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Abstract

In recent times, the mixed multifractal analysis has generated interest. The purpose of
this paper is twofold. Firstly, we define the mixed multifractal Hewitt-Stromberg measures
and introduce a multifractal formalism based on this type of measures. Secondly, we
prove that the upper mixed multifractal box-dimension of the overlaps of self-similar sets
and measures is strictly smaller than the mixed multifractal Hausdorff dimension of self-
similar sets and measures. Finally, we demonstrate that this result is still valid for the mixed
multifractal Hewitt-Stromberg dimensions.
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1. Introduction

During the last decades, many fields of physics aims to develop the notion of
multifractal analysis because it has played a special role in the history of modern
science [6, 27]. Many authors have focused on this analysis [15], [16] and its
practical uses, particularly concerning data from the field of econophysics. [8].

Mixed multifractal analysis encompasses the study of both functions and
measures. In certain cases, geometric sets are primarily known through measures
which are depended on them, this means that take a measure v and a set X'
implies that the quantity v(X) represent the maximum value of v(C) for all
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subsets C € X. In this approach, the focus is on the measure's properties rather
than the geometric structure of X.

The objective of this work is to develop a mixed multifractal analysis for a
finite number of measures. Many natural fractal like objects, which are of interest,
do not at all times arising from simultaneous functions, but instead derived from
simultaneous measures. Thus, in [18, 19], a mixed multifractal formalism linked
to the multifractal extensions of Hausdorff and packing measures and their
corresponding dimensions is proven, founded on a generalization of the widely
recognized vast deviation formalism.

Additionally, The rapid ascension of Hewitt-Stromberg measures, the
measures which were established by Hewitt and Stromberg in their
well-established textbook [13], has demonstrated over the intervening decades the
success of this focused approach on the examination of Localized characteristics
of fractals. Many serval authors have made a great deal of progress in that kind of
measure, we can cite for exemple [2-4, 9, 24, 25]. This rapid progression motivate
us to define the mixed multifractal Hewitt-Stromberg measures and to introduce a
formalism that utilizes these measures within a multifractal framework.

Other important results have developed from the mixed multifractal
analysis's study, which has shown its strength in characterizing the local behavior
of measures, particularly those that are fractal ( see [7, 18, 21, 26]). In [20], L.
Olsen proposed a conjecture that compares the upper multifractal box-dimension
of the overlaps of self-similar sets and measures and the multifractal Hausdorff
dimension of self-similar sets and measures. Accordingly, we seek in this
research to show that this result is still valid in the mixed case. However, to
demonstrate the validity of this conjecture we need the concept of contracting
similarities.

Given §,:R?* > R% n=1,..,£ a contracting similarities, and p,, =
(Pmn)n=1,.¢ aprobability vectors for m = 1, ..., k. For every n, let identify the
Lipschitz constant value of §,, by w, € (0,1). Define D as a self-similar set
and let v = (vy,..,v;) represent the vector-valued measure formed from
self-similar mesures on R%. Suppose that the list (S,,), fulfills the Open Set
Condition, denote by 71 = dim(D) the Hausdorff dimension of D . It is
commonly acknowledged that, the overlap S,(D) N S,,(D) possesses zero
n-dimensional Hausdorff measure for all n # m, i.e.,

H'(S,(D)NS, (D)) =0 for all n#m.
In the sequel, we denote by R¥ = R_ X ... X R_, k-times and R¥ = R, x
.. X Ry, k-times.

The overlaps S,,(D) N S, (D) are likewise considered negligible viewed
from a mixed multifractal framework. We establish that for all values of
q = (q4, -, qx) € R¥, the upper mixed multifractal box-dimension g (S, (D) N
Sm(D)) of the overlaps is strictly inferior to the mixed multifractal Hausdorff
dimension dim{(D) of D, i.e.,

T2(8.(D) N S,n(D)) < dimI(D) forall n # m.
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This paper will be organized in the following manner. In the first step we
introduce the mixed multifractal Hausdorff, packing and Hewitt-Stromberg
measures and we propose a new multifractal formalism approach derived from
this type of measures. The second point to check is studying the dimensions of
overlaps of self-similar measures and sets.

2. Preliminaries and statements of results

Definition 1: [21] For m = 1, ..., k, D is defined as a self-similar set associated
to the list (81, ..., Sy, P15 ) Pm,e) if it is the unique non-empty compact subset
of R? satisfying

D = Uy, $,(D).

