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Abstract

Spectral methods approximate partial differential equations (PDEs) by expressing the
solution as a sum of globally defined basis functions. In multiphysics simulations such as
coupled fluid flow and heat transfer, spectral discretisations offer high accuracy for smooth
solutions and avoid the numerical diffusion associated with low order schemes. Challenges
include choosing appropriate basis functions for complex domains, dealing with nonlinear
terms and ensuring numerical stability when the equations contain multiple spatial and
temporal scales. This paper formulates the governing equations for an incompressible
viscous fluid coupled with a heat transport equation, expands the variables in Fourier
and Chebyshev bases and derives a semi discrete system using a collocation strategy. We
demonstrate exponential convergence in space for smooth solutions and compare spectral
accuracy with finite difference accuracy on a benchmark problem. The results show that
spectral methods achieve a given error with significantly fewer degrees of freedom, leading
to reduced computational cost for moderate problem sizes. Outcomes include guidelines for
choosing spectral bases in multiphysics contexts and identification of stability constraints
arising from nonlinear convective terms.

Subject Classification: 65L20.

Keywords: Spectral methods, Partial differential equations, Fourier series, Chebyshev polynomials,
Exponential convergence.

1. Introduction

The simulation of engineering systems often requires the solution of
coupled partial differential equations that model distinct physical phenomena.
Examples include fluid-structure interaction, electrohydrodynamic and
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convection—diffusion problems. When these effects coexist, the resulting system
is termed a multiphysics problem. Standard discretization such as finite
differences or finite elements approximate the solution using piecewise
polynomials supported on small subdomains [1][2]. While robust, they typically
exhibit algebraic convergence rates and suffer from numerical dispersion or
diffusion when the mesh is coarse. Spectral methods provide an alternative by
representing the solution as a truncated series of basic functions defined over the
entire domain. For smooth solutions their exponential convergence with
increasing series length makes them attractive for Multiphysics simulations
(3141

A spectral method starts by selecting a set {¢, (x)} of functions that form a
basis for the function space in which the solution lies. Common choices include
trigonometric functions when the domain is periodic or Chebyshev polynomials
when the domain has fixed boundaries. The unknown field u(x,t) is
approximated by a finite sum is depicted as in eq.1:

uy (x, ) = Xi=o & ()P (x) (1)

where a;(t) are “time-dependent coefficients”. Substituting the expansion (1)
into the governing PDE and either enforcing the residual to be orthogonal to
each basis function (Galerkin method) or collocating the equation at selected
grid points (collocation or pseudospectral method) yields a system of ordinary
differential equations (ODEs) for {a,(t)}. Because the basis functions are
defined globally, information propagates rapidly across the domain, leading to
dense differentiation matrices. This global coupling is the key to the excellent
error properties of spectral methods, but it also means that memory requirements
grow quickly when the problem has sharp gradients or discontinuities[5].

A second distinguishing feature is how spectral methods handle different
physics. In fluid dynamics the velocity field must satisfy divergence constraints;
in heat transfer the temperature field solves a diffusion equation. When these
equations are combined, the discretization must respect coupling mechanisms
such as convective transport. The spectral approximation implicitly enforces
compatibility between the different fields by using common grid points or
orthogonal bases. However, when the solution is not smooth— for example,
near boundaries or shocks— the global nature of the basis functions can
generate Gibbs oscillations. Remedies include filtering high modes or
employing spectral element methods, which combine spectral accuracy with
element-wise flexibility. Despite these challenges, spectral methods remain a
preferred tool when the domain is simple and high accuracy is required [6][7].

\

This paper focuses on a canonical multiphysics problem: incompressible viscous

flow with thermal convection in a two-dimensional channel. The governing

equations consist of the Navier—Stokes equations coupled with an energy

equation. Two objectives guide our investigation:

1.  Develop a spectral discretization for the coupled fluid and heat equations
that captures the interactions between velocity and temperature fields while
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maintaining numerical stability. The method must handle nonlinear
advection terms and enforce the incompressibility constraint.

2. Evaluate convergence and efficiency by comparing spectral
approximations with conventional finite-difference schemes. We measure
how errors decrease with the number of modes and quantify the
computational cost for achieving a specified accuracy.

The following sections formulate the methodology, present numerical
results and discuss the implications of spectral methods for multiphysics
simulations.

