

        ∑       
    

    
       

                    

The function        is both strictly not increasing and continuous with 
                and                 by using the intermediate value 
theorem there exists a unique         such that 

  ∑       
    

    
       

             (3.1) 

 Furthermore, we define       , the unique function satisfying  

  ∑       
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Observe that since  

  ∑       
    

    
       

            ∑           
       

          then  

              
Now, let  

          
    

       
The fact that       is compact for             leads to the conclusion that  

                 
                                             (3.2) 

 Also, we clearly have  

                             
and  

                                                             
 
The following main result proves that, for a vector-valued measure 

composed of self-similar measures, all the dimensions which we have mentioned 
of the self-similar set   coincide and equal to     . 

Theorem 2: In the case that the (SSC) is satisfied, we have  
    

                     
              

                     

Proof: It is easy to see from [21] that, for all       
                      (3.3) 

 On the other hand, there exists an integer     (see Theorem 1) for which 
the following inequality holds  
    

                                     
and this implies that  
      

                     
      (3.4) 

 In addition, according to L. Olsen results ([21]) It is possible to define a 
probability measure    on    such that             

       
         for all 

   . Next, we introduce the probability measure    on   by            
It shows immediately that            

       
          for all    . After, we 

use simple calculations to obtain that   
               . Then 

           
      (3.5) 

 It is generally acknowledged that a self-similar measure is a doubling 
measure. Since   is a vector-valued measure composed of a self-similar 
measures, we use the same arguments as in [22] but in the mixed case to obtain  
      

             (3.6) 
 Combining inequalities (3.3), (3.4), (3.5) and (3.6) we show the desired 

result. 
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 The next point to deal with in this paper is proving that the upper mixed 
multifractal box-dimension of the overlaps is strictly inferior to the mixed 
multifractal Hausdorff dimension.   

Theorem 3: Suppose that           fulfills the (OSC). Let      .   
(1)  For       with                  , we obtain  
                                     

(2)     
 (⋃   ⋃           

   
           )                

      

(3)     
 (⋃   ⋃           

   
           )                

      

(4)    (⋃   ⋃           
   

           )                   

(5)    (⋃   ⋃           
   

           )                   

4. Proof of Theorem 3 
 In order to establish our main result Theorem 3, we need some technical 

lemmas.   

Lemma 1: [20] Suppose that           fulfills the (OSC). Let     such that 
     and define    as stated in (3.2). If                 
              with       and                       , then  

                

Lemma 2:  [14] Let        . Consider the collection of subsets       of 
  . Suppose that every set    includes   which is a closed ball of radius     
also is included within a closed ball of radius     under the condition that 
           . As a result, for all     and        

                                

Lemma 3: [12] Suppose that           fulfills the (OSC). Then  
  (     )                                        

For       and       with                  , we define  
             

                     
where                        with      and       
In addition, for     write  

                                                 

Proposition 3: Suppose that           satisfies the (OSC). Fix      . 
Consider     where     . Let       with     and           
 . Then there is a constant    , such that  
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            ∑               
    

    
       

   

Proof: Let                                                     . 
Let     and define   as an  -separated subset of                   
For each     we can select           that satisfies             which 
implies that  
                     ⋃        

               
       

 for all    , thus  
                                
                                                      (4.1) 

Let    be as in (3.2), now take     such that                       
    
      . We clearly have by using [20],  

                                 
                                                (4.2) 

Due to the fact that   is  -separated and   contains a ball of radius   , 
then this suggests the existence of         as a family of balls that are pairwise 
disjoint and with radii equal to                    such that 
⋃        
               

      contains   .  