Definition 2: [14] For m =1, ..., k, v,,, is defined as a self-similar measure
associated to the list (Sy, ..., Sy, Dm 1, --» Pm,e) if it is the unique Borel prababiliy

measure on R% satisfying

— -1
Vm = 2 Pmn Vin © Sn -

Definition 3: [5, 23] We define the list (8, ...,8,) to fulfill the Open Set
Condition (OSC) if there is an open non-empty and bounded subset W of R%
with
U, S:(IW)yecw
and
SN, W)=¢0 for all n,m with n = m.

Definition 4: We define the list (S, ...,S,) to fullfil the Strong Set Condition
(SSC) if there is an open non-empty and bounded subset W of R% with

Uy, S (W)cw
and

S WYynS,,(W)=0 for all n,m with n = m.

Definition 5: [4] We assert that the vector-valued measure v = (vq, ..., V)
composed of k Borel probability measures on R% fulfill doubling condition if
there is b > 1 such that, for every ball B(z, w) of center z and radius w and
form=1,..,k

lim sup( sup M) <

w—0 \zesuppvy YmBEE®)

2.1 Hausdorff and packing measures and dimensions
[11] For a subset A S R%, let the diameter of A be defined as

diam (A) =sup{|z—u| : z,u € A}.
We say that the countable set (V;,),, is a d-covering of A if
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AcU,V, and 0 <diam(},) <§6.
For 1 = 0 and & >0, the Hausdorff measure is expressed as
HJ(A) =inf (X, (diam (V)n) | (Up)n isa & — covering of A}.
This leads us to give a definition of the 1-dimensional Hausdorff measure of
A by
H"(A) = lim Il-[g’(cfl) = sup }[g](cﬂ).
6-0 5>0
Next, we denote by dimgy,, the Hausdorff dimension which is introduced by
dimy(A) =inf{n =20 | H"(A) =0} =sup{n =20 | H"(A) = +oo}.
Now, for n >0 and 6 >0, we introduce the 7-dimensional packing
pre-measure as follows
P5(A) = sup(Zn (20,)" | (B(z, wa))n isa & — packing of A}
and
P"(A) = lim P3(A) = inf Py(A)
T -0 ¢ T 550" 0 '
This allows us to represent the n-dimensional measure of packing by
PI(A) = inf{Z, P (F) | A < Uy Fol
Similarly, we define the packing dimension dimy as follows
dimp(A) = inf{n 20 | P7(A) =0} =sup{n =0 | PT(A) = +o}.

2.2 Mixed multifractal Hausdorff measure and dimension

[18] Consider v = (v4, ..., V) as a vector-valued measure composed of k
probability measures on R%. The simultaneous scaling behavior of v is defined
as follows

lim log v(B(z,w)) _ (

lim log v4(B(z,w)) oo lim log Vk(B(Z:“J)))
w-0 logw

w-0 logw w—0 logw
Given A a nonempty set of R4, § > 0 and let ¢ = (qy, ..., qx) € R* and
1 € R. Denote

V(B(z,w)) = (vi(B(2,w)), ..., v (B(2z, w))),
V(B(z, ) = (v1(B(z, w))) " ... (v (B(2, w))) .
We introduce the mixed multifractal Hausdorff pre-measure as
ﬁ::g (A) = infY, v(B(z,, w,))12w,)"|(B(2,, w,)), is a centered & —
covering of A}.

. oo=an . . . .
The function ', is ¢ —subadditive but not increasing, then we propose
the following modified definition

—qn . —qn —qn
I, ("q) = }Slm Hv,(S (dq) = sup HV,(Y (dq)'
-0 §>0

and
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—q.n
HI(A) = supH,” (F).
FCSA

The mixed multifractal Hausdorff measure 3" is an outer metric measure
on R%
There is a unique number dim{(A) € [—o0, +0] satisfying,
o0 if 7 < diml(A),
H(A) =
0 if 7> dimI(A).

2.3 Mixed multifractal packing measure and dimension

We use the same notations as previously, then we define the mixed
multifractal packing pre-measure by

=97
Py,s(A) = sup
En v(B(zy, w)12w,)" | (B(z,, w,)), isa 6 — packingofA}.
The function 53‘" is increasing also not o —subadditive, then we define
=97 =4 s
Py (A) = ImPy5 (A) = infPy5 (A),
and
. =41
:qu'n(‘ﬂ) = ﬂghnnfﬂn Yn Py (Ayp).
The mixed multifractal packing measure P,'"" is an outer metric measure on
R<.
There exists a unique number Dimy(A) € [, +00] such that,
4o if n < Diml(A),
PI(A) =
0 if n>Diml(A).
For more details see [18].

2.4 Mixed multifractal box-dimensions of Self-similar measures

Let A S R%, w > 0.
A subset B of A is defined as an w-separated subset of A if

lu—z| > 2w, for all u,z € B with u # z.

