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Abstract

This paper investigates two nonlinear Black-Scholes models, which are fundamental
in options pricing under conditions where market volatility is non-constant. To address the
inherent complexity in these models, a regime-switching approach is employed, decomposing
each model into a system of differential equations, with each equation representing a distinct
market regime. Leveraging Lie group algebra, we derive exact analytical solutions for the
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equations within this system, providing critical insights into the model dynamics under
various regimes. Numerical solutions are obtained using the Chebyshev spectral method,
a high-precision approach known for its efficiency in solving differential equations to
complement the analytical results.

Subject Classification (2020): 17Bxx, 58]70, 65M70.

Keywords: Nonlinear black-scholes model, Regime switching model, Lie group algebra, Chebyshev
spectral collocation.

1. Introduction

In general, the calculation of option’s prices turned into one of the
foundational and cornerstone branches of financial mathematics that offers crucial
instruments necessary for managing and hedging various risks linked with
fluctuating markets. As for these instruments, contingent claims, especially
options, can be considered as effective tools for taking out the risk cover off the
investments and making them more accessible to those investors who would
otherwise be unable to take the risk. The most basic known Black-Scholes model
gotten in the 1970s tops every one of these as they provided a systematic approach
in an organized approach that is still a popular model widely used for pricing
European options in various financial settings like France and Australia. However,
the generic Black-Scholes model is flawed due to numerous market assumptions
that include free and fast trading and stead state price volatility.

Market conditions often deviate significantly from the assumptions
underlying classical models, leading to their failure in scenarios involving
stochastic volatility or transaction costs [6]. To address these challenges,
numerous extensions of the Black-Scholes model have been proposed. For
example, the double Heston model and its variant incorporating jumps have been
utilized to study power option pricing under stochastic volatility [5]. Other
modifications introduce nonlinearities to better reflect market realities; for
instance, [7] derives analytical solutions and Greek parameters for nonlinear
Black-Scholes systems, while [8] presents particular solutions for reduced
nonlinear models.

A major limitation of the traditional Black-Scholes model is its assumption
of a frictionless market—namely, the absence of transaction costs and the
constancy of market dynamics. However, real markets with transaction costs
exhibit time-varying drift and volatility parameters, which align more closely with
the observed variability in option price volatilities. To address these discrepancies,
this study replaces the classical Black-Scholes model with a nonlinear framework
that accounts for transaction costs. By incorporating advanced methods from
stochastic analysis and Lie group theory, we aim to rigorously analyze these
models and derive solutions within the framework of nonlinear Black-Scholes
equations for European options.

Lie group analysis has seen growing application in financial modeling,
offering powerful techniques for simplifying and solving complex differential
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equations that arise in options pricing models. This approach has been applied in
numerous financial studies, as documented in [2, 3, 4, 12, 11, 13]. For instance, in
[4], the fast Fourier transform is applied to model power option pricing in the
global gold market under a fractional Heston framework, with profit and loss
calculations for discrete intervals over the study period.

In this paper, we focus on the Black-Scholes model which is a model that
includes two assets; risk-free asset and risky asset which respectively have the
following dynamics:

dB; = rB;dt,B(0) =1, (1)

dSt = HStdt + GStth, (2)

where ¢ is volatility of risky underlying assets S, r interest rate , W, a standard
Brownian motion and y is drift. The transaction price at time t,

Se(a) = ePeS?, 3)

when the liquidity parameter 0 < p < 1, shares valued at a are exchanged [7].

A parameterized model for the liquidity impacts of asset trading was created

by Bakstein and Howison. They explored potential model extensions, such as

stochastic liquidity, and conducted an empirical test of their model setup using
high-frequency data of German blue chips [1].

au 0%u

Zh 4 2ozs2 2 T0) 42Uy = U - U), @)
au 0°U. 0%u

22 + 2525 aS;(1+2 SZ2) + 1522~ 1U, = gy (U, — Uy),

o represents volatility, p 2 0, represents the liquidity parameter, and for
r =0,

aou U 0°U

—, T 50i8? 6521 (1 +2pS 0521) =q12(U; = Uy), (5)
au 02U
a—: 2 252 L2 (14 2p5 22) = g, (U, - Uy).