Moreover, ⋃        
               

      is enclosed within a ball of radius  

                                 . Since              by 
making use Lemma 2 we obtain  

  

|{    (⋃        
               

     )  (⋃        
               

     )   }|

 |{    (⋃        
               

     )   (  (  
  
 ) )   }|

    

 

for all     with                                              
Whence by (4.2)  

 ∑     ∑        
               

                         

    ∑        
                   

                         (4.3) 

for      . 
Combining (4.1), (4.3) and Lemma 2, we obtain  

 ∑                               
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         ∑                                  
         ∑     ∑        

               
                       

           ∑        
                  

                       

           ∑                         
                  

    
       

  

           ∑       ∑       ∑               
    

      
         

  

                           
    
       

      ∑               
    

    
       

   

 

 and the result yields.  

Proposition 4: Suppose that           satisfies the (OSC). Let       and 
    such that     . Then there is      such that  
  ∑          

    
       

                          

Proof: Define the functions                  by  
       ∑          

    
       

                              

Write                  . If      , then  

  

             ∑       
    

  ∑            
     
        

  

                    ∑       
    

    
       

  ∑              
    
       

  

                   ∑       
    

    
       

           
 

 Then, for all       we obtain  

  
             ∑       

    
    
       

                             

                    ∑       
    

    
       

                  
 

 Let                    by making use the previous inequality also the 
definition of       it follows that, if  

     , consequently  

  

   
      

                
      

∑       
    

    
       

                 

                                ∑       
    

    
       

            
   
    

                                  
   
     

 

 Finally, we get  
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This suggests the existence of     for which  
                              

Return now towards the demonstration of Theorem 3.  

Proof: Let     such that     . Fix       with           and 
   , it can be inferred from propositions 3 and 4 that there is a constant 
    satisfying  
                           (4.4) 

 Since      (           )                       , by using (4.4) 
we have  

  

                                 
   

       
    

     

                                                      
   

              
     

                                                    

 

 Let     and     be as in Besicovitch’s Covering Theorem [20]. Let 
   . Let       and consider             as a centered   packing of 
           . Write    

 
      for    . If       such that         

  , it can be concluded from the definition of sequence       that  

                   
                                     

         (4.5) 
where                                 

Next, let      since                           
                                      The use of Besicovitch's 
Covering Theorem (see [22]) on the collection                           
allows us the existance of   subfamilies           of                    
such that                    ⋃       and                     
                                We conclude that  
  ∑                                          

 

         ∑   
   ∑                                    

         ∑   
        

 (                 )
               

 (                 ) 
 

for all     and         
It now follows from (4.4), (4.5) and the previous inequality that  

 ∑                                             
 ∑   ∑                                                      
   ∑   ∑                                                 

        

    ∑           
                          

        



MIXED MULTIFRACTAL DIMENSIONS OF OVERLAPS OF SELF-SIMILAR SETS� 2551

References 

[1]	 N. Attia and B. Selmi, “Relative multifractal box-dimensions,” Filomat, 
vol. 33, no. 9, pp. 2841–2859 (2019).

[2]	 N. Attia and B. Selmi, “A multifractal formalism for Hewitt–Strom-
berg measures,” J. Geom. Anal, vol. 31, pp. 825–862 (2021).

[3]	 N. Attia and B. Selmi, “On the mutual singularity of Hewitt–Strom-
berg measures,” Anal. Math, vol. 47, pp. 273–283 (2021).

[4]	 N. Attia and B. Selmi, “Regularities of multifractal Hewitt–Stromberg 
measures,” Commun. Korean Math. Soc, vol. 34, pp. 213–230 (2019).

[5]	 C. BANDT and S. GRAF, “Self-similar sets. VII. A characterization 
of self-similar fractals with positive Hausdorff measure,” Proc. Amer. 
Math. Soc, vol. 114, pp. 995-1001 (1992).

[6]	 F. Brambila, Fractal analysis: applications in physics, engineering and 
technology (2017).

[7]	 A. Ben Mabrouk and B. Selmi, “A mixed multifractal analysis of vector-
valued measures: Review and extension to densities and regularities 

      ∑     
                 

       ∑     
         

      

       ∑   
  

        

       
  

     
  

       
where        

  

      . 
We therefore deduce that  

    
                            

and  

      
                                                   

In addition, for all     
 , we have  

  
  

                                 
                      

                                                                                      
                                                                                      

 

 This achieves the proof of Theorem 3.  
     