For a probability measure v = (v4,...,v,) of R% and q € R*, w > 0 we
introduce the mixed packing moment scaling function of the measure v asin[21]
by

Ml (A) = sup(Zrer v1(B(z, @)™ ... v (B(2, 0)) %]
F is an w — separated subset of A}.

It is also possible to define ]\/[,ZoJ (A) by

My (A) = sup 2in Vi(B(Zn, @)) " ... vie(B(2n, w)) %,

(B(zn,w))n is a centered packing of A
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where (B(z,,w)), is a finite or countable family of closed balls such that
(B(zp, w)) N (B(zpm, w)) = @, for all n # m, in addition z, € A.

Now, let us define the lower and the upper mixed multifractal
box-dimensions by

logM,, (A
1 (A) = lim inf S e ()
- w-0 —logw
and
logM,! (A)
—-q . v,w
A) =1 —_—
o (D) Hgfélp —logw
2.5 Hewitt-Stromberg measures and dimensions

Let n > 0 and w > 0. For A € R%, we denote by N, (A) the following
quantity

N, (A) = inf{#{1}|(B(z,,, ®))ne is a family of closed balls,
with z, € A and A € U, B(z,, w)}.

We introduce the Hewitt-Stromberg pre-measure of A by the following
expression

LT(A) = lim iglf Ny (A)2Cw)"
w—
and
H (A) = supL"(F).
FcA

Next, let us define the lower n-dimensional Hewitt-Stromberg measure

H"(A) by
=1
7 = i
H'(A) = dnf 5, H'(F).

It is possible to define as follows the lower Hewitt-Stromberg dimension
which is denoted by dim,z(A)

dimyg(A) = sup{n = 0|H"(A) = +oo} = inf{n = 0|H"(A) = 0}.

Analogously, we introduce

M, (A) = sup{#{I}|(B(zy, w))ne, is a family of closed balls with z,
€ A and B(z,, w) N B(z,, w) =@ for n # m},

for more details (see [10] and [11]).
Moreover, the Hewitt-Stromberg pre-measure of A is defined by the
following expression

P’ (A) = limsup M,,(A)(2w)".
w—0

The upper n-dimensional Hewitt-Stromberg measure, which we denote by
P"(A) is defined by

. =N
P1(A) = ﬂglll}rf}_nZn P (F).
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Also, we denote by MMB(A) the upper Hewitt-Stromberg dimension
which is defined as follows

dimy(A) = sup{n = 0|P"(A) = +} = inf{n > 0|P"(A) = 0}.

2.6 Mixed multifractal Hewitt-Stromberg measures and dimension

Given ¢ € R¥, w > 0. For A S R?, we denote by N,zw(c/l) the
following quantity

N,za, (A) = inf{Y, v(B(z,, )| (B(z,, w)), is a centered covering of A}.
Then, for n € R we define the pre-measure of A by
LI(A) = lim _)iglfo‘w (A)2w)".
L™ is not only not increasing but also not countably sub-additive, so it is

necessary to apply a standard modification to obtain an outer measure. Thus, we
consider

—q7 . :
H (A)=  inf 3, LY (A,
and

: —qn
Hy"(A) = supH," (F).
FCA

There is a unique number bJ(A) € [—o0, +0] satisfying,
+oo if n < bl(A),
Hy"(A) =
0 if n>bl(A).
In the same manner, we define
M}, (A) = sup{X, v(B(zn, ®))?|(B(z,, ®)), isa centered packing of A}.
We express the pre-measure of A as

Py (A) = limsupM , (A) (2w)".
w-0

Loo=an . . . . .
The function P, is increasing but not o —additive, so we obtain an outer
measure as follows

BA) = dnf 5, Py (F).
There is a unique number B} (A) € [—o0, +00] satisfying,
4+ if n < Bl(A),
PI(A) =
0 if n> Bl(A).
Similarly, there is a unique number A?(A) € [—0, +o0] satisfying,
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—an +oo if n<Al(A),
Py (A) =
0 if 7> AIA).

Remark 1: It is obvious for n > 0, we obtain

HY" =30, P =P
and

HY" =H,  PY =P,

where 0 = (0, ...,0) € R,

The following result outlines key properties of the mixed multifractal
Hewitt-Stromberg measures and introduces fundamental inequalities that the
mixed multifractal Hewitt-Stromberg measures, the mixed multifractal Hausdorff
measure and the mixed multifractal packing measure satisfies.

Theorem 1: Let q € R¥, n € R and A S R%. Consider the vector-valued
measure v = (Vy, ..., V) composed of k Borel probability measures on R®. We
have

(1) HI and P!" are outer measures.

