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Abstract
As new COVID-19 variants continue to emerge globally, we develop an SISI-type 

mathematical model to determine whether the transmission risks arising when such a new 
variant enters Indonesia can be mitigated by solely accelerating the country’s ongoing four-
dose vaccination programme. We begin by determining the model’s basic reproduction 
number, as well as the model’s equilibria and their stability. Subsequently, employing 
parameter values representing the country’s situation as of March 20, 2023, we conduct a 
numerical sensitivity analysis in two simulated cases corresponding to two different levels 
of the new variant’s transmission. The results show that, a satisfactory mitigation relying 
solely on vaccinations necessitates a drastic acceleration in the low-transmission case, and 
proves unachievable in the high-transmission case. Accordingly, we recommend that the 
acceleration of the ongoing four-dose vaccinations be carried out in conjunction with other 
intervention measures, such as improvements of the vaccine’s efficacy and the disease’s 
recovery rate.
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1.  Introduction

Despite being declared no longer a global emergency by WHO in 
May 2023 [52], the Coronavirus Disease 2019 (COVID-19) remains a 
notable subject of public attention. In Indonesia, as in most countries 
worldwide, the disease has brought significant impact on both social and 
economic sectors [29, 41, 42] as various virus variants successively entered 
the country. Indeed, the Alpha (B.1.1.7), Beta (B.1.351), and Delta (B.1.617.2) 
variants, first identified in the United Kingdom (September 2020), South 
Africa (May 2020), and India (October 2020), respectively, have all entered 
Indonesia in May 2021 [21, 33]. Subsequently, the Omicron variant 
(B.1.1.529), which is reportedly more than four times as transmissible as 
Delta [22], entered the country in December 2021 [49]. In October 2022, the 
Indonesian Ministry of Health confirmed the entry of two subvariants of 
Omicron [15]: the XBB and BF.7 (BA.5.2.1.7) which, according to some 
reports, is the most transmissible and infectious subvariant of Omicron, 
possessing a shorter incubation period [24, 37].

The COVID-19 pandemic has also brought a considerable scientific 
impact, with a surge of interest in studying the disease’s spread, especially 
through the use of statistical methods [5-7, 19, 27, 38] as well as 
mathematical models [2, 9, 13, 17, 23, 28, 39, 46, 51]. In 2022, we commenced 
our study by constructing a continuous SIR-type model which incorporates 
as a main parameter the susceptible individuals’ cautiousness level, and 
using the model to justify mathematically that a high cautiousness level is 
crucial for the disease’s eradication [53]. Subsequently, employing a 
discretised version of the same model, and using the data of mid 2021, we 
studied the impact of social restrictions, developing a quantitative method 
to determine the optimal level of social restrictions to be implemented in 
Jakarta on any given day, based on the latest values of the disease’s effective 
reproduction number and the hospitals’ bed-occupancy rate [54].

More recently, we modified substantially our model in [53] to take 
into account five forms of governmental interventions: vaccinations, social 
restrictions, tracings, testings, and treatments [55]. The resulting model 
suggested that, in a disease-free state, when there is an increase in the 
number of new cases, the optimal intervention strategy is to reimplement 
social restrictions. On the other hand, in an endemic state, the optimal 
strategy for eradication is to administer vaccinations. However, effort 
should be directed not primarily towards the acceleration of vaccination 
rate, but towards the use of high-efficacy vaccines.
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Since the initiation of Indonesia’s national vaccination programme in 
January 2021 [47], the country has observed a tangible implementation of 
the above strategy, with over 70% of the population having received their 
first two vaccine doses by September 2022 [16]. In a response to such a 
progress, the Indonesian government decided to lift all COVID-19-related 
social restrictions at the end of 2022 [18, 48]. Such a decision sparked 
controversies, with concerns expressed by some epidemiologists regarding 
the potential risks involved. An argument supporting such concerns is 
that the currently low administration rate of boosters is not sufficient to 
overcome the risks associated with the aforementioned emergence of 
novel virus variants [25, 49].

This paper aims to determine an appropriate governmental response 
to this argument. More precisely, given that the Indonesian government 
has commenced the administration of fourth-dose vaccinations —second 
booster shots— in January 2023 [26] while novel variants continue to 
emerge worldwide [36, 43, 50], we aim to determine whether an acceleration 
of such four-dose COVID-19 vaccinations would be sufficient to mitigate 
the transmission risks which arise when a new variant enters Indonesia.

We shall begin by constructing an SISI-type mathematical model, 
which takes into account both fourth-dose vaccinations and infections by 
a new virus variant, and identifying a suitable positively invariant domain 
(section 2). Subsequently, we determine the model’s basic reproduction 
number, as well as the model’s equilibria and their stability (section 3), 
and use the model to simulate two different cases corresponding to two 
different transmission levels of the new variant (section 4). The results 
reveal that, in the lower transmission case, a significant intensification of 
four-dose vaccinations —which must increase the percentage of vaccinated 
individuals by at least 13 times the current value— is necessary for a 
successful mitigation, while in the higher transmission case, four-dose 
vaccinations alone —even when intensified to target the entire population-- 
is insufficient for a success. Accordingly, we conclude that four-dose 
vaccinations must be administered in conjunction with other forms of 
intervention, such as increasing the vaccine’s efficacy and the disease’s 
recovery rate (section 5).