  



2552� J. HATTAB

of non-necessary Gibbs cases,” Frontiers of Fractal Analysis, pp. 114-
152 (2022).

[8]	 A. Ben Mabrouk and B. Selmi, “On the mixed multifractal formalism 
for vector-valued measures,” Proyecciones Journal of Mathematics, vol. 
41, pp. 1015-1032 (2022).

[9]	 Z. Douzi and B. Selmi, “On the mutual singularity of Hewitt–Strom-
berg measures for which the multifractal functions do not necessarily 
coincide,” Ric. Mat, pp. 1-32 (2021).

[10]	 G. Adgar,  “Probability and Fractals,” Integral, Probability, and Fractal 
Measures, pp. 203-266 (1998).

[11]	 K. Falconer,  Fractal Geometry : Mathematical Foundations and Ap-
plications. Wiley, Chichester (2013).

[12]	 S. Graf, “On Bandt’s tangential distribution for self-similar mea-
sures,” Monatsh. Math, vol. 120, pp. 223-246 (1995).

[13]	 A. Hewitt and K. Stromberg, “Real and Abstract Analysis. A modern 
treatment of the theory of functions of a real variable,” Springer-Ver-
lag, New York (1965).

[14]	 J. Hutchinson, “Fractals and self-similarity,” Indiana Univ. Math. J, 
vol. 30, pp. 713-747 (1981).

[15]	 B. Mandelbrot, The fractal geometry of nature (1982).
[16]	 B. Mandelbrot, “Fractal geometry: what is it, and what does it do?,” 

Proc. R. Soc. Lond, vol. 423, pp. 3-16 (1989). 
[17]	 P. Mattila, Geometry of sets and measures in Euclidean spaces: frac-

tals and rectifiability, Cambridge University Press (1995).
[18]	 M. Menceur, A. Ben Mabrouk and K. Betina, “The multifractal for-

malism for measures, review and extension to mixed cases,” Anal. 
Theory Appl, vol. 32 , pp. 303-332 (2016).

[19]	 M. Menceur and A. Ben Mabrouk, “A joint multifractal analysis of 
vector valued non Gibbs measures,” Chaos, Solitons and Fractals, vol. 
126, pp. 1-15 (2019).

[20]	 L. Olsen, “Dimensions of overlaps of self-similar fractals and self-
similar multifractals,” Indiana Univ. Math J, vol. 51, pp. 1461-1477 
(2002).

[21]	 L. Olsen, “Mixed generalized dimensions of self-similar measures,” J. 
Math. Anal. Appl, vol. 306, pp. 516-539 (2005).



MIXED MULTIFRACTAL DIMENSIONS OF OVERLAPS OF SELF-SIMILAR SETS� 2553

[22]	 L. Olsen, “A multifractal formalism,”  Adv. Math, vol. 116, pp. 82-196 
(1995).

[23]	 A. Schief, “Separation properties for self-similar sets,” Proc. Amer. 
Math. Soc, vol. 122, pp. 111-115 (1994).

[24]	 B. Selmi, “A note on the multifractal Hewitt-Stromberg measures in a 
probability space,” Korean J. Math, vol. 28, pp. 323–341 (2020).

[25]	 B. Selmi, “A review on multifractal analysis of Hewitt–Stromberg 
measures,” J. Geom Anal, vol. 32, pp. 12 (2022).

[26]	 B. Selmi, “The relative multifractal densities: A review and applica-
tion,” J. Interdiscip. Math, vol. 24, pp. 1627–1644 (2021).

[27]	 B. Selmi, “The relative multifractal analysis, review and examples,”  
ActaSci. Math, vol 86, pp. 635–666 (2020).

		  Received November, 2023