(2) For every q € R¥\{0} and v satisfying the doubling condition, we have
HY"(A) < B (A).

(3) Forevery q € R, H'"(A) < P (A).

(4) There is an integer & € N, such that HI'" (A) < ER(A).

(5) When q € R* or g € R¥\{0} and v satisfying the doubling condition,
we have

H(A) < HY'(A) < B (A) < B (A).

Proof:

(1) It is straightforward to show that H'" is increasing and H}" (@)= 0. If
{A, } is any countable collection of sets where A = U, A,. We can suppose

without loss of generality that ), ﬁz'n(o‘l[) < . Fix w>0, €>0, and
?e N, let (B(zp,, w)), be a centered covering of A, N A satisfying the
following inequality
—q.1
Tn V(B(Zn, @))*Qw)" < H, (A, N A) + .
Then,
—an —q1n
Hy, " (A) = Hy, (Up (A NA)) < X X V(B(Zen, 0))1(2w0)"
—qn —=q1 —=a.n
ST (Hy (A NA)+ ) ST Hy (AN A) +e< T, Hy, (A +e.
Since & was arbitrary and A € U, A, we obtain that
HY'(Up Ap) < X Hy''(Ay).
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In the same manner we conclude that P, is an outer measure.

(2) Let A S R®. For a € N\{0}, write

Ag={zea | 28D < g for 0<w<2, v 1<m<k)
vin(B(z,w)) a

We may clearly assume that Fff"’(aq) <oo. Fix a€N" and let V =
{B(z,w) | z € Ag}. Then V is a Vitali covering (see [17]) of A,. By using
Vitali's Lemma, there exists a countable or finite subfamily (B(z,, w)), & W

such that B(z,,, w) N B(z,,, w) =@ , for n # m and
Cﬂa\ Ufl:l Bn c U;;O:k+1 B(znr 5(‘))' vk.
Since z, € A,, then for € > 0, we have
Ln V(B(zp, 5 0))1 (10 )" < a¥5" %, (V(B(zn, 0))?(2 w)"
< a?5"M) (A2 w)!
< a15(P," (A) +5) < +oo,
Therefore, we may choose P € N such that
ZiZpa1 V(B(7,5 0))1(10 0)7 < 2.
Consequently,
Nyo(A)Rw)! < Thoy v(B(2p 0))?(2 )"
+ XnZp+1 V(B(2n, 5 0))7(10 )"
< Ther V(B 0))1(20)" +3

< Myu(A)R W)+

< PY(A) +e.

Making w — 0, since & was arbitrary and A = U, A, we obtain that
HI(A) < BY'(A).

(3) To establish that H}'"(A) < PI"(A), when q € RX we use the same
arguments as in statement (2).

(4) For F <€ A, by using the theorem of Besicovitch's covering (see [22]),
we can affirm that there exists £ € N and &-sub-families {B(Z,p, ®)m, 1<
n < &} such that F c Ui=1 Um (B(Zym, w)) and (B(Zym, @))m 1s a centered
packing of F for all n. Then

NJoF) < Ty Zm V(B2 0)) 12 0)"
< T M, ()2 w)

< EMIL(P)Qw).

Therefore,
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LY(F) < €P, (F),
also
—qn
H,” (F) < &RM(F) < ERY(A).
Finally, we get
H(A) < EBY(A).

(5) Let F c A, consider (B(z,, w)), as a centered covering of F. As a
result,

Hoy(F) < NI, (F)(2 w).
It is evident that from the definitions %,‘,m (F) < LI(F). Given (A,), as
a countable collection of subsets of R¢ with the condition that F € U,, A,,, then
H(F) ST LA and ' (F) <H,(F).
At last, we establish that H,'" (A) < H" (A).
Alternatively, we have ?ﬁ'" (A = ﬁ;"" (A) and

PIA) =t (S PV FDf 2 nf (5. P @)} = R,

which prove the desired result.

Now, we list the relationship between the lower and upper mixed
multifractal Hewitt-Stromberg functions and the mixed multifractal box
dimension and the multifractal pre-Hewitt-Stromberg dimension. At the outset, it
is worth mentioning that there is a unique number dy(A) € [—, +o0]
satisfying,

inf inf
ACSUn ACSUn

{L‘i'"(o‘l) =+o0 if 1 <dj(A),
LINAYy=0 if n>dl(A).