The above formula is known as the Cetln et al. model.

This study assumes two nonlinear Black-Scholes models with two assets: a
bond, which is assumed to be a risk-free and liquid asset, and an illiquid stock.
Analytical solutions for the models under consideration are offered in this inquiry
using instrumentals from stochastic analysis and Lie group analysis. This study
examines two nonlinear Black-Scholes models involving two assets: a bond,
assumed to be a risk-free, liquid asset, and an illiquid stock. Analytical solutions
for these models are provided using tools from stochastic analysis and Lie group
analysis.

In this study, the numerical solutions of equations (4) and (5) are obtained
using the Chebyshev Spectral Collocation (CSC) method. The method employs
Chebyshev polynomials to approximate the equations, and the convergence of
these approximations to the exact solutions is rigorously analyzed and
demonstrated.

This study consists of four sections. Section 2 presents the fundamental
concepts of Lie symmetries. The reduction method is applied to yield symmetry
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operators and to construct exact solutions. Section 3 uses the CSC technique to
obtain numerical solutions for both equations, (4) and (5).

2. Lie symmetry analysis

Lie symmetry, also known as Lie group analysis, is a powerful method for
determining exact solutions to systems of differential equations. A symmetry
group of a differential equation is characterized as a set of transformations that
preserve the solution space of the equation by mapping one solution to another [9].
Consider a system of differential equations where the dependent variables are
(uq,uy) and the independent variables are (S,t). For the considered equations,
the infinitesimal Lie transformations are

xS+ &€ (S tu,uy) + 0(2),

t e t+e&,(S, tug,uy) + 0(e?),

u; > ug +edy(S,tug,uy) + 0(e2),

Uy B Uy + 2P, (S, Uy, Uy) + O(2),
where € < 1. The vector field associated with the aforementioned transformation
group can be represented as

X=&(St, upuz) i £ (S8t upuz) T d1(S ¢, ul'uZ) + o, (5t upuz)

For the order of equations (4) and (5) we apply the second prolongatlon of
operator

@) — s 0 t 0 ss 4 tt_0

XD =X+ S S+ ' o+ 0% S+ 9 ¢

uss 3u5t ouee’

(6)
coefficients of prolongatlon expressed by

(bs Ds(d — $1us — Soue) + §1uSS + Suge,
= De(d — $1uy — Soup) + §1uSt + Suy,
q)ss = Ds(Ds(d — $1us — $our)) + §1uSSS + Sugse,
%t = Ds(De(d — &1us — §5u)) + EUSSE + &gy,
® = De(De(d — §1us — §up)) + §1uUStE + Supee.
The operators Dg and D, denote the total derivatives with respect to S and
t, respectively [9]. Applying the standard Lie symmetry technique, it is
established that equation (4) admits a six-dimensional Lie group, with its
symmetries defined by the following infinitesimal generators

X, = i,xz = si+5%.

X3 —S +u16 +uzaa X, = ertaiul-l_ertaiuz’

X5 = exp(t(q12 + 921))S 0_u1 - W%'

Xe = exp(t(q1z + q21 + 1)) % - qnexp(t(xzﬁqn”))%'

Similarly, for equations (5)
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s 0 e 0 L 0 i _ o0 L0 yi_ o0 9 9
X1 = at'XZ ~ ouy + 6u2'X3 - Sau1 +Sau2'X4 - 565+ U ou, T U ouy’
« {4 Sqz21exp(t(q12+4921)) 0
X5 =exp(t(qi2 + %1))5071 - qlzlz = o
* {4 q21exp(t(q12+921)) 0
X; = exp(t(quz + = AP taze)
6 p(t(q12 *+ 921)) 9, T1a 1,

is the foundation for generators of symmetry.

2.1 Reduced equations for eq. (4)

This section provides reduced form and exact solutions for the eq. (4) using
the symmetries' retrieved invariants.