2.  The model

Let us begin by constructing our SISI-type model. Once again, our 
aim is to determine the impact of four-dose vaccinations on the mitigation 
of risks associated with a new virus variant. Realising the suggestions 
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proposed in [30, 55], our model shall feature reinfections [30] as well as a 
distinction between susceptible individuals who have received different 
numbers of vaccination doses [55]. In addition, as a number of studies 
have confirmed the presence of antibody responses following a COVID-19 
infection [3, 20, 32, 44], our model shall treat recovered and fully vaccinated 
susceptible individuals as having the same, higher level of immunity.

Accordingly, let us assume that the susceptible individuals can be 
divided into two different categories corresponding to two different 
immunity levels: a lower immunity level, possessed by those who have 
neither received their fourth-dose vaccination nor infected by the new 
variant, and a higher immunity level, possessed by the rest, i.e., susceptible 
individuals who have either received their fourth-dose vaccination or 
recovered from an infection of the new variant. On the other hand, let us 
also assume that the infected individuals can be divided into two different 
categories: those who are infected by the new variant for the first time, and 
those who are infected by the new variant but not for the first time. Our 
model, therefore, involves four different compartments S, 1I ,  1S ,  2I ,  and 
we denote by = ( ),S S t  1 1= ( ),I I t  1 1= ( ),S S t  and 2 2= ( )I I t  the number of 
individuals in each of these compartments at time 0t  (Table 1).

To construct the model itself, let us first assume the recovery rates of 
individuals in 1I  and 2I  are linear: 1Ia  and 2 ,Ia  respectively, where 

> 0,a  and that all recovered individuals enter the compartment 1S .  Next, 
we regard the infection rate of individuals in S as being higher than that of 
individuals in 1S ,  as the latter is suppressed by the vaccine’s efficacy. 
Assuming the infection rates to be bilinear, we thus formulate the transition 

Table 1
Time-dependent variables involved in the model (2).

Variable Description

= ( )S S t  
Number of susceptible individuals who, at time t, have neither 
received their fourth-dose vaccination nor infected by the new 
variant

1 1= ( )I I t  
Number of individuals who, at time t, are infected by the new 
variant for the first time

1 1= ( )S S t  
Number of the remaining susceptible individuals, i.e., those who, 
at time t, have either received their fourth-dose vaccination or 
recovered from an infection of the new variant

2 2= ( )I I t  
Number of individuals who, at time t, are infected by the new 
variant but not for the first time
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rates from S to 1I  and from 1S  to 2I  to be 1SIb  +  2SIb  and 1 1( S Id b  +  
1 2 ),S Ib  respectively, where > 0,b  [0,1]d ∈  is such that 1 d−  represents 

the vaccine’s efficacy, and = ( )N N t  denotes the time-dependent total 
population: 

1 1 2= . (1)N S I S I+ + +

Finally, we assume that four-dose vaccinated individuals enter the 
population at the rate ,vL  while other individuals enter at the rate 
(1 ) ,v L−  where > 0L  and [0,1]v∈  denote, respectively, the recruitment 
and vaccination rates. Employing the linear death rates ,Sm  1 ,Sm  

1( ) ,Im m′+  and 2( )Im m′+  for the compartments S,  1S ,  1I ,  and 2I ,  
respectively, where , > 0,m m′  one constructs the compartment diagram in 
Figure 1, and subsequently the model 

1 2

1
1 2 1 1 1

1
1 2 1 1 1 1 2

2
1 1 1 2 2 2 2

d
d
d
d
d
d

d
d

= (1 ) ,

= ,
(2)

= ( ),

= ( ) .

S
t
I
t
S
t

I
t

v S SI SI

SI SI I I I

v I I S S I S I

S I S I I I I

m b b

b b m m a

a a m d b b

d b b m m a

L

L

 − − − −
 ′+ − − −


+ + − − +

 ′+ − − −

For the reader’s convenience, we present in Table 2 descriptions of the 
model’s parameters and their values used in our numerical analysis. The 
values are chosen to represent the situation in Indonesia as of March 20, 
2023.

Figure 1
The compartment diagram of our model (2)
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Table 2
Parameters involved in the model (2) and their values used in our numerical 

analysis (section 4).