Proposition 1 Let A C suppv =D
(1) For q € R¥\{0} and v satisfying the doubling condition, we have
bi(A) = sup {inf{sup dY(E)IF € U, F,, F, are bounded in Rd}}.
c n
(2) For q € R¥, we have
BI(A) = inf{sup TI(AD|A S U, A, A, are bounded in Rd}.
n
Proof:

logNg'w (A)

—logw

(1) We first prove that dyf(A) = liminf,_,
€ > 0 that

. Suppose for some



MIXED MULTIFRACTAL DIMENSIONS OF OVERLAPS OF SELF-SIMILAR SETS 2543

logNglw(c/l)

. . q
llg)n_}lglf ogw >d,(A) + e

Thus, we can find § > 0 such that for any w <,
NI, (A B+ > 1,
Then,
qdl(A)+e q
Lv (cﬂ) >2 dy(A)+e
which leads to a contradiction, Finally we deduce that
lim inf
w-0

for more details see [1].
Next, denote

logNJ (A
ogl,,—,a,() < dl(A)+¢, forany &> 0,

o = sup {inf{supd,‘f(Tn)lT € U, F, F, are bounded in Rd}}.
FCEA n

Suppose that ¢ < bJ(A) and choose y € (a,b](A)). For F S A, there
is {A,} as a family of bounded subset of F in order that F € U,, A, and
sup,di(A,) <y. It is clear that L1Y(A,) =0, then we conclude that
Hy' (F) = 0 which implies that H?Y (A) = 0. It is a contradiction. On the other
hand, we suppose that ¢ > b(A). For y € (bl (A),d), we have HJ'V(A) =
0. This leads to the conclusion that Eg’y(}" ) =0,VF € A. Consequently this
suggests the existence of {A,} as a family of bounded subset of F with the
property that F € U, A, and sup,L?"(A,) <o . We deduce that,
sup, di(A,) <y, and it is also a contradiction.

(2) The second statement'proof is analogous to the first one then we use the
same arguments, the proof is therefore omitted.

Notations: For A € supp v =: D, denote
by(q) = by (supp V),
B,(q) = B}/ (supp V),
Ay (q) = A (supp V).

Proposition 2:

(1) The functions q = A,(q) and q = B,(q) are both convex.

(2) For i=12,..,k, the following functions: q; = b,(q), q; = B,(q)
moreover q; — A,(q) are decreasing.

Proof:

(1) Let p,g €R*, 6 €[0,1], n>A,(p) and t > A,(q), denote oq =
(0qq, .-, 0qx). Let now define (B(z;, w)); as a centered §-packing of set A.
Applying Holder's inequality, we have
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—oq+(1-0)p,ot+(1-0)n —q.t —pn -
P, (A) < (Py (A)I(Py (AN
Then
poarmapett =M 4y 0, v n>A,(m) and t> A,(q).
Consequently,

Ay(0 q+(1—=0)p) < ah,(q) + (1—-0a)A(P)
Next, we demonstrate the convexity of B,. Let ¢ >0, t = B,(q) and
n = B,(p), we obtain
P A) = BT (A) = 0
Then, It is possible to find coverings (K;); and (H;); of set A satisfying

=q,t+ P71
Zipv (H)<1 and ZL v (Ki)gl-

For n € N, let A, = Uy j<n (H; N K;). Hence, (A,), is a covering of
A, we get

Pa q+(1-o)p,o t+(1— a)n+£(cﬂ )< PG q+(1-o)po t+(1- 0)71+5(U” L (H;n K]))

ZL} . Pcr q+(1-o)p,o t+(1— cr)n+e(Hi n K])

—o0 q+(1-o)p,o t+(1-o)n+e
< Yo Py (H; N K)).

Applying Holder's inequality, we obtain

on q+(1-o)p,0 t+(1—0)n+s(cﬂ )

< (S PV k) (S PV 0K
< ( 2]-:1 ﬁq' +g(H)) ( n_ 1Ppn+s(K-))1_U
< (nzm PV ) (nz P )

< nn'? =n< oo,
Since & was arbitrary, we obtain
B,(c q+ (1—0)p) <0B,(q) + (1 - 0)B,(p).
(2) For i =1,...,k, let p = (q1, ) Gi~1, Pis Qi 1s > Qi)s @ = (G1 o5 Qiz1,
Qi) Qi+1, > q) With p; < q; reel numbers. Let (B(z;, w)); be a centered
covering of F for F € A, we can find a o-family {F;} of bounded subset of F
in such a way that F € U; F;. We have
LY (F) < LY(FD.
Then,
H(F) <H," (F).
We therefore conclude that

! —qn —pn !
H(A) = supH,” (F) < supH," (F) = H}" (A).
FCSA FCSA
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Hence,
HY"(A) =0, V1> b,(p).
Consequently,
by(q@) <n, Vvn>b,(p).
Finally,

by(q) < by(p).
Similarly, we prove the monotony of B, and A,,.