1. Integrating the group of trajectories, the classical similarity solution of (4)
for generator X; is achieved.
as _ g dt g du_gdus o
de de de de
for each trajectory, & serves as a parameter. The invariant transformations
obtained from the above integrations, S =y, u; = f(y) and u, = g(y)

are substituted into (4).

o2y f"(1+ 2pyf") +Tyf =i = 402 (f — 9), (7

2 1

1 " !
-03y2g" (1 + 2pyg") +1yg' =195 = 421(9 — )

2. Consider the generator X;. Integrating the group of trajectories, the
traditional similarity solution of (4) is obtained.
as _ o at _ o duy duy

—L=y,—2=u
de 1 ge 2

de " de !
€ is a parameter along the paths. The invariant transformations of this system
are u; = f(y)e%, u, = g(y)e?, S = e?, and t = y. After incorporating the
modifications into (4),

f'e* — g1 (fe” — ge?) =0,

g'e” — gz (ge” — fe?) = 0.
So

fO) =C, — C2912exp(¥(q21+412))
- 1 )

q21
9() = C1 + Cexp(¥(Ga1 + 912))
changing variables yields

(5, ) = In(S) (€, — 2222 expg';(q””“))), 8)
U, (S, t) = In(S)(C; + CLexp(t(gz1 + q12)))- )

Figure 1 show the process of changing the above answers in an example.
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(a) u1(S,t) (b) ua(S,t)

Figure 1
Plots for (8) and (9) with q,, = 1,95, =2,C; = 0.1, and C, = 0.2.

The one-parameter group of the generators can yield additional solutions
derived from equation (8). B
The flow exp(AX,)(S,t,uy,uy) = (S, L, Uy, Uy) is

S=St=t,
U = AS +uy, (10)
ﬁz = }lS+u2.

Upon substituting (8) into this flow, the non-trivial precise solution that
follows is obtained.

u,(S,1) = 25 +In(5) (¢, — 2222 expgi"““’“))), (11)
U (S, t) = AS + In(S)(C; + CLexp(t(qz1 + G12)))- (12)

Figure 2 show the process of changing the above answers in an example.

(a) ui(S,t) (b) u2(S,1)

Figure 2
Plots for (11) and (12) with g = 1,42, = 2,€; = 0.1,C, = 0.2, and 1 = 0.2.

The ﬂOW eXp(lX6)(5, t, ul, uZ) = (§, _, ﬁl, az) iS
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S=St=t,
Uy = Aexp(t(qiz + g21 + 7)) + Uy, (13)
i, = __ Adz1exp(t(q12+421+7)) +u,.

q12

Adding (8) to the above flow yields
u1(S,6) = Aexp(t(guz + 421 + 1) +In(8) (¢, — 2022 latan)) =y

q21

A t
Uy (S, 0) = — MBI 1 In($)(C, + Cexp(t(dan + 412)))- (1)

Figure 3 show the process of changing the above answers in an example.

(a) uq1(S,t) (b) ua(S,t)
Figure 3
Plots for (14) and (15) with g1, = 1,421 =2, =0.1,C, =0.2,A= 0.2, and
r=0.05.

2.2 Reduced equations for (5)
To determine an accurate solution for eq. (5), the same procedure is used.
1. Integrating the group of trajectories, the classical similarity solution of (5)
for generator Xy is achieved.

as dt du du

== 0a=1% =05 =0
for each trajectory, € serves as a parameter. The invariant transformations
derived from the previous integrations are given by u; = f(y), u, = g(y),
and S =y. Substituting u; = f(y) and u, = g(y) into equation (5)
provides solutions within this invariant framework.