Parameter Description Unit Value for 
simulation Source

v
proportion 

of vaccinated 
individuals 

dimensionless varied; see section (4)

L recruitment rate 
 

individual
day   

234666020
65 365×  

estimated as 
µN(0), N(0) 

denoting the 
initial target of 
vaccination [4]

m  
natural death 

rate 
1

day  
1

65 365×  
[55]

b  
transmission 

rate 
1

individual day×  
varied; see section 4

m′  
 death rate due 
to COVID-19 

1
day  

0.0291  [55]

a  recovery rate 1
day  

0.011  [55]

1 d−  vaccine efficacy dimensionless 0.653  [55]
 

Now, let us consider a solution ( ( ),S t 1( ),I t 1( ),S t 2( ))I t  of the model 
(2) associated to an initial condition ( (0),S 1(0),S 1(0),I 2(0))I ∈ 4 ,+  where 

:= [0, ).+ ∞  For every 0t∗  satisfying ( ) = 0,S t∗  one obtains from the first 
equation of (2) that 

=

d
d

= (1 ) 0,
t t

S
t

v L
∗

− 

which means that the function S in non-decreasing at = .t t∗  Since (0) 0,S   
this implies that ( ) 0S t   for every 0.t  Similarly, one proves that 1( ) 0,I t   

1( ) 0,S t   and 2( ) 0I t   for every 0.t
Next, adding the four equations in the model (2), one finds that the 

total population (1) satisfies 

1 2
d d
d d= , i.e., .N N

t tN I I N Nm m m m mL L L′ ′− − − − + 

Multiplying both sides e ,tm  one rewrites the last inequality as 
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d d
d d[e ( )] e (0) .t t

t tN t Nm m

m m
L L + −  



Since e ( )tN tm  and ( / )e tmmL + (0)N − / mL  coincide at = 0,t  it 
follows that for every 0t  we have 

e ( ) e (0) , i.e., ( ) (0) e .t t t tN t N N t Nm m m

m m m m m
L L L L L− →∞ + − + − →  

 

We have therefore proved that the solution ( ( ),S t 1( ),S t 1( ),I t 2( ))I t  is 
bounded, and established a bounded subset of 4

+  which is positively 
invariant under the model (2).

Theorem 1: The solution of the model (2) is bounded for any initial condition in 
4 .+  Moreover, the set 

{ }4
1 1 2 1 1 2:= ( , , , ) :S I S I S I S I

m
LW +∈ + + + 

is positively invariant under the model. 

3.  Equilibria and stability

Let us next study the equilibria of the model (2) and their local 
stabilities. The equilibria satisfy the system 

1 1 1 2

2 1 1 2

3 1 1 2

4 1 1 2

0 = ( , , , ),
0 = ( , , , ),

(3)
0 = ( , , , ),
0 = ( , , , ),

f S I S I
f S I S I
f S I S I
f S I S I








where 

1 1 1 2 1 2

2 1 1 2 1 2 1 1 1

3 1 1 2 1 2 1 1 1 1 2

4 1 1 2 1 1 1 2 2 2 2

( , , , ) = (1 ) ,
( , , , ) = ,
( , , , ) = ( ),
( , , , ) = ( ) .

f S I S I v S SI SI
f S I S I SI SI I I I
f S I S I v I I S S I S I
f S I S I S I S I I I I

m b b
b b m m a

a a m d b b
d b b a m m

L

L

− − − −
′+ − − −

+ + − − +
′+ − − −

Letting 1 2= ,I I I+  one obtains from each of the equations in (3) that 
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1

1

2

(1 )

(1 )
( )( )

( )1
( )( )

= ,

= = ,
(4)

= ,

= = .

I
SI I

I
I
I

S I I I
I

S

I

S

I

u
m b

b b u
m m a m b m m a
u a
m db
db db u a

m m a m db m m a

L

L

L

L

−
+

−
′ ′+ + + + +

+
+

+
′ ′+ + + + +











Let us now consider two different cases: = 0I  and > 0.I

3.1 The disease-free equilibrium

Since 1 2, 0,I I   in the case of = 0,I  i.e., 1 2 = 0,I I+  we must have that 

1 2= = 0.I I  Moreover, the first and third equations in (4) give 

1
(1 )= and = .v vS S

m m
L L−

We thus obtain the equilibrium 

(0) (0) (0) (0) (0)
1 1 2

(1 )= ( , , , ) = , 0, , 0 , (5)v vS I S I
m m

L L −
 
 

e

i.e., the unique disease-free equilibrium of the model (2). To study its local 

stability, we notice that the Jacobian of the model (2) is given by 

1 1 1 1

1 1 2

2 2 2 2

1 1 2
1 1 2

3 3 3 3

1 1 2

4 4 4 4

1 1 2

1 2

1 2

1 1 2 1

1

0
0

0 ( )
0

( , , , ) =

=

f f f f
S I S I
f f f f
S I S I
f f f f
S I S I
f f f f
S I S I

I I S S
I I S S

S I I S
S

S I S I

m b b b b
b b b m m a b

a db m d b b a db
db d

 ∂ ∂ ∂ ∂
 
∂ ∂ ∂ ∂ 

 ∂ ∂ ∂ 
∂ ∂ ∂ ∂ 

 ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ 
 ∂ ∂ ∂ ∂ 

− − − − −
′+ − − −

− − − + −

J

1 2 1( )

.
I I Sb b db m m a

 
 
 
 
 
 ′+ − − − 

Evaluating the Jacobian at the disease-free equilibrium (0)e  gives the 

matrix 
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(0)