3. Results

We begin this section with some notations to make our work easier. For
¢, t €N, let

Qf = {1, ...,‘E}t ) Q = Ut Qt)

signifying that (), represents the family of sequences of length t and () refers to
all finite sequences.

If n € Q;, we can write [n| = t. Additionally if n = (ny, ..., n;) € Q;, we
will denote

pm,n = pm,nl pm,nt-

Also the truncation of n to the t-th place is defined by n|t = (ny, ..., n;),
for n € Q. Therefore, we define m:Q; > D by {m(n)} = N; Dy, where
Dy = Sp, © w0 Sy, (D).

In addition, the concatenation of n and m is defined by nm =
(nl, ey ilil,ml, ,m|m|), for n me Q.

If I,m € Q,we write Il € mifand only if m # ulw, for all u,w € Q.

If ® < Q and m € Q,we write ® €m ifand onlyif l € m,forall l € .

Since (S, ...,S,) satisfies the (OSC), we have W N'D # @ then we can
select I € Q) such that §;(D) € W. So, there exists t € N such that

D, ={leQ, | $;(D)cW}=+0.

For q € R* and t € N with ®, # @, we write

E;() = L=t DI —Dpion, for n €R.
ned;

The function E;: R — R is both strictly not increasing and continuous with
lim,_,_E¢(n) = +o0 and lim,_,,,E:(n) = 0, by using the intermediate value
theorem there exists a unique y,(q) € R such that

Z|n|q=)t P ...pg";w,}:‘(q) =1. (3.1)
nedy

Furthermore, we define f: R¥ — R, the unique function satisfying

T Pl = 1.
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Observe that since

1 k 1 k
Zlnl;t pf,n "'plz‘nwr}:t(q) =1= Z|n|=t p]‘in '"p]z,nwﬁ(q); then
nedy

Y:(@) < B(Q).

Now, let
(@) = jnfy.(q).
The fact that $;(D) is compact for I for all Q leads to the conclusion that
ce = min dist(5;(D), R\W) > 0, forall t € N with &, # @. (3.2)
€@y

Also, we clearly have

§,(D) c§,(W) forall n€q,
and
S D)NS,(W) =0, forall n, m € Q with |n| =|m| and n # m.

The following main result proves that, for a vector-valued measure
composed of self-similar measures, all the dimensions which we have mentioned
of the self-similar set D coincide and equal to S(q).

Theorem 2: In the case that the (SSC) is satisfied, we have
dim{(D) = b,(q) = B,(q) = Dim}(D) =z, (D) =7,(D) = f(q),  for q € R~.

Proof: 1t is easy to see from [21] that, for all q € R

7, (D) =T5(D) = (q). (3.3)
On the other hand, there exists an integer § € N (see Theorem 1) for which
the following inequality holds

HI(A) < HI(A) < EPY(A) < EPI(A),
and this implies that

diml(D) < b,(q) < B,(q) < Diml(D). (3.4)
In addition, according to L. Olsen results ([21]) It is possible to define a
probability measure V, on Q; such that V,([n]) = pf; ...pz”;wfm for all
n € (. Next, we introduce the probability measure v, on D by vy =7V, © n L.
It shows immediately that v,(D,) = pf;l ...pZ”;wf: (q), for all n € Q. After, we

use simple calculations to obtain that 7,7 (D) > 0, Vq € R¥. Then
B(q) < dim{(D). (3.5)
It is generally acknowledged that a self-similar measure is a doubling

measure. Since Vv is a vector-valued measure composed of a self-similar
measures, we use the same arguments as in [22] but in the mixed case to obtain

Dimi(D) < T(D). (3.6)

Combining inequalities (3.3), (3.4), (3.5) and (3.6) we show the desired
result.
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The next point to deal with in this paper is proving that the upper mixed
multifractal box-dimension of the overlaps is strictly inferior to the mixed
multifractal Hausdorff dimension.

Theorem 3: Suppose that (Sy, ..., S;) fulfills the (OSC). Let q € R¥.
(1) For n, m € 2 with |n| = |m| and n # m, we obtain

T(5(D) N Sw(D) < ¥(@) < B(@) = TH(D).
@ Dimd (Us Upizpmi=e Sn(D) 1 (D)) < ¥(@) < B(@) = Dim$(D),

(3 dimd (Ue Upispmi=e $2@) 0 50(D)) < ¥(@) < f(@) = dim(D).
@ b (Ut Upizimiee Sa(D) 1 5u(D)) < ¥(@) < B@) = by(@).
() B (Ur Upicimi=e $2(D) N Su(D)) < ¥(@) < (@) = By ().