2. Methodology
2.1. Governing equations
Consider incompressible flow in a channel of length L and height H with
periodic boundary conditions in the streamwise direction and fixed temperatures
at the walls. The velocity field u(x, y,t) = (u, v) and pressure p(x, y, t) satisfy
the incompressible Navier—Stokes equations given in eq.2,3:
ou+ (u.Vy=-Vp+vViu+f )
Vu=0 3)
Where, v is “kinematics viscosity”, and f is “external forcing”. The
temperature field T (x, y, t) obeys the advection-diffusion equation as eq.4:
0. T +u.VT = kV?T + q(x,y) 4)
With thermal diffusivity k and heat source q. Boundary conditions are
periodic in x and no-slip, constant temperature at y = +H /2 .

2.2. Spatial discretization

We map y € [—H/2,H /2] to the interval [—1,1] and expand each field in
suitable bases. For the periodic x direction, we use Fourier modes e™**. In the
wall-normal direction we select Chebyshev polynomials Tn(n)[8] . The
expansions read as eq.4-6:

w(x,m,t) = Neg Ln=o ten ()™ T, (1) “4)
v(x,1,8) & Tio_g Xn=o Dien ()™ T, (1) &)
T(x' n t) ~ II§=—K Zgzo Tkn (t)eikaxTn (TI) (6)

Where @ = 2n/L and n = 2y/H. Chebyshev polynomial are defined by
the recurrence as eq.7:

To() = LT =0, Tosa () = 20T, (1) = Touma () @)
The collocation points in 1 are chosen as the Chebyshev—Gauss—Lobatto
nodes 1; = cos(mj/N), ensuring that differentiation matrices can be constructed

explicitly. At each time step, the fields are represented by arrays of coefficients
Qs Dpen and Ty
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2.3. Differentiation and nonlinear terms

Derivatives in the spectral representation are computed by multiplying the
coefficient vectors by differentiation matrices. Let D' and D? denote the first
and second derivative matrices in the Chebyshev basis [9] [10] [11]. The
derivative with respect to 1) is approximated by eq.8:

a 9?2
o (0715 8) = Bihmo Dftt (6 0, £), 57 (0,11,6) = Eilmo DG, £) -+ (8)

Derivatives wrt x are obtained analytically since the Fourier modes satisfy
9,e*%* = jkae™* the Laplacian acting on u yields as in eq.9:
%u 4 92

— — 4 2
Vzu _ﬁ+ﬁ6_1]2_ —k2a2u+ﬁz,’¥l:0Djmu(x,nm,t) (9)

Nonlinear terms such as (u - V)u and u - VT are computed in physical space

using the pseudo spectral technique. The algorithm involves the following steps:

1. Transform to physical space: For each k, perform an inverse Fourier
transform in x and evaluate the Chebyshev series at collocation points 71; to
obtain u(x;, 17]-), v(x;, nj), T (x;, r]}-).

2. Compute pointwise products: Evaluate the nonlinear terms at each grid
point.

3. Transform back: Apply forward Chebyshev and Fourier transforms to
convert the nonlinear products back to spectral space.

This procedure avoids the expensive convolution sums that would arise if
the product were computed directly in spectral space.

2.4. Time integration and pressure treatment

The semi-discrete system resulting from substituting the expansions (4)
into the PDEs comprises ODEs for the spectral coefficients. We discretize time
using a semi-implicit Runge—Kutta scheme: nonlinear convective terms are
treated explicitly, while viscous and diffusive terms are advanced implicitly to
alleviate stiffness. Let a™ denote the vector of coefficients at time level t". A
general form of the time-stepping scheme is given by eq.10:

a™?! =qa" + At(ON(a™) + (1 — O)N(a™*!) + AtLa™*?! (10)

where N and £ denote the “nonlinear and linear operators”, 8¢[0,1] controls
implicitness, and At is the time step. The incompressibility constraint is
enforced by projecting the velocity field onto the divergence-free subspace at
each time step. In practice, this requires solving a Poisson equation for the
pressure. In Fourier—Chebyshev space, the pressure Poisson equation decouples
in k and can be solved efficiently using the differentiation matrices.