(1 ) (1 )

(1 ) (1 )

0

0 0
( ) =

0

0 0

b u b u
m m

b u b u
m m

bdu bdu
m m

bdubdu
mm

m

m m a

a m a

m m a

L L

L L

L L

LL

− −

− −

 − − − 
 

′− − − 
 
 − − −
 
 ′− − − 
 

J e

whose eigenvalues are 

1 2 3 4
( 1 )= = , = , and = .b du u

m
l l m l m m a l m m aL + −′ ′− − − − − − −

Since < 0il  for all {1, 2, 3},i∈  then the disease-free equilibrium (0)e  
is locally asymptotically stable if 4 < 0,l  i.e., if 0 < 1,  and is unstable if 

4 < 0,l  i.e., if 0 > 1,  where 

0
( 1 ):= (6)

( )
b du u

m m m a
L + −

′+ +


denotes the model’s basic reproduction number, obtainable via, e.g., the 
next-generation approach [10, 11]. We have therefore proved the following 
theorem.

Theorem 2: For all sets of parameter values, the model (2) has a unique disease-
free equilibrium (0)e  given by (5). This equilibrium is locally asymptotically stable 
if 0 < 1,  and is unstable if 0 > 1.  

3.2 The endemic equilibria

Let us next consider the case > 0.I  In this case, the equation 1 2= ,I I I+  
i.e., 

(1 ) ( )
( )( ) ( )( )= I I I

I II b u db u a
m b m m a m db m m a

L L− +
′ ′+ + + + + +

+

is equivalent to the quadratic equation 
2 = 0, (7)I I+ +  

where 
2

0 0

0
2

0

[ [(1 )(1 ) (1 )] ( )]

= ( ), (8)
= [ ( ) ( ) ]

= , (9)

= ( )(1 ). (10)

b b d u d md m m

db m m
b dm m m m m m a db

m m m a

L

L
′− − + − + +

′+
′ ′+ + + + −

′+ + −

 





 
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2

0 0

0
2

0

[ [(1 )(1 ) (1 )] ( )]

= ( ), (8)
= [ ( ) ( ) ]

= , (9)

= ( )(1 ). (10)

b b d u d md m m

db m m
b dm m m m m m a db

m m m a

L

L
′− − + − + +

′+
′ ′+ + + + −

′+ + −

 





 

Now, if 0 > 1,  then > 0  and < 0,  implying the existence of a 
unique positive endemic equilibrium. On the other hand, if 0 < 1,  then 

> 0,  > 0,  and > 0,  implying that no positive endemic equilibria 
exist. Finally, if 0 = 1,  then = 0,  and so (7) is equivalent to (I I +

) = 0,  which means that = 0I  or =I − / < 0,  and thus no positive 
endemic equilibria exist. In summary, we have the following theorem.

Theorem 3: The model (2) has a unique positive endemic equilibrium 
(1) (1) (1) (1) (1)

1 1 2= ( , , , ),S I S Ie

where 
(1) (1)

(1) (1) (1)
1 1(1) (1) (1)

(1) (1)
(1)
2 (1)

(1 ) (1 )
[ ]( )

[ ]
[ ]( )

= , = , = ,

= ,

I I
I I I

I I
I

S I S

I

u b u u a
m b m b m m a m db

db u a
m db m m a

L L L

L

− − +

′+ + + + +

+

′+ + +

and (1) (1) (1)
1 2= > 0,I I I+  if and only if 0 > 1.  

Building upon Theorem 3, it is natural to hypothesise that if 0 > 1,  
then the positive endemic equilibrium (1) ,e  which exist uniquely, is locally 
asymptotically stable. However, proving this analytically requires tedious 
symbolic computation of the model’s Jacobian at the endemic equilibrium 

(1) ,e  whose explicit expression, obtainable from (7) via the quadratic 
formula, is already complicated. At this point, therefore, let us migrate 
from analytical to numerical methods, with which we shall confirm 
graphically the above hypothesis for our specified set of parameter values, 
and subsequently accomplish our initial goal, i.e., to determine whether 
the acceleration of four-dose vaccinations is sufficient for countering new 
variant transmissions.

4.  Numerical analysis

As mentioned in section 2, we shall use for our numerical analysis the 
values of the parameters ,L  ,m  ,m′  ,a  and 1 d−  which are listed in Table 
2. Once again, these values are specified to represent the situation in 
Indonesia as of March 20, 2023.

We shall present our numerical analysis in two subsections. The first 
subsection comprises a preliminary discussion on the model’s basic 
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reproduction number, the local asymptotic stability of the model’s endemic 
equilibrium, and the transcritical bifurcation occurring at the basic 
reproduction threshold. The second subsection comprises a two-stage 
sensitivity analysis, of the basic reproduction number at the first stage and 
of the endemic-equilibrium subpopulation sizes at the second stage, 
carried out with the aim of answering our main research question, i.e., 
whether accelerating four-dose vaccinations alone suffices to overcome 
the new variant’s transmission risks.

