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Abstract

This work broadens fixed point (FP) theory by introducing results within the setting
of digital parametric metric spaces (DPMS). Motivated by the discrete nature of digital data
and the flexibility offered by parametric distance measures, we treat a DPMS as a structure in
which separation between points is evaluated through a digitally defined metric that depends
on a positive parameter. Several new FP results are established aimed at self-mappings
on such spaces, and their applicability is illustrated in contexts such as computational
geometry, discrete dynamical systems, and digital image analysis. The convergence patterns
of iteratively generated sequences are explored under suitable contractive conditions,
supporting the theoretical developments. In addition to enriching the theory of fixed points
in discrete spaces, these results create potential avenues for use in problems requiring digital
computation and structured data processing.

Subject Classification: 47H10, 55M20.

Keywords: Digital parametric metric space, Fixed point, Completeness, Convergence, Cauchy
sequence.

Introduction

For demonstrating the being and ultimately the uniqueness of results to a
variety of mathematical models (variational inequalities & integral and partial
differential equations,), FP theorems are a crucial tool. Various kinds of
generalized metric spaces have been created in current times by various authors
using various methodologies [2-5]. Cone metric space, D-metric space, and
others are examples of generalized metric spaces [8-21]. Hussain et al. [1]
recently proposed and investigated the idea that parametric metric (PMM)
spaces are a natural extension of MS. In this study, we introduce a few FP
theorems in DPMS under different expanding circumstances.

Definition 2.1.[7] Let g be a positive integer and let Z is the collection of all
integers. Define the following for the set Z9 :
7% ={(ay,a;3,0a3,...ay)/0; € Z,1 <i < q}
The symbol Z9 refers the collection of all points with integer coordinates
in q -dimensional Euclidean space.
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Definition 2.2: [6,7] Let 0. = (0u;, 04y 0sq ...g*q) and 05 = (02,01, 015
. 09 q) be distinct points in Z;. Let m be a positive integer such with 1 <
m < q. The points g, and g, are said to be k,, -nearby in Z, if there are at
most m indices i the difference satisfies

Ox; — Q:i| =1 is at most m, for all
0., —0y #1

If |0, — 03] = 1, then two points in Z, g, and @4, are 2-adjacent (Refer
Figure 2.1).

other indices j, the condition
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Figure 2.1
2-adjacent

If two points g, and g5 in Z? are 8 adjacent and differ in precisely one
coordinate, they are 4-adjacent (Refer Figure 2.2).
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Figure 2.2
4-adjacent

If two unique points g, and g5 in Z? differ by no more than 1 in each
coordinate, they are 8-adjacent (Refer Figure 2.3).
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Definition 2.3: [6,7] A digital image can be represented by an ordered pair
(P,x), where P is a finite subset of Z, and k denotes an adjacency relation
defined on the elements of P, for some positive integer n.

Definition 2.4: [6,7] If Do, = g,, then g, € (P,pp,k) is named a FP of the
mapping D:P — P. Consider the digital image (P,k). The FP property is
present in the digital image (P, k) [6]. If there is a FP in each (k, k) continuous
map D: (P,k) = (P, k).

The Banach contraction mapping theory of digital images was created and
illustrated by Ege & Karaca [6] in 2015, as shown below.

Theorem 2.5: [6] Assume that the digital metric space (P, pp, k) is complete.
Let T be a digital contraction map T: (P, pp, k) = (P, pp , k). There is a unique
point p € P such that Tp = p, indicating that T has a unique FP.

Definition 2.6: Let the digital image (P,x) < Z9. Let P represent a nonempty
(NE) set with pp: P X P X (0,4+0) — [0, +00)
Let (P,k) © Z9 be a digital image. Let P be a NE set and a function

pp:P X P x(0,+00) = [0,+40) is called a PMM on P if it fulfills the
following circumstances for all t > 0 and all g,, 05,0, € P

(i) pple.,0,) =0 & 0. =0,
(i) pp(0s 01,t) = pp(01,0.:1)

(i) pp(0. 01,) < pp(sr0nrt) + Pp(0nr 03, 1)

(P, pp, k) is called digital PMS.

The digital image and the function p, together form a DMS with k-
adjacency.