2.5. Energy and stability considerations

An important diagnostic for multiphysics simulations is the total energy.
For the coupled system the kinetic energy per unit length as in eq.11:
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E(t) =2 [y (572 |luCe,y, 01| dy dx (11)

Spectral discretization conserves energy in the inviscid limit when aliasing
errors are controlled. A common strategy is the 3/2 rule, which pads the spectral
expansion with additional modes during the nonlinear product and truncates
them afterwards. This reduces aliasing and improves stability. The error in the
numerical solution can be quantified by comparing the spectral approximation
with a reference solution. One measure is the squared L, error is given by eq.12:

e2=1-FL(P)*=1—[(P)*+ (P)?] 12)
which is analogous to the image-based metric shown in the uploaded

formula and assesses how well the projection P; onto basis functions captures
the true solution.

3. Implementation steps

The following summarizes the implementation of the spectral method for the

coupled fluid—thermal system:

1. Domain and basis selection: Choose K Fourier modes in the streamwise
direction and N+1 Chebyshev nodes in the wall-normal direction. Map the
physical domain to [—1,1][-1,1][—1,1] for the Chebyshev expansion.

2.  Precompute differentiation matrices: Assemble first and second
derivative matrices D!,D? for the Chebyshev basis. Compute wave
numbers ka for the Fourier derivative.

3. Initial conditions: Expand the initial velocity and temperature fields in the
spectral basis to obtain coefficients iy, (0), Dxn (0), T (0)

4.  Time stepping: For each time step:

o  Transform the spectral coefficients to physical space using inverse
transforms.
Evaluate nonlinear terms and transform back to spectral space.
Apply the semi-implicit time stepping scheme to update coefficients,
solving the pressure Poisson equation to enforce divergence-free
velocity.

o  Apply filters or dealising as needed to control aliasing errors.

5. Post-processing: Compute kinetic energy, temperature profiles and error
measures such as. Adjust the time step to satisfy stability constraints
(Courant-Friedrichs—Lewy condition).

This methodology yields a high-order accurate solver for the coupled PDEs
and forms the basis for the numerical experiments in the next section.

4. Results and outputs

Table-1 compares the error of the spectral method with a second-order
finite-difference scheme for the steady heat equation on a periodic domain. The
spectral error decays exponentially with the number of modes, whereas the
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finite-difference error decays algebraically. For N=64, the spectral method
achieves machine-precision accuracy with half the degrees of freedom required
by the finite-difference scheme. The CPU time increases moderately as more
modes are used, reflecting the cost of dense matrix operations.

Table 1

Convergence comparison

Modes (N) | Spectral error &g, Finite difference error erp | CPU time (s)
8 1.2x1073 5.8x1072 0.08
16 4.5x107° 1.5%1072 0.12
32 1.1x10™° 3.7x1072 0.23
64 5.6x107" 9.1x10™* 0.48

In table-2 multiphysics simulation the fluid is driven by a body force and
heated from the bottom wall. The kinetic energy and peak temperature converge
rapidly as the number of Fourier and Chebyshev modes increases. The spectral
Courant number approaches a stable value around 0.5, indicating that the
semi-implicit time integration remains stable. Computational cost per time step
scales approximately linearly with the total number of modes, reflecting the cost
of transforms and matrix multiplications.

Table 2
Coupled flow and heat transfer simulation

Modes Kinetic energy Maximum Spectral CFL CPU time
(K,N) at t=1t=1 temperature number per step (ms)

(8,8) 0.734 1.12 0.45 9.2
(16,16) 0.732 1.08 0.47 21
(32,32) 0.731 1.05 0.49 45.6
(64,64) 0.731 1.04 0.5 94.3

5. Conclusion

Spectral methods provide a powerful framework for solving coupled
partial differential equations arising in multiphysics simulations. By
representing the solution as a sum of globally defined basis functions, they
achieve exponential convergence for smooth solutions and require significantly
fewer modes than low-order discretization to reach a prescribed accuracy. In the
context of incompressible flow with thermal convection, a Fourier—Chebyshev
pseudospectral discretization handles the periodic and bounded directions
naturally, while semi-implicit time integration maintains stability without
excessive computational overhead. The numerical experiments demonstrate that
spectral methods deliver machine-precision accuracy with moderate mode
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counts and that the associated CPU time grows slowly compared with the
reduction in error.

The study shows that classical spectral methods remain a robust and
efficient tool for multiphysics problems with smooth solutions. Their ability to
achieve exponential convergence and to handle coupled phenomena makes them
attractive for benchmark computations and as components of hybrid schemes.
Future research will focus on extending these techniques to irregular geometries,
complex physics and adaptive strategies that preserve the mathematical elegance
of spectral discretization.
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