4.1 Basic reproduction number analysis

For the aforementioned parameter values, the model’s basic 
reproduction number (6) is given by 

0
2226980529800000 653

380949 1000
( , ) = 1 . (11)b u b u 

 
 
−

A plot of the curve 0( , ) = 1b u  is presented in Figure 2. The shaded 
region is the feasible disease-free region, i.e., the region comprising pairs 
( , )b u ∈ [0, )∞ × [0,1]  for which 0( , ) < 1.b u  One immediately sees that 
administering four-dose vaccinations to at least 1 = 25%,u  2 = 50%,u  and 

3 = 75%u  of the entering individuals, respectively, suffices to overcome 
the new variant’s transmissions occurring at the rates of 1= ,b b  2= ,b b  
and 3= ,b b  where 

10 10 10
1 2 32.04 10 , 2.54 10 , and 3.35 10 .b b b− − −≈ ⋅ ≈ ⋅ ≈ ⋅

In reality, however, as of March 20, 2023, four-dose vaccinations have 
only been administered to a very small fraction of Indonesia’s population, 
namely, 0=u u = 0.0167 = 1.67%  [34], for which we have that 

0 0 0
36711584740407967

6349150( ) = ( , ) = , (12)b b u b 

as plotted in Figure 3. We see that 0 < 1  and 0 > 1  correspond 
respectively to 0<b b  and 0> ,b b  where 

10
0 1.73 10 .b −≈ ⋅

That is, the proportion of vaccinated individuals achieved on March 
20, 2023 suffices only to mitigate transmissions occurring at the rate not 
exceeding 101.73 10−⋅  per individual per day.
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Figure 2
The curve 0 = 1  on the bu -plane, 

with the disease-free region shaded.

Figure 3
The graph of 0( )b  versus b  for 

1= = 1.67%.u u

Let us now confirm the local asymptotic stability of (1)e  in the case of 
0 > 1,  i.e., 0> .b b  From one obtains that 

0 0
6349150

36711584740407967( ) = . (13)b  

Substituting this, 0= ,u u  and the other parameters’ values in Table 2 
into (8), (9), and (10) gives the following exact expressions for the 
coefficients of (7) in terms of 0 :  

2
0 0

00 0

0 0

1547420825179752197
5116022763961580751185838014489445844000

11190529508566 1572380558426459
109006467232912135109843300161 440631010000000

380949
5341689681250000

( ) = ,

( ) = ,

( ) = (1 ).

 
 
 

−

−

  

   

  

The quadratic formula subsequently provides an explicit expression 
for the total number of infected individuals at the model’s unique positive 
endemic equilibrium (1)

0( ) :e   
2

(1) 0 0 0 0
0 0

( ) [ ( )] 4 ( ) ( )
2 ( )( ) = , (14)I − + −       
 



and consequently those of the equilibrium’s coordinates (1)
0( ),S   (1)

1 0( ),I   
(1)
1 0( ),S   and (1)

2 0( ),I   via the formulae provided by Theorem 3. Using 
these to compute the model’s Jacobian at (1)

0( ),e   
(1) (1) (1) (1) (1)

0 0 1 0 1 0 2 0( ( )) = ( ( ), ( ), ( ), ( )),S I S IJ e J    
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one observes graphically (Figure 4) that if 0 > 1  then max 0( ) < 0,l   where 
max 0( )l   denotes the maximum real part of the eigenvalues of (1)

0( ( )),J e   
thereby confirming that (1)

0( )e   is locally asymptotically stable if 0 > 1.
Furthermore, in the case of 0 < 1,  we observe the following. First, 

since 0( ) > 0,   and 0( ) > 0,   then (1)
0( ) < 0.I   Second, since max 0( ) > 0l   

(Figure 4), then (1)
0( )e   is unstable. A plot of (1)

0( )I   and (0)
0( ) = 0,I   

versus 0 ,  is shown in Figure 5, where a solid (dashed) line for ( )
0( )iI   

indicates local asymptotic stability (instability) of ( )
0( ).ie   As we can see, 

the model 2 undergoes a transcritical bifurcation, i.e., a stability exchange 
between the equilibria (0)

0( )e   and (1)
0( ),e   at 0 = 1.

4.2 Sensitivity analysis

In the previous subsection we have found that, at the state where 
four-dose COVID-19 vaccinations are administered only to 0= = 1.67%u u  
of the Indonesian population, the risks posed by a new variant are 
surmountable only if transmissions occur at a sufficiently low rate, 0< ,b b  
where 0b ≈ 101.73 10 .−⋅  In this subsection, we shall focus on the endemic 
case 0> ,b b  and carry out a two-stage sensitivity analysis [8] to 
quantitatively assess the sensitivity of, firstly, the model’s basic 
reproduction number, and secondly, the subpopulation sizes at the 

Figure 4
Plot of max 0( )l   versus 0  for 

0 [0.95,1.05],∈  indicating that 
(1)

0( )e   is locally asymptotically 
stable if 0 > 1, , and is unstable if 

0 < 1.

