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Abstract
This paper investigates two nonlinear Black-Scholes models, which are fundamental 

in options pricing under conditions where market volatility is non-constant. To address the 
inherent complexity in these models, a regime-switching approach is employed, decomposing 
each model into a system of differential equations, with each equation representing a distinct 
market regime. Leveraging Lie group algebra, we derive exact analytical solutions for the 
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equations within this system, providing critical insights into the model dynamics under 
various regimes. Numerical solutions are obtained using the Chebyshev spectral method, 
a high-precision approach known for its efficiency in solving differential equations to 
complement the analytical results.
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1. Introduction 
In general, the calculation of option’s prices turned into one of the 

foundational and cornerstone branches of financial mathematics that offers crucial 
instruments necessary for managing and hedging various risks linked with 
fluctuating markets. As for these instruments, contingent claims, especially 
options, can be considered as effective tools for taking out the risk cover off the 
investments and making them more accessible to those investors who would 
otherwise be unable to take the risk. The most basic known Black-Scholes model 
gotten in the 1970s tops every one of these as they provided a systematic approach 
in an organized approach that is still a popular model widely used for pricing 
European options in various financial settings like France and Australia. However, 
the generic Black-Scholes model is flawed due to numerous market assumptions 
that include free and fast trading and stead state price volatility. 

Market conditions often deviate significantly from the assumptions 
underlying classical models, leading to their failure in scenarios involving 
stochastic volatility or transaction costs [6]. To address these challenges, 
numerous extensions of the Black-Scholes model have been proposed. For 
example, the double Heston model and its variant incorporating jumps have been 
utilized to study power option pricing under stochastic volatility [5]. Other 
modifications introduce nonlinearities to better reflect market realities; for 
instance, [7] derives analytical solutions and Greek parameters for nonlinear 
Black-Scholes systems, while [8] presents particular solutions for reduced 
nonlinear models. 

A major limitation of the traditional Black-Scholes model is its assumption 
of a frictionless market—namely, the absence of transaction costs and the 
constancy of market dynamics. However, real markets with transaction costs 
exhibit time-varying drift and volatility parameters, which align more closely with 
the observed variability in option price volatilities. To address these discrepancies, 
this study replaces the classical Black-Scholes model with a nonlinear framework 
that accounts for transaction costs. By incorporating advanced methods from 
stochastic analysis and Lie group theory, we aim to rigorously analyze these 
models and derive solutions within the framework of nonlinear Black-Scholes 
equations for European options. 

Lie group analysis has seen growing application in financial modeling, 
offering powerful techniques for simplifying and solving complex differential 
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equations that arise in options pricing models. This approach has been applied in 
numerous financial studies, as documented in [2, 3, 4, 12, 11, 13]. For instance, in 
[4], the fast Fourier transform is applied to model power option pricing in the 
global gold market under a fractional Heston framework, with profit and loss 
calculations for discrete intervals over the study period. 

In this paper, we focus on the Black-Scholes model which is a model that 
includes two assets; risk-free asset and risky asset which respectively have the 
following dynamics:  
                    (1) 
                      (2) 
where   is volatility of risky underlying assets  ,   interest rate ,    a standard 
Brownian motion and   is drift. The transaction price at time  ,  
                (3) 
 when the liquidity parameter      , shares valued at   are exchanged [7]. 

A parameterized model for the liquidity impacts of asset trading was created 
by Bakstein and Howison. They explored potential model extensions, such as 
stochastic liquidity, and conducted an empirical test of their model setup using 
high-frequency data of German blue chips [1]. 
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The above formula is known as the Cetin et al. model. 
This study assumes two nonlinear Black-Scholes models with two assets: a 

bond, which is assumed to be a risk-free and liquid asset, and an illiquid stock. 
Analytical solutions for the models under consideration are offered in this inquiry 
using instrumentals from stochastic analysis and Lie group analysis. This study 
examines two nonlinear Black-Scholes models involving two assets: a bond, 
assumed to be a risk-free, liquid asset, and an illiquid stock. Analytical solutions 
for these models are provided using tools from stochastic analysis and Lie group 
analysis. 

In this study, the numerical solutions of equations (4) and (5) are obtained 
using the Chebyshev Spectral Collocation (CSC) method. The method employs 
Chebyshev polynomials to approximate the equations, and the convergence of 
these approximations to the exact solutions is rigorously analyzed and 
demonstrated. 

This study consists of four sections. Section 2 presents the fundamental 
concepts of Lie symmetries. The reduction method is applied to yield symmetry 
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operators and to construct exact solutions. Section 3 uses the CSC technique to 
obtain numerical solutions for both equations, (4) and (5). 

2. Lie symmetry analysis 
Lie symmetry, also known as Lie group analysis, is a powerful method for 

determining exact solutions to systems of differential equations. A symmetry 
group of a differential equation is characterized as a set of transformations that 
preserve the solution space of the equation by mapping one solution to another [9]. 
Consider a system of differential equations where the dependent variables are 
        and the independent variables are      . For the considered equations, 
the infinitesimal Lie transformations are  

  

                          
                          
                            
                            

 

where    . The vector field associated with the aforementioned transformation 
group can be represented as 

               
 
                

 
                

 
   

              
 

   
   

For the order of equations (4) and (5) we apply the second prolongation of 
operator  
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 coefficients of prolongation expressed by 

  

                                
                                
                                       
                                       
                                       

 

The operators    and    denote the total derivatives with respect to   and 
 , respectively [9]. Applying the standard Lie symmetry technique, it is 
established that equation (4) admits a six-dimensional Lie group, with its 
symmetries defined by the following infinitesimal generators  

  

    
 
        

   
   

   
 

      
     

 
   

   
 

   
        

   
     

   
 

                    
 

   
                    

   
 

   
 

                      
   

                     
   

 
   

 

 

 Similarly, for equations (5)  
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is the foundation for generators of symmetry. 

