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Abstract

In this paper, we introduce the concept of fuzzy statistical convergent in norm (Fsc!-
Convergent) and (Fsc}-Cauchy) for sequence in fuzzy normed Riesz spaces (FNRS) and study
some outcomes related to these notions and we have established a number of its properties.
also we see that a sequence be a FS-convergent in norm if and only if there exist a subsequence

convergent to x,. So we proved that a fuzzy c-complete Riesz space & with the Fsc'-Norm is

order continuous it’s equivalent to every increasing with bounded above is Fsc}-convergent.

And note every Fsc!-Cauchy sequence is Convergent to an element T, € &. Thus, we verified

that & is a (BFRS).
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1. Introduction

In 1951 through the works of Fast [1], Steinhaus [2], and Schoenberg [3].
Since then, the idea has been adapted to several settings-such as locally convex
spaces [4], probabilistic normed spaces [5,6], intuitionistic fuzzy normed spaces
(including the developments of Albayrak and Pehlivan) [7,8], and locally solid
Riesz spaces (LSRS) [9]. A Riesz space, introduced by Riesz in 1928 [10], is a
lattice-ordered vector space and underpins applications in measure theory,
operator theory, optimization, and economics [11]. Its fuzzy counterpart-often
called a fuzzy Riesz space-has been analyzed and characterized in a number of
studies [12,15-22]. In this paper, we propose the notion of FS-convergence in
norm within F-Riesz spaces, establish foundational properties, and derive
several related results. We also show that a sequence is FS-convergent in norm
if and only if it possesses a subsequence that converges in norm to the same
limit. T,. So we proved that a F-o-complete Riesz space & with the Fsc}-Norm
is order continuous it's equivalent to every increasing with bounded above is
Fscl-convergent. And note everyFscl-Cauchy sequence isFscl-Convergent to
an element T, € &. Thus, we verified that S is a BFRS.

Definition 1 [12]: An F-order on a crisp set Gis a fuzzy C of © X & With the
following properties achieved.

(i) V xeS,Q(T,T) = 1 reflexivity,

(i) VT ,WeS, Q(T,W)+ Q(W,T) > 1implies, T = W anti-symmetry,

(i) ¥V T,W,ze,Q(T,W) = Vyyex[Q(T, W) A Q(W, 2)],where Q: & x & —
[0,1], is a function of the fuzzy C of © X &. A set with a specific F- order
is called a fuzzy ordered set(fos).

Proposition 1 [12]: If H € .

(1) supH,ifitIsupd, it is unique.

(i) infH,ifit 3 infH, it is unique.

Notation 1 [11]: T vV W = sup{T,T}and T AW = inf{T,W}.

Definition 2 [13]: An(real)linear space S is said to be an FOLS ifS meets the

following terms.

() HT,We& STthe Q(T,W)>> then Q(T,W)<Q(T+T,W+
T), for aliTe G,

(i) IfT ,We STthe Q(T, W) >~ then Q(T,W) < ¢(aT,aW), for all 0 <
ae R,

Definition 3 [14]: A positive part of element Te S is T, = TVO0, the negative
partT_ = (—=T)VO0 and the absolute of T is |T| =TV —T.

Theorem 1 [14]: [n a FRS, the following properties:
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@ QT +w|ITI+|W|) >,
(i) laT| = |al|T],

i) O (|ir1 = |wl|.|r - w[) >3,
(iv) |T—=W|=(TVW) - (TAW).

2. Main Result

This section establishes fundamental theorems on the behavior of fuzzy
statistical convergence in norm within fuzzy normed Riesz spaces (FNRS). In
addition, we demonstrate that a fuzzy Riesz space qualifies as a BFRS.

Definition 5 [16]: Let G be a real FRS and ||. ||: © - &. Then the F-Riesz norm
satisfying the following condition for every T,W € R,Q(|T|, |W|) > % implies
oqITIL WD > % Binary (S, [|]]) is called a FN-Riesz space( for short,
FNRS). A NRS which is also a B-space its termed a BF-Riesz space BFRS.

Definition 6: Let (G, ||. ||) be a FNRS. A sequence (7)) jey in© is said to be FS-
convergent in norm to T, € & (in short Fscl-convergent). Provided that each

€> 0, the set {j € N: Q(e, ||TI - T0||) > %}, i.e., for eache> 0, limn_,ooﬂ{j
N:Q(e, ||T1 - T0||) > %}| = 0,has natural density zero.And thus we will get

Fisc),
X; —— X, -

Definition 7: The sequence (Tj);ey of elements of FRS & is said to fuzzy
statistically Cauchy (in short, Fs¢! -Cauchy) if for every €> 0, there exist
positive integerJt so that each j, k = 9t the set {j,k € N: Q(e, ||TI - Tk||) > %}
has natural density zero.

Definition 8 [13]:

(i) A for & is called F-lattice(F-lattice) if V the finite F € & have supremums
and infimums.