Definition 2.7: In a digital PMS (P, pp, k), [Q* q} be a sequence
q=1

) {Q*q}q=1 is claimed to be converge to g, € P, if limg_,¢ pp (Q*q, 0.,t)=0
lim,, 00 Qi = 0s forallt >0

2) {Q*q} ) C P is called a Cauchy sequence (C-Seq) in P if, for every
q:
t>0,if
q,ngm Pp(Q:qrQuppy D) =0

(3) The digital PMS (P, pp) is named complete if every C-seq in P converges
to some point in P.

Definition 2.8: Let (P,pp, k) be a DPMS and a function D:P — P stands
continuous on g, € P, if for every sequence {Q* q} in P the kind that
q=1

limn—>oo Q*q = Q* then hmq_)oo DQ*q = TQ*
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Lemma 2.9: Let {Q*q} . be a sequence in a DPMS (P, pp, k) the kind that
q=

Pp (Q*q' Qugir t) S App(Qug_qQugpt)

Wherever A € [0,1), g = 1,2, .. then {Q*q} is a C-seq in (P, pp)
q=1

Lemma 2.10: Let (P, pp, k) be a digital PMS. Let {Q*q} be a sequence of
q=1
points of P such that

Pp (Q*q: Qugirr t) S App(Qug_q)Qugrt)

Wherever 1 € [0,%), n=1,2,..Now {Q*q} isa C-Seq in (P, pp, k)
q=1

Main Results
Theorem 3.1: Consider the triple (P, pp, k) be a Complete DPMS and D is a
continuos mapping satisfying the following condition:

pD(Q*' 01, t)' pD(Q*'D(Q*)' t), ]
Pp (QJ) D(QJ)I t)! Pp (Q*l D(QJ): t): Pp (D (Q*)l (%Y t

For all g,,05 € P,0, # 05 and Vt > 0 with §; € [0,1). The mapping D
possesses a unique FP in P.

pD(DQ*I DQ]; t) < 61 max [

Proof: Take 9o € P, 0411 =Dogq, q =0

Set &4 () = pp(0q,0g+1,t) (g =0,t>0)
Apply the hypothesis with ¢, = 04,01 = 0441
Then foreachq € Nand t > 0
pp(0q+1,0q+2:t)
P (0gr 0q+1,t), Pp(0q: Dg, ),
pp(@q+1,D0q4+1,1), P (0q: Degi1,t), o (D0g, g1, t)
Doy = 0q+1 and D@g1 = Qg+ this inequality reduces to
Rq+1(t) = 61 max[pD (qu Qq+2) t): S;iq (t)' Rq (t)' S%q+1(t)v Rq (t)]
Applying the triangle property of
ﬁq+1(t) < 61 max[pD (qu Qq+2, t)' Rq (t)' gq+1(t)] (3-1)
From triangle inequality pp
Pp(0q:0q42:t) < Rgur () + Ko
Substituting into the previous inequality yields three possible situations for

Kq41(0).
There exists a constant 3 € [0,1),

Choosing 3 = max {51, % },
—01

< 6; max
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ensures the recurrence inequality 3 &,(t) = K444 (t) holds
t>08&Vq>0
Fixt >0form>n

311.
Po(0n, 0m,t) < 72K (0)

Ittendsto 0 asn — o

Thus {Qq} is Cauchy in P (uniformly in the parameter ¢ > 0 in the sense
used here). Completeness of (P, pp) gives g = 0" € P

Using continuity of D

Do*=D <lim Qq) = lim Dg,; = lim g4, = 0"
q— oo q— oo q— o
So p* is a fixed point.
Uniqueness: Suppose u, v € P are both FPs. Invoking the contractive inequality

for the pair (u, v) we obtain

Pp (ul v, t) = Pp (Du! DU! t) < 61 maX{pD (ul v, t); 010 »PD (ul v, t): Pp (ul v, t)}
The RHS simplifies to &, pp(u, v,t). Because §; < 1, the only possibility
is pp(u, v,t) = 0 which implies u = v

Theorem 3.2: Let D be continuous mapping that fulfils the succeeding
condition, and let (P, pp, k) be a CDPMS.
pp(De., Dy, t)
< 81lpp (0., D(0.), 1), pp (03, D(01), t)] (3.2)
+62[pp (0., D(01), 1), pp (D (.), 02, )]
for all o,, 0, € P

And 8, + 8, <1,6,6, €[0,2) . Then T has a FP in P.