Figure 5
Plot of ( )

0( )iI   versus 0  for 
0 [0.95,1.05].∈  Solid and dashed lines 

for ( )
0( )iI   indicate, respectively, local 

asymptotic stability and instability of 
the equilibrium ( )

0( ).ie   Notice the 
transcritical bifurcation occurring at 

0 = 1.
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positive endemic equilibrium, with respect to small changes of each of the 
model’s parameters.

For the first stage of our analysis, let us recall that the sensitivity of 
the basic reproduction number 0  to small changes of a parameter 

{ , , , , , , }p u m b m a dL ′∈  is quantified by the sensitivity index 
00

0
:=p

p
p° ∂
∂

×
 



of 0  with respect to p, thus defined assuming the required differentiability. 
Straightforward computation leads to the expressions 

0 0 0 0

0 0 0

( 1)
( 1) 1

1

= , = 1, = 1, = 1,

= , = , and = .

u m b

m a d

d u m
d u a m m

m a du
a m m a m m du u

L° ° ° °

° ° °′

−
′− + + +

′
′ ′+ + + + + −

− −

− −

   

  

Notice that none of these sensitivity indices depend on .b  Substituting 
the aforementioned values of parameters (i.e., those in Table 2 and 

= 0.0167)u  gives the values presented in Table 3.
Therefore, in estimation, increasing the proportion u  of vaccinated 

individuals by 10% suppresses 0  merely by 0.1103%,  while increasing 
the vaccine efficacy 1 d−  by 10% suppresses 0  merely by 0.0586%.  
Indeed, to achieve a mere 1% suppression of 0 ,  it is necessary to increase 
either the proportion of vaccinated individuals alone by 90.7002%,  or the 
vaccine efficacy alone by 170.6837%,  both of which appearing impractical. 
This shows that neither the proportion of vaccinated individuals nor the 

Table  3
The sensitivity indices of 0  with respect to { , , , , , , }p u m b m a dL ′∈  for 

parameter values given by Table 2 and = 0.0167.u  None of these indices 
depend on .b

 p   
0

p°
  

01/ p°
 

 u   0.01103−   90.70021+  
 L   1.00000+   1.00000−  
 m   1.00105−   0.99895+  

 b   1.00000+   1.00000−  

 m′   0.72492−   1.37946+  
 a   0.27403−   3.64929+  
 d   0.00586+   170.68369−
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vaccine efficacy hold sole significance in controlling transmission risks. In 
fact, as apparent from Table 3, these are the two parameters upon which 
the number 0  depends least significantly. The number 0  depends most 
significantly, besides on the recruitment and natural death rates L  and m  
which are practically unchangeable, on the transmission rate ,b  confirming 
that reductions of contacts between susceptible and infected individuals, 
i.e., social restrictions, remain an effective form of intervention. However, 
in the present situation whereby the economy has started to recover after 
almost two years of social restrictions [35, 40, 45], reinforcement of social 
restrictions might not be desirable.

To determine a suitable course of action which relies on four-dose 
vaccinations, let us proceed with the second stage of our sensitivity 
analysis. Let := { , , , , , , }.u m b m a dL ′  Fix a parameter .p∈  We aim to 
assess the sensitivity of the subpopulation sizes (1) ,S  (1)

1 ,I  (1)
1 ,S  and (1)

2I  at 
the model’s endemic equilibrium (1) ,e  with respect to p. As noted in [8, 
page 1294], this is quantified by the sensitivity indices 

(1) (1)(1)
1 1

(1) (1) (1)
1 1 1

(1)
2 2

1 1
(1) (1) (1)

= = =1 11
(1)
2 2

(1)
= 2

= , = , = ,

and =

I SS
p p p

S S I I S S

I
p

I I

p p pS I S
p p pS I S

pI
p I

° ° °

°

∂ ∂ ∂
∂ ∂ ∂

∂
∂

⋅ ⋅ ⋅

⋅

of (1) ,S  (1)
1 ,I  (1)

1 ,S  and (1)
2I  with respect to p.

To compute the above indices, we first need to compute 

(1) (1) (1) (1)(1)
1 1 1 1 2 22 2

1 1 2 2

= = = ==
, , , and . (15)

S S I I S S I II I

S I S I I
p p p p p
∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

For this purpose, for every {1, 2, 3, 4},i∈  we differentiate both sides of 
the equation 0 = if = 1 1 2( , , , )if S I S I  with respect to p, obtaining, by the 
multivariate chain rule, 

1 1 2

1 1 2
0 = = ,i i i i i i

p

f f f f f f pS I S I
p S p I p S p I p p p′∈

′∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂
′∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

⋅ + ⋅ + ⋅ + ⋅ + ⋅∑


which, since 
0, if ;
1, if = ,

=p p p
p p p

′ ′∂ ≠
∂ ′

is equivalent to 
1 1 2

1 1 2
= .i i i i if f f f fS I S I

S p I p S p I p p
∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
⋅ + ⋅ + ⋅ + ⋅ −
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Since {1, 2, 3, 4},i∈  we have a system of four equations, which can be 
written in a matrix form as 