2.1 Reduced equations for eq. (4) 
This section provides reduced form and exact solutions for the eq. (4) using 

the symmetries' retrieved invariants.  
1. Integrating the group of trajectories, the classical similarity solution of (4) 

for generator    is achieved.  

    
                              

 for each trajectory,   serves as a parameter. The invariant transformations 
obtained from the above integrations,    ,         and         
are substituted into (4). 

   
   

                                    (7) 

   
   

                                    
2. Consider the generator     Integrating the group of trajectories, the 

traditional similarity solution of (4) is obtained.  

    
                     

   
       

    is a parameter along the paths. The invariant transformations of this system 
are                    ,     , and    . After incorporating the 
modifications into (4),  
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 changing variables yields  
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)  (8) 

                                       (9) 
 Figure 1 show the process of changing the above answers in an example.  
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Figure 1 

Plots for (8) and (9) with                     and       . 
 
The one-parameter group of the generators can yield additional solutions 

derived from equation (8). 
The flow                       ̅  ̅  ̅   ̅   is  

  
  ̅     ̅    
  ̅        
  ̅        

 (10) 

Upon substituting (8) into this flow, the non-trivial precise solution that 
follows is obtained. 

                  (           (          )
   

)  (11) 

                                          (12) 
Figure 2 show the process of changing the above answers in an example.  
 

 
Figure 2 

Plots for (11) and (12) with                            and      . 
 
The flow                       ̅  ̅  ̅   ̅   is  
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  ̅                        
  ̅                        
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 Adding (8) to the above flow yields  

                                  (   
        (          )

   
)  (14) 

                                
   

                              (15) 

Figure 3 show the process of changing the above answers in an example.  
 

 
Figure 3 

Plots for (14) and (15) with                                  and 
      . 

2.2 Reduced equations for (5) 
To determine an accurate solution for eq. (5), the same procedure is used.  
1. Integrating the group of trajectories, the classical similarity solution of (5) 

for generator     is achieved.  

    
                              

 for each trajectory,   serves as a parameter. The invariant transformations 
derived from the previous integrations are given by        ,        , 
and    . Substituting         and         into equation (5) 
provides solutions within this invariant framework.  

  
 
   

                         
 
   

                         
 (16) 

2. A different approach would be to look at the generator    . Thus, integrating 
the group of trajectories, the conventional similarity solution of (5) may be 
achieved.  
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   is a parameter along the paths. The invariant transformations from the 
foregoing integrations are                    ,      and    . 
Adding     and      to (5)  
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 changing variables  
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 Using the one-parameter group for generators obtains another solutions. 
 Consider the flow of generator   

∗ as follows.  

  
  ̅     ̅    
  ̅        
  ̅        

 (19) 

 The following non-trivial solution is provided by this case.  
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                                          (21) 
 Consider the following flow of generator   

∗.  
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Figure 4 

Plots for (23) and (24) with                            and      . 
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 This situation yields non-trivial solution  

                                 (   
        (          )

   
)  (23) 

          
                     

   
                              (24) 

 Figure 4 show the process of changing the above answers in an example.  

3. Numerical simulation with the CSC method 
 One of the most effective and widely used techniques for solving 

differential equations is the Chebyshev Spectral Collocation (CSC) method, 
known for its higher accuracy compared to alternative approaches. This method 
employs Chebyshev polynomials to approximate the solutions of differential 
equations. For discretizing equations (4) and (5), the CSC method utilizes 
collocation points within the interval        [10]. The variables   and   in 
system (4) (or (5)) are transformed to correspond to this interval, enabling the 
application of the CSC method.  
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The Chebyshev-Gauss-Lobatto (CGL) points are defined within the interval 
      .  

    ̅    ̅     (      
 )  (29) 

for          .   ̅ ( or   ̅) are solutions of     ̅     
  ̅  where       is the 

Chebyshev polynomial of order   [14].  
      ̅              ̅    (30) 
where          ,  ̅        . Substituting CGL points into (30),  
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Take an approximation of the (27).  
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Take notations   ̅
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Figure 5 

Plots of CSC method for Bakstein and Howison model with                
                  and      . 
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   ̅         ̅   
   ̅         ̅  (38) 
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   ̅         ̅   
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for           and        . The coefficients  ̅    and  ̅    are obtained 
substituting the aforementioned system with (4) (or (5)). Ultimately, the 
approximation polynomials           and           are given 

 

 
Figure 6 

Plots of CSC method for Cetin et'al model with                           
and      . 

 
Figures 5 and 6 are numerical examples of the CSC method for Bakstein and 

Howison and Cetin et'al models, respectively. The convergence of the CSC 
method has been studied in numerous articles, so its repetition has been avoided. 

4. Conclusion 
It is evident that financial markets therefore tend to be unpredictable by 

nature and trends may be determined by changing economic, political and social 
events. The structural choice model can capture these volatilities through the 
regime-switching models, and transaction costs also improve the options pricing. 
This work concerned a system of nonlinear partial differential equations obtained 
from a regime-switching model with transaction costs. In particular, we 
considered a nonlinear regime-switching model based on Black-Scholes model. 
Reducing the equations order and using Lie symmetry methods, we have arrived at 
analytical solutions consequently. Furthermore, computational experiments 
involving the application of the Chebyshev pseudo-spectral method for numerical 
integration of the Keller–Miksis equations were conducted, and the efficiency of 
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the idea under consideration was studied in detail. Thus, these results serve to 
enhance the knowledge regarding price determination under the transformation 
from transaction cost and shifts in regimes in financial markets.  
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