Proof: Let g, € P be arbitrary and define the sequence g4,1 = D4 for
q=0
Set 24(t) = pp(eq, 0q+1,t) (g 20,t>0)
9q+1(t) = Pp (Qq+1: Qq+2, t)

Applying the assumption with g, = g4, we have 05 = @441
Thus, foreachq € Nand ¢t > 0,

£q+1(t) < 61 [pD (Qq; DQq; t)' pD (Qq+1' D9q+1' t)]

+6,(pp(0q: DOg+1,t), Pp(D0g, 0g+1,t)]
Since Doy = @q+1 and D@41 = Q442 and using the triangle inequality of
Pp

La41(8) < 8y (41 () + 24(0)) + 6, (201 (8) + £4(®))
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Rearranging terms leads to
(1= (81 + 82))8g41(1) < (6, +62)8,4(0)
{8,(t)} satisfies a geometric-type inequality

R41(8) < 9L, (), Y = —1r%

1-(81+62)
By the assumption §; + §, < éwe have 9 € [0,1)
Iteration gives b, (t) < Db, (t)
Consequently, form > n
Pp (Qn' Om., t) < ﬁo(t) Z}?:n g)k
= 228,(t) - 0(n - o)
So {Qq} is Cauchy and converges to some o* € P.

Continuity of D yields Dp* = p*. Uniqueness follows by substituting two
FPs into the equation (3.2), the same calculation forces their distance to be zero.

Theorem 3.3: Let (P, pp) be a CDPMS and D is a continuous mapping filling
the succeeding condition:
Do..t) pp(0+,D0xt)

(0+.
pp(Do., Doa,t) + 8:pp (02, Do, t) > 6,222 20 (@eoat) + 83pp (0., 01, 0)

For all g,,04 € P,0, # 0, and Vt >0 where &;, §,,6;3 =0 are real
constants and 8, + 63 — 26; > 1,85 — §; > 1. Now D has unique FP in P.

Proof: Let gq € P be arbitrary and define the sequence g4.1 = Dog forqg =0

Set 9:Rq(t) = pD(Qq' Qq+1' t) (q 2 O't > 0)
Applying the inequality in the theorem to the pair (Qq, Qq+1)
Since pp (Qq: Doy, t) = M, (t) and pp (Qq+1' Dog+1, t) =M1 (0)

From assumed inequality, one obtains

My 41(6) Ty (£)
pD(Qq+1' Oq+2) t) + 51pD(Qq+1' Qq+2» t) = 52% + 659, (t)

Assuming 9, (t) > 0, this reduces to
(1 + 681 = 8,)Mg41 () 2 6Mq (1)
Thus,
5
My (t) = ﬁ Mm,(t) (3.3.1)

On the other hand, by reapplying the inequality at the subsequent index
and using the triangular property of the metric, we also arrive at the upper
estimate
1+61-6;

83-61

Myoa (£) < M, (£) = kD, () (332)
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Where the algebraic manipulations are valid under the stated parameter
constraints, the condition §3 — §; > 1 guarantees k < 1

Combining (3.3.1) and (3.3.2) show that Mt,,,(t) is squeezed and in
particular satisfies the geometric upper bound

M, () < kPMo(t) (g =0)

With k € [0,1). Therefore the series, Y, M, (t) converges and {g,} is
Cauchy. Completeness yields convergence g, — 0" € P

Continuity of D gives Dp* = o* so a FP exists.

Uniqueness: Suppose ¢ is another FP.

Pp (Q*! él t) + 51pD (él Q*l t) 2 63pD (Q*' é' t)
But pp is symmetric, so this reads

(146, —85)pp(e”,0,t) <0
Because of the hypothesis ensures 3 — §; > 1 we have
14 6; — 85 < 0 forcing pp(0*,0,t) = 0 and hence o* = §. This proves
uniqueness.
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