1 1 2( , , , ) = ,p pS I S SJ X Y

where 

1

21

1 3

2 4

:= and := .p p

fS
pp
fI

p p
S f
p p
I f
p p

   ∂∂   
∂∂   

   ∂∂   
∂ ∂  

  ∂ ∂  
 ∂  ∂
  ∂ ∂  

   ∂ ∂   

X Y

Thus, the desired quantities (15) can be obtained by evaluating the 
vector 

1
1 1 2= [ ( , , , )]p pS I S I −X J Y

at (1)
1 1 2( , , , ) = ,S I S I e  after which the four sensitivity indices 

(1)
,S

p°  
(1)
1 ,I

p°  
(1)
1 ,S

p°  and 
(1)
2I

p°  are readily computable.
Given the unavailability of the data of the actual transmission rate ,b  

let us carry out the above computation of 
(1)

,S
p°  

(1)
1 ,I

p°  
(1)
1 ,S

p°  and 
(1)
2I

p°  for 
each p∈  in two simulated cases, corresponding to two qualitatively 
different transmission levels [8, sec. 3]: a low-transmission case = lb b =

102 10−⋅  and a high-transmission case = hb b = 108 10 .−⋅
The low-transmission case. For the parameter values presented in Table 

2, = 0.0167,u  and 10= 2 10 ,b −⋅  we have that 0 1.15643≈  and 
(1) (1) (1) (1) (1) 8 4 7 2

1 1 2= ( , , , ) (1.96 10 ,3.62 10 ,1.28 10 ,8.19 10 ).S I S I ≈ ⋅ ⋅ ⋅ ⋅e

Let us specify an initial condition representing the situation in 
Indonesia on March 20, 2023: 

1

1

1

2

(0) (1 ) (0) (0) = 98.33% 234666020 3660 = 230743437,
(0) 3660,

(16)
(0) (0) = 1.67% 234666020 = 3918922,
(0) 0,

S N I
I
S N
I

u

u

 = − − ⋅ −
 =
 = ⋅
 =

where, as in Table 2, (0)N  denotes the initial target of vaccination [4, 31]. 
Figure 6 shows the convergence of the model’s solution associated to the 
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initial condition given by (16) to the endemic equilibrium (1) .e  Notice that 
convergence is achieved via decreasing-amplitude oscillations.

Figure 6
Plots of ( ),S t  1( ),I t  1( ),S t  and 2( ),I t  versus t, for 0 200,000,t   in the low-

transmission case. 

Table 4
The sensitivity indices of (1) ,S  (1)

1 ,I  (1)
1 ,S  and (1)

2I  with respect to 
{ , , , , , , }p u m b m a dL ′∈  in the low-transmission case.

 p   
(1)S

p°
  

(1)
1I

p°
  

(1)
1S

p°
  

(1)
2I

p°

 u   0.00538−  0.08303−   0.23779   0.16014  
 m   0.11838   6.36751−   5.18350−   11.66939−  

 b  1.11719−   6.35968   4.17828   11.65515  

 m′   0.82283   5.40895−  3.60137−   9.83315−  
 a   0.29317   1.94289−  0.57169−   2.80775−  
 d   0.02368−   0.13478   0.04617   1.20462  
 L   0.11719−   7.35968   5.17828   12.65515  
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In this case, the values of the sensitivity indices are presented in Table 
4 and visualised in Figure 7. Notice that (1)

1I  and (1)
2I  are not only 

exceptionally sensitive to the birth, death, and transmission rates ,L  ,m  
and ,b  but also insensitive to the proportion u  of vaccinated individuals 
and to the vaccine efficacy 1 ,d−  confirming our previous observation 
(Table 3). This means that, at the state of equilibrium, achieving a significant 
reduction of the number of infected individuals by relying only on 
vaccinations, albeit is not impossible, requires a considerable effort. 
Indeed, while four-dose vaccinations have been administered only to 

= 1.67%u  of the Indonesian population as of March 20, 2023, in this low-
transmission case, one finds from (11) that it is necessary to administer 
four-dose vaccinations to at least 22.16%  of the population in order to 
achieve the disease-free state 0 < 1.  That is, the administration of four-
dose vaccinations must be intensified until the proportion of fully 
vaccinated individuals surpasses 13 times the current percentage.

The high-transmission case. For the parameter values presented in Table 
2, = 0.0167,u  and 10= 8 10 ,b −⋅  we have that 0 4.62570≈  and 

(1) (1) (1) (1) (1) 7 5 7 4
1 1 2= ( , , , ) (4.12 10 ,1.99 10 ,2.59 10 ,4.34 10 ).S I S I ≈ ⋅ ⋅ ⋅ ⋅e

Figure 8 shows the convergence of the model’s solution associated to 
the initial condition given by (16) to the endemic equilibrium (1) .e  Notice 

Figure 7
Three-dimensional boxplot of the sensitivity indices of (1) ,S  (1)

1 ,I  (1)
1 ,S  and 

(1)
2I  with respect to { , , , , , , }p u m b m a dL ′∈  in the low-transmission case. 
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not only the presence of oscillations as in the low-transmission case, but 
also the significantly faster convergence rate, the shorter period of 
oscillations, and the considerably higher values achieved by 2( )I t  
compared to those in the low-transmission case.