4. Proof of Theorem 3

In order to establish our main result Theorem 3, we need some technical
lemmas.

Lemma 1: [20] Suppose that (Sy, ..., Sp) fulfills the (OSC). Let t € N such that
&, #Q and define ¢, as stated in (3.2). If n=(ng..,ny)m=
(M4, e, M) € 2 with ny # my and dist(S,(D), Su(D)) < crwy, then

‘pt < (nz, ...,n|n|).

Lemma 2: [14] Let w,a,b > 0. Consider the collection of subsets (U,), of
R?. Suppose that every set U, includes B,which is a closed ball of radius a w
also is included within a closed ball of radius b w under the condition that
B, NB,, =0, a #m.Asaresult, forall h > 0 and z € R?,

{a|U, N B(z, h w) # 0} < (h + 2b)*a?.

Lemma 3: [12] Suppose that (S, ..., Sp) fulfills the (OSC). Then
vm(Sn(D)) =Pmn forallne and m=1,.. k.
For q € R* and n,m € 2 with [n| = |m| and w > 0, we define
Qnm(@) = M, (Sn(D) N B(Sm(D), w)),

where B(A, w) = {z|dist(z, A) < w} with A € R* and w > 0.
In addition, for w > 0 write

QUw) = {n € 2|w, diam (D) < w < Wy -1 diam (D)}.

Proposition 3: Suppose that (S, ..,S,) satisfies the (OSC). Fix q € R¥.
Consider t € N where @, # 0. Let n, m€ Q2 with n#m and |n|=|m| =
t. Then there is a constant K > 0, such that
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Qg,m(w) =X Zw/diam (}'T:))swl pfi p}i”;
DLz

Proof: Let T =diam (D), wpyip = Mini=;_,w; and wpg, = MaX;=; _pw; .
Let w > 0 and define F as an w-separated subset of S,(D) N B(S;,(D), w).
For each z € F we can select A(z) € Q(w) that satisfies z € 53, (D), which
implies that
SanyD) EB(z, w)NDE U jeqry  $2(D),
dist(z,53(D))sw
forall z € F, thus
v (B(z, 0)) ... v (B(z, w)) T <
Vl(SA(Z)(D))ql ...Vk(SA(Z)(D))qk, for q € R’i (41)

-(N-1)
max

Let ¢; be as in (3.2), now take N € N such that w

—(t-1) .
min - We clearly have by using [20],

IfzeF, A=A, ..., ) € Q(w) and
dist(z, $)(D)) < w, then @, Z (Apsq, s Aaj-n)- 4.2)
Due to the fact that F is w-separated and W contains a ball of radius p;,
then this suggests the existence of (By,),cr as a family of balls that are pairwise
disjoint and with radii equal to min((wy,/T)p1, 1)w such that

U ieary  Sa(W) contains B,,.
dist(y,53(D)sw

Moreover, U jeapy  Sa(W) is enclosed within a ball of radius
dist(y,53(D))sw

w + maxyeqrdiam (§;(W)) < (1+ p,/T)w . Since §3(D) € §;(W), by
making use Lemma 2 we obtain

‘{y € F| (U 2€0(w) 51@)) N (U 2€0(r) ‘SA(D)) * Q)}’

dist(y,53(D)sw dist(z,53(D))sw

{yeTwQJ 2600) &@W)nB(a(1+%>w)¢¢H

dist(y,53(D))=w

>2T ¢t

forall z € F with C3 = (((1 + po/T) + 2(1 + p,/T))/min(wmi /Tp1, 1))%.
Whence by (4.2)
Yzer 2 aea@) Vi(Sa(D)M ..vi(8§x(D))* <

dist(z,5)(D))sw
C3Y  ieq(w) V1(S2(D)N ... v (S2(D)) %, (4.3)
PZ2(At 41,442 d—N)
for q € RE.
Combining (4.1), (4.3) and Lemma 2, we obtain

Yzer Vi(B(z, 0)) ... vie(B(z, w))
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< 2zer Vi(San (D) v (Sa) (D))
S 2zer X genw)  Vi(Sa(D)) ..vi(S1(D))k
dist(z,53(D)sw
< C3Y  aeow) V1(S2(D)N ... vi (S2(D)) U
PrZ(At+1,44(2|-N)
<

C’3 Zw/diam (D)Sw1t+1---1|z|—1v pl,l pk,l
PtZ(At 4142 -N)

q1 qk
- C’3 Z|u|=t Z|v|=N Zw/diam (D)sa)h pl,uhv '"pk,uhv
t+N q1 t+N dk
< 63 n (nzllaxgpl- pk n) Zw/dlam (D)<wh p1 h " pk,h'

and the result yields.