1 n 4
SofyA ' (L + 2pf") = quo(f — 9), 6
1 " n
~03y%9"(1+2pg") = 421(9 — )
2. A different approach would be to look at the generator X;. Thus, integrating
the group of trajectories, the conventional similarity solution of (5) may be
achieved.
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d_S P S’ﬂ P O'% e ul'% e uz’
de de de de
€ is a parameter along the paths. The invariant transformations from the
foregoing integrations are u; = f(y)e?,u, = g(y)e?, S=y, and t = z.
Adding t =y and S =e”? to (5)

f'e* — q12(fe* — ge*) =0,

g'e? —q21(ge* — fe*) = 0.
So

fy)=C, — CZCI129XPE;;(1CI21+CI12))’

9g) = G + Cexp(¥(q21 + q12)),
changing variables

w, (S, £) = In(S) (Cl _ G412 EXPgt(qz1+Q12)))' (17)
u,(S, ) = In(S)(C1 + Cexp(t(gz1 + q12)))- (18)

Using the one-parameter group for generators obtains another solutions.
Consider the flow of generator X3 as follows.
S=St=t,
Uy = AS +uy, (19)
U, = AS + u,.
The following non-trivial solution is provided by this case.
w,(S,t) = 1S + In(S) (C1 _ G412 eXP(C(QZ1+q12)))’ (20)

qz21
uy(S,t) = AS + In(S)(C; + Coexp(t(qz1 + G12)))- 21)
Consider the following flow of generator X:.
S=St=t,
Uy = ASexp(t(qi2 + q21)) + Uy, (22)
i, = _ ASq21exp(=t(q12+421)) +u

q12

10

(a) u1(S,t) (b) u2(S,t)

Figure 4
Plots for (23) and (24) with g4, =1,9,; = 2,0, =0.1,C; = 0.2, and 4 =0.2.
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This situation yields non-trivial solution

Uy (S,6) = ASexp(t(dsz + 421)) +In(S) (¢ — 2z aatans)

q21
ASq1exp(—t

t (S' t) - q12

(912+421)) + In(S)(C; + Crexp(t(qz1 + q12)))-

2393

(23)

(24)

Figure 4 show the process of changing the above answers in an example.

3. Numerical simulation with the CSC method

One of the most effective and widely used techniques for solving
differential equations is the Chebyshev Spectral Collocation (CSC) method,
known for its higher accuracy compared to alternative approaches. This method
employs Chebyshev polynomials to approximate the solutions of differential
equations. For discretizing equations (4) and (5), the CSC method utilizes
collocation points within the interval [—1,1] [10]. The variables S and t in
system (4) (or (5)) are transformed to correspond to this interval, enabling the

application of the CSC method.

T1—-To - T1+T

t=1 Ot_l_l 0
2 2
b-a 7z . b+a

§==25+==,
2 2

)

where t € [Ty, T;],S € [a,b] and S, € [—1,1]. Take
U'(s,0) = £i(5),
U%(S,0) = £(S),
Ut(a,t) = g1(S),
U?(a,t) = g2(5),
Ut(b,t) = hy (),
U%(b,t) = hy(S),
where a < S < b and t € [T, T;]. So
Ui =1 (8 U, Us, Uss, U),
UZ = (£ U2 U§, Uss, UY),
U, -1) = F,(5),
U5, -1) = FK0O),
U'(-1,B) = G,(S),
V(1) = G,(5),
UL E) = Hy (S),
U*(L,D) = Hy(S),
where

P 1 1N _ T1—To T1—To - , T1+To 1 1 1 2
1p1(t,U ’U§IU§§ - 2 A( > t+ 2 ;U ,Ug,Ugg,U )P

,(E U2, UE, UZ) = oA (PR + 220, 02, U, UG, U7),

(25)

(26)

27
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Ul(S a Ul( t+T1+T0 b- aS—, biz-a),

Ui (S, 0 = —Ul( t+T1+T0 bag b-;—a)’

60~ () 1 (222 2542

UZ(S D= Uz( t_I_T1+T0 b— a§+bﬁ)

VIS D) == UR (Bl 4 Il 20 g 4 212,
UZ(S,0) (_) 2 (Tl T0t+T1+T0 b—a§+bﬂ)’

G($) = g: (BT +0),
G, (5_) =092 (TI;TO t+ Tl:TO)'
Hy(S) = hy (PR + 220),
Hy(S) = hy (227 + 22T0),

(28)