Figure 8
Plots of ( ),S t  1( ),I t  1( ),S t  and 2( ),I t  versus t, for 0 100,000,t   in the high-

transmission case. 

Table 5
The sensitivity indices of (1) ,S  (1)

1 ,I  (1)
1 ,S  and (1)

2I  with respect to 
{ , , , , , , }p u m b m a dL ′∈  in the high-transmission case.

 p   
(1)S

p°
  

(1)
1I

p°
  

(1)
1S

p°
  

(1)
2I

p°

 u   0.01231−   0.01800−   0.05648   0.05078  
 m   0.11024   0.24237−   0.50004−   0.85265−  
 b   1.10884−   0.24102   0.50052−   0.84934  
 m′   0.96670   0.93504−   0.38459−   2.28634−  
 a   0.14074   0.30462−   0.88567   0.44032  
 d   0.09190−   0.01997   0.57830−   0.53357  
 L   0.10884−   1.24102   0.49948   1.84934

 



2510� B. YONG, J. HOSEANA AND L. OWEN

In this case, the values of the sensitivity indices are presented in Table 
5 and visualised in Figure 10. Notice, in particular, the drastically lower 
values of 

(1)
1I

p°  and 
(1)
2I

p°  for { , , }p m bL∈  compared to those in the low-
transmission case, which provide a justification for the difficulty of 
suppressing the value of 0  in the situation where transmissions take 
place at such a high rate. Indeed, from (11) one readily finds that, in the 
case of = 100%,u  0 < 1  corresponds to 10< 4.93 10 .b −⋅  This means that, 
with such a high transmission rate, even achieving four-dose vaccination 
across the entire population is insufficient. The effort of maximising the 
proportion of vaccinated individuals, therefore, should be accompanied 
by other initiatives, namely, improvements in the vaccine’s efficacy 1 d−  
and the disease’s recovery rate .a  In the extreme case = 1,u  from (6) have 
that 

0
11134902649[1 (1 )]

1728493750 59312500000(1 , ) = . (17)d
a

d a − −
+

−

The curve 0(1 , ) = 1d a−  is plotted in Figure 9, where, as before, the 
shaded region is the disease-free region, where 0(1 , ) < 1.d a−  From (17) 
one finds that, without changing the present recovery rate = 0.011,a  the 
new variants’ transmission risks can be mitigated only if the vaccine’s 
efficacy 1 d−  is raised at least to 78.62%.  On the other hand, without 
changing the present vaccine efficacy 1 d− = 65.3%,  the same risks can be 
mitigated by increasing the recovery rate at least to 0.036  per day.

Figure 9
The curve 0 = 1  on the (1 )d a− -plane, with the disease-free region shaded. 
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Figure 10
Three-dimensional boxplot of the sensitivity indices of (1) ,S  (1)

1 ,I  (1)
1 ,S  and (1)

2I  
with respect to { , , , , , , }p u m b m a dL ′∈  in the high-transmission case. 

5.  Conclusions and future research

We have constructed a mathematical model as a means to assess the 
effectiveness of four-dose COVID-19 vaccinations in countering 
transmissions of a novel virus variant. We have computed the model’s 
basic reproduction number 0 ,  and shown that the model has a unique 
disease-free equilibrium, which exists for all parameter values and is 
stable if 0 < 1.  In addition, we have proved that a unique positive endemic 
equilibrium exists if and only if 0 > 1.

Using a set of parameter values specified to represent the situation in 
Indonesia as of March 20, 2023, we have simulated two different cases 
corresponding to two different transmission levels of the new variant. Our 
findings indicate that, if social restrictions are not to be reinforced, an 
intense acceleration of four-dose vaccinations is necessary to mitigate the 
new variant’s transmissions, with a significant risk of ineffectiveness in 
the case of a high transmission level. Therefore, to answer the question 
posed in our title, accelerating four-dose vaccinations alone is not sufficient 
to overcome risks of new variant transmissions. We recommend that four-
dose vaccinations are not only accelerated but also operated alongside 
other forms of intervention, such as raising the vaccine’s efficacy and the 
disease’s recovery rate.



2512� B. YONG, J. HOSEANA AND L. OWEN

As a continuation of the present research, one could construct 
mathematical models for the spread of COVID-19 which relate the 
emergence of new variants to certain vaccination strategies. The fact that 
our model’s solutions exhibit oscillations calls to mind the so-called pulse 
vaccination strategy [1, 12, 14], which involves a periodic administration of 
vaccinations to specific subpopulations, and proves to be promising for 
diseases exhibiting periodic outbreaks [12, 14]. Investigations in this 
direction could aim to construct a sequence of time-intervals along which 
vaccinations must be administered for an optimal retainment of the 
population’s immunity against COVID-19, in response to the increasingly 
diverse range of variants.
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