Proposition 4: Suppose that (S, ...,S,) satisfies the (OSC). Let g € R¥ and
t € N such that @, # @. Then there is K > 0, such that

Zwsw" pf,n pkk < jC(U—yr(q) for all w > 0.

DL2n

Proof: Define the functions f, g : (0, ) = [0, o) by
f(w) = Z%sg,, Pin P and g(w) = 0" @f (w).
t&n

Write § = (min,—; _,w,)". If 0 < w < §, then

— q1 qk
f(w) = Z|n|:t Zwswit Pint - pk,nt
nedg D2nt
q1 dk
< Zlnl:t p1,n panw" WSw¢ p1 t" pk,t
ned D2t

= Z|n|=t Pf,n Pknf(w tw).
ng¢dt

Then, for all 0 < w < § we obtain

9@) S Tper Ply Do wft @ (w7 @) @ f (wp ' w)
néde

= Zinee P Dk 0k @ g(wptw).

ngd¢
Let A = (max,—,__,w,)", by making use the previous inequality also the
definition of y,(q) it follows that, if
0 < b < 4§, consequently

sup g(@) < sup Ypmer PIy e pE 0l P g(wptw)
bAsw<S bAsw<8 ngdt
< et P p ”(‘”supg(n)
neds bsn
= supg(m).
bsn

Finally, we get
sup g(w) < supg(m).
bAsw bsn
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This suggests the existence of € > 0 for which
" @Df(w)=g(w)<C, V w>0.

Return now towards the demonstration of Theorem 3.

Proof: Let t € N such that &, # @. Fix n, m € 2 with [n| = |m| =t and
n # m, it can be inferred from propositions 3 and 4 that there is a constant
K > 0 satisfying

Q6 (W) K 0@, Vo > 0. (4.4)

Since Myl ,(8,(D) N Sp(D)) < QF (w) forall w >0, by using (4.4)
we have

q
?3(5,[('2)) n Sm(‘D)) < lim Supw
w—0 —logw
< limsup e
w-0 —logw
= v:(q)-

Let { € N and p > 0 be as in Besicovitch’s Covering Theorem [20]. Let

€>0.Let 0 <d < p and consider (B(z,, w,)), as a centered § —packing of
Sa(D) NS, (D). Write p; = zL for L€ N.If n, [ € N suchthat p;;; < w, <

-1
Py, it can be concluded from the definition of sequence (p;); that
Qup)"t@*e < Cepl*P** and  (2w,)"t@*E < Copl O, (4.5)
where G, = 2Vt@+emax(1, 20 t@+e)),
Next, let €N, since |z, —2zZy| > w,+ @y = 20141 =p;, YN #
m with p;; S w, <p; and p;y1 < w,, <p;. The wuse of Besicovitch's

Covering Theorem (see [22]) on the collection {B(z,, p;) | pi+1 < w, < pi}
allows us the existance of { subfamilies 111""'Il< of {n | pry1 < w, < pi}

such that {n | p4; < w, <pi} = Uy Iy and B(zn, p1) NB(Zm, p1) =0,
for all n, me Iy with n # m. We conclude that

Yorrswn<or Vi(BEns pO)T Vi (B(2n, 1))

< 2oy Tnery Vi(B(En pO)M Vi (B(zn, p1))k
Yo M, (8.(D) N B(S,(D), p))
(ML, (S2(D) N B(Sw(D), p)),

IA

forall l €N and q € R,
It now follows from (4.4), (4.5) and the previous inequality that

Zn Vl(B(va wn))q1 '--VZ(B(Zn: wn))qk(zwn)n(qHS
=2 Zpl+1smn<pl V1(B(Zn, wn))?t .. v (B(zp, wn))qk(zwn)]/t(q)_'-g

< Co Xt Yprson<py Vi(BZny Prea))? Vi (B(Zn, pra1))kpl ™

< Co Y ME,  (Su(D) NB(Sm(D), prsa))pytP*e
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< Co ¢ X ol QR o))
<G IKY, plyt(q)ﬂpl—y(q)
= Co {K S 5oy
= Cy (K S 6¢
= A5°,
where A = C, {.‘Kz:—: < 00,

We therefore deduce that

53,'?(‘””(5,1(1)) NS (D)) < A6,

and
0 < HM DS (D) N S (D)) < PYD*E(S, (D) N S(D)) = 0.
In addition, for all q € R¥, we have
HIVDE (S (D) N Su(D)) < HIT DS, (D) 0 Su(D))
< BPT(S,(D) N S (D))
< PI@re(s (D) N Sp(D)).

This achieves the proof of Theorem 3.
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