The Chebyshev-Gauss-Lobatto (CGL) points are defined within the interval

[-1,1].
t, =S, = cos (@),

29

for k =0,1,...,N. &, (or Sy) are solutions of (1 + tz) Y where Ty(.) is the

Chebyshev polynomial of order N [14].
Ty(£) = cos(jcos™(B)),

where j =0,1,...,N, t € [-1,1]. Substituting CGL points into (30),

tt]

Lk(a H] =0

ekt
where k =0,1,...,N,t € [—1,1] and
=i 12/ we=ly 2
Take an approximation of the (27).
Ul(f.ﬂ = Ul'N(g:D = ZN Zjv 0 5ijkLi(aLj(S_):
UA(S,6) ~ UPN(S, D) = T Bg Bl L)L (),
From (32),

= TZJ o — T ()T (®),

{Ul'N( t ) - al]'
UN(S;, ) = bf}.

(30)

(€2))

(32)

(33)
(34)

(35)
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Take notations Ufl’N (,), U;’N ¢,), UlN( .) for the derivatives of
UYWN(.,.) wrt t,S and SS, respectively and UEZN(.,.), U;N(.,.) UZN( )
the derivatives of U?M(.,.) w.rt. t,S, and SS. So for k,j =0,1,...,N

( UELN(gk' Ep) = §V=1 d?I’chi'
U}'N(Sk' t,) = X_1 ap;Dy;,
UlN(Sk' p) _Z] 1 gjﬁkjv

UFY Sk ty) = XTIy by Dyi (36)
Ug’N(*S_‘k' _p) = Zjv 1 bN Dk]'
U (S, Ty) = Ty BY;Dyjs

& _ k+j . .

L CD e Uitk

. - %, if0<j=k<N-1,
Dy =L@ =1 % (37)
-, ifj=k=0,
2
2N+1’ if j=k=N.

6

v, (S1)
V,(81)

Figure 5
Plots of CSC method for Bakstein and Howison model with g, = 1,921 = 2,01 =
0.4,0, =0.7,r=0.01 and p = 0.6.

D = D.D = (D), Dy; = ¥iLo Dy Dy;. From (35) and (36), eq. (27) can be
rewritten as

ZIiV=1 a{\lchpi - wl(fp' agk'ZJ =1 aijkj'Z] =1 ap]Dk]' pk) - 0

ZIiV=1 bl!}I(Dpi - wz(fp'bpk' ZN bN Dk}r ZN bN ij'apk) - 0
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df)vk = F1(S),
boie = F2(Sk) (38)
dgo =G, (fp),
E{zvo =G, (Ep),
C_lgzv = H; (Ep),
5{3’N = H, (fp)!
for k=0,1,..,N and p =1, ...,N. The coefficients dgk and l_);,vk are obtained

substituting the aforementioned system with (4) (or (5)). Ultimately, the
approximation polynomials UMV (.,.) and U*"N(.,.) are given

V(84
V(81

Figure 6
Plots of CSC method for Cetin et'al model with q,, = 1,9,y = 2,0, =0.4,0, = 0.7
and p =0.6.

Figures 5 and 6 are numerical examples of the CSC method for Bakstein and
Howison and Cetin et'al models, respectively. The convergence of the CSC
method has been studied in numerous articles, so its repetition has been avoided.

4. Conclusion

It is evident that financial markets therefore tend to be unpredictable by
nature and trends may be determined by changing economic, political and social
events. The structural choice model can capture these volatilities through the
regime-switching models, and transaction costs also improve the options pricing.
This work concerned a system of nonlinear partial differential equations obtained
from a regime-switching model with transaction costs. In particular, we
considered a nonlinear regime-switching model based on Black-Scholes model.
Reducing the equations order and using Lie symmetry methods, we have arrived at
analytical solutions consequently. Furthermore, computational experiments
involving the application of the Chebyshev pseudo-spectral method for numerical
integration of the Keller—Miksis equations were conducted, and the efficiency of
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the idea under consideration was studied in detail. Thus, these results serve to
enhance the knowledge regarding price determination under the transformation
from transaction cost and shifts in regimes in financial markets.
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