(ii)) A F-lattice S is said that complete if V F € of G has sup and inf.

(iii) An F-lattice G is said that ¢ -complete if each countable subset has sup
and inf.

Theorem 2: Let © be a FNRS, (Tj) jen and (¥;)jen be two sequences of points
inS. Then

. ol Fscy Fscy
H If x,—=>x, andW;——W,, then T;jVW; ——T, VW, and

Fscy
7}‘ /\ M/] —)TO A Wo.
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F sc,l, Fsc,',

11 Fsc, + + - - Fsc)
(i) Ifx,—8%>x,, then x; Xy X; x, and |xj|—>|x0|.

- Fsch
(iii) If x,—2% 5y, W) —— W, andTj L W then T, L Wy,
1 Fscy
(iv) If x,—2% 5y and Ty —— Wy, then T, = W

Proof:
1

(i) Suppose that x_/.ﬂl—mo and W; l W,. Then for every €> 0 the
sets, {j € N: Q(e, ||T] — T0||) > 2} and {j € N: Q(E, ||WI — W0||) > %} have
natural density zero (respectively). we have for every €> 0 the set
{j € N: Q(E, ||TI - T0||V||Wi - W”) > ;} Accordingly, we can write for
every €> 0, {i € N:Q(e, |1, v W = To v Wo||) > 3} < {i e N: 0 (e ||T; -
T0||V||Wj - W0||) > ;}, since the set on the right-hand has natural density
zero. Therefore the set {j € N: Q(E, ||T] VW, =T,V WOlD > %} has natural

Fsci
density zero. Hence we have T; V W — Ty vV W,.

Fscy

Similarly, T; A Wy —— Ty A W,

(i) Assume that x;, Ld)xo, then for every €> 0 the set {j eEN: Q(e, ||TI -
T0||) > %} has natural density zero. To prove the first statement,
x; il—))cg Since it permitted that the set {j € N: Q(e, ||T]Jr - T0+||) >
%} be a subset of {j € N: Q(e, ||TI — TO||) > %}, for every €> 0. From this
we have that § {j eN:Q(e || - T5H||) > ;} = 0. Hence x; Byt
Similarly, we can obtained assertion x; il"—>x(§ . On the other hand, to
prove the assertion|xj|L'l’>|x0|. Now from the relation{j €
N: Q(e, |||TI| — |T0|||) > %} c {j € N: Q(e, ||TI — TO||) > %} where €> 0,
implies the set {j €N: Q(e, |||TI| - |T0|||) > %} has natural density zero.

Hence the desired result follows now.

Fsck

(iif) Let x; Fse, Xy> Wj Wy and x; L W;. Then by using (ii), we have

1
that |xj|L']'>|xo| and |Wj| e, |[Wo| respectively. Also by using the

Fsch
second part of hypothesis (i), we have |x]-| A |W]| — |xo] A [W,|. Since

|TI| A |WI| = 0. Then, we get x, L W,.
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1
(iv) Let x/.L"'l’)xo, T, —>W0 Then for every €> 0, we have the

sets{j e N: Q(e, ||TI - T0||) > ;} and {j e N: Q(e, ||TI - W0||) > %} Then
we can write {j € N:Q(O || i — T0|| - ||T - W0||) > l} Also we know
{ien:Q(|lIT - |l - ||T Wolll. ITo = 75 + T; = W |l) > 3}. 1t follows
that (.2(0, 1Ty — Woll) > E' Hence Ty = W,,.

Theorem 3: Assume that S be a FNRS (M) jen» W))ien and (zj)ien be three
sequences of points inS STQ( i J) > = Q( zj) > % VieN ij;%',)xo

Fsc 1
andz, —"*% 5 x, then W, T,

Proof: Since x;, —Ba yy, and z, —Ba 4, then Vy€> 0, we have the sets
a={ieNn:0(Ir-7|.5) >} and B={ieN:Q([lz—To|.5)>1} has
natural density 1. Consequently, A+ B = {j €N:Q ( ||T] - T0|| + ”Zi -
T, f) 1} Also from condition (i) of the Definition 2 it follows that if
( i ]) > - and Q( Z]) > then we have Q('I} —To,W; — Tp) >% and
Q(Wj - TO,Z]- —Tp) > E' Thereby we can write the set {j € N: Q(”W1 -
T0||, ||T] - T0|| + ”Zi - T0||) > %} From this set and the set A + B implies that
for every €> 0, the set {j € N:Q( ||W] - T0||,6) > é} has natural density 1.
Thus Wj FS—C%> To.
Theorem 5: Assume that & be a FNRS. A sequence (T;);ey be a F'S-convergent
in norm if and only if the following condition is satisfied:

For everye> 0, the set{j,i € N: Q(e ||T ||) > 1}has natural density

zero,where (T},)ienis a subsequence of(7}) jeysuch that hmxj =x,, t.e. ||T

1—00

T0|| =0,1—> oo.
Proof: Assume that (T;);ey be a FS-convergent in norm. To prove for every
€ > 0, the set {j,i € N: Q(e, ||T] - Th”) > i} has natural density zero. Now by

using Definition 6 of a sequence (T}) ey to an element X ,, we have that for
every €> 0, the set

fieNi(e |- 1ofl) >3} @

has natural density zero. Thereby, we can write
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iien:0@eln-Tl) >3} ={ieN:0Qe Ty - T, + Ty - To[]) > 3}
= {ise N:0(2¢,||(1; - To) + (T — 1)) > 3}
<{jema(elln -1l >+ (e telin - 1) >
< max|{i e N:Q(e |1, - To|l) > 3} {i € N:Q(e || To = 13 ]]) > 3}
by using(2)we have,

< max[0,{i € N: 0(e,||T;, - To|]) > 3} (3)

From this we have that limx, =x,. Now (T})en is convergent, also can

1—00
be show that (Tj);en is FS-convergent in norm. It further implies that for every
€> 0, the set

{ien:Q(e |1, - Tol) >3} (4)
has natural density zero. Then from (3) and (4) we have for every €> 0, the set
{j, i €N: Q(e, ||T] — Th”) > %} has natural density zero.

Conversely, suppose for every €> 0, the set

iien:geln -7l >3 ®)

has natural density zero.

Now to prove that the sequence (7j,);en be a FS-convergent in norm. Let
us consider €> 0, the set

. 1 . 1

fiien0Geln-nl) >3} ={iieN:0@en -7, + 1, - 7o) > 5}
. 1 . 1
<ien:0eln -nl) >3} +{iendeln, - ) > 5}

. 1 . 1
< max [[jie v e I - nill) > S} { i e wd(elin, - o) > 5]
by using(5)we have,
< max [0, {i € N: Q(e, ||Th - T0||) > %}] by using implies for everye> 0,
the set {j € N: Q(Ze, ||T, - T0||) > %} has natural density zero. Hence(T;);en is

FS-convergent in norm.

Theorem 8: On a BFRS & if everyFscl-Cauchy sequence isFscl-Convergent to
an element Ty € G.

Proof: Suppose a sequence (T});ey be Fscy-Cauchy. Now to show that (T})ien
be Fscl-Convergent. Assume that(T;) jey is not convergent to an element
Xo € G. Then there exist a positive integer P STfor everyj, KX = B, the set

{j,.’IC EN: Q(e, ||T} — TK” ) > %} for every €> 0, has natural density zero. Also
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we can write for every €> 0 the set {j,?( eN:Q(||T; — Tc||. €) > %} has
natural density 1. In particular, we can write Q(”T] - TK“, 2||TI - T0||) > % and

If Q(”T] - T0||,§) > % But (T}) jen is not convergent, means that the set
{j € N: Q( €, ||TI — T0||) > %} for every €> 0, has natural density 1, i.e., the set
{j € N: Q( ||TI - T0||, e) > %} for every€> 0, has natural density zero. By using
(6), we see that the set {j,?( € N:Q( ||T] - TK“,E) > %} has natural density
zero, i.e., the set {j,?( € N: Q( €, ||TI — Tx”) > %} has natural density 1. This

contradicts our assumption and therefore (T);ey isFscy-convergent. Thus, we
have that G is BFRS.

Definition 9: A F-norm ||| in & is called F-order continuous if for any(T;);ey of

element in & with x; 1., 0 implies that|| x; |l EEENGY

Theorem 9: A real sequence (T;)jey is FS-convergent in norm to an
elementTy € G if and only if there exists a subset F ={j; <j, <--}cN
STS(F) =1 and]l_irgTj =T,.

jEF
Proof: Let (T}) jen be a FS-convergent in norm to Ty. Put

fien:o G 17 = Tol|) >

F={ieN:Q (3|7 - Tol) >3} and H,

A (=123,..). Then 6(F) = 0,
Hy D Hy> D HjDHjq D )
and S(H)=1,1=1,23,.. (8)

Now we have to show that for j € H, that (T});ey is convergent toT,.
Suppose that (7}) ey is not convergent to Ty. Therefore there is €> 0 such
thatQ(E, ||T] - T0||) > % for infinitely many terms. Let H, = {j € N: Q( ||T] -
Tl €) > %} and (%e) >2,(1=1,2,3,....). Then §(H,) =0 and by (7),
H, > H.. Hence &8(H;) =0 which contradicts (8). Therefore (T})jen is
convergent to T.

Conversely, suppose that exists a subset F={j; <j,<--}cN
STS(F) = 0 and mTj =Ty, i.e., thereis P ENSTVe>0, Q(||T) — Tol|. €) >

jeF
Vi =B Now F ={j € N:Q(e |7, = Toll) >3} € N = (s <z < )
therefore Q( §(F.),0) > % Hence (T}) jey is FS- convergent in norm to Tj.
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