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Abstract

Nonlinear partial differential equations (PDEs) are very important for modeling
complicated behaviours in quantum fluid dynamics, which is where quantum physics and
traditional hydrodynamics meet. It is these equations, especially nonlinear Schrédinger
models, which explain wave-particle duality, dispersion, and coherence in quantum plasmas,
superfluids, and Bose-Einstein condensates. As opposed to linear formulas, nonlinear PDEs
show how answer interactions, modulation instabilities, and emergent turbulence take place
at the quantum degree. This study looks into the mathematical bases, models, and ways to
solve nonlinear PDEs in quantum fluid dynamics, with a focus on how they can be used to
predict the behaviour of quantum fluids at both the microscopic and macroscopic levels.

Subject Classification: 14D21, 35M86.

Keywords: Quantum fluid dynamics, Gross—Pitaevskii equation, Soliton theory, Perturbation
methods, Variational analysis.

1. Introduction

Quantum fluid dynamics is the study of how systems like Bose—Einstein
condensates, superfluid helium, and quantum plasmas behave as a whole. It's far at
the intersection of quantum physics and standard hydrodynamics [1]. Quantum
fluids need formulas that consist of wave features, coherence consequences, and
nonlocal interactions, while conventional fluids solely want Navier—Stokes-type
equations [2]. The nonlinear Schrédinger equation (NLSE) and its versions are
used as simple models for nonlinear partial differential equations (PDEs), which
might be a beneficial thanks to use math to understand these complicated
situations [3, 4]. Quantum fluids on a number of sizes are acknowledged to have
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nonlinear dispersion, superfluid vortices, and systems that look like singletons.
These equations explain these functions [5, 6]. The fact that these PDEs are
naturally not linear shows basic properties of quantum systems, like phase
coherence, tunnelling effects, and wave-packet dynamics, that can't be explained
by linear models. There aren't many analytical answers. Instead, most problems
need computer solutions, such as finite element analysis, spectral methods, and
variational techniques [7, 8].

2. Mathematical Foundations
2.1. Governing principles of quantum mechanics and fluid dynamics

The Schrodinger equation and hydraulic conservation rules are combined
in quantum fluid dynamics to describe probability levels as fluid-like things [9,
10]. Some of the rules that govern quantum mechanics are superposition,
uncertainty, and phase coherence.

Theorem 1 (Madelung equivalence: Schrodinger & quantum Euler +
continuity)

Lety : R% x [0,T] » C solve the linear Schrédinger equation

h? d
ih oty = —( )mp + V@, Oy, v(-,0)0= o € H(RY,

2m
With smooth real potential V, and suppose i # 0. Define density and
phase

is 1
Y = Jpeh, p = pI2>0, v = (2)vs (1)
Then (p,v) satisfies the continuity and Euler equations with quantum
potential:

otp + V-(pv) = 0 2)

h?) (4
m@tv+ @ -Vv)= -V(V + Q(p)),Q(p) = — (a) <%) 3)
Conversely, ifp > 0andv = (i) VS satisfy the boxed equations, then

is
Y = \/ﬁe? solves the Schrédinger equation

Proof:
is
Amplitude—phase derivatives. With yp = \/;_)ef:
_ (@tp) | . s) B
ot = <(zﬁ)+ Lﬁath)eh 4)
_(wp | . ws) B
vy = ((ZJE)+ o )er )

A short computation yields:

Ay = eiﬁs[a\/ﬁ— (=) VeIvsi + () (7/p - 7S +/pas)| (6)
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Insert into Schrodinger equation and separate real/imaginary parts. Divide
the equation by e"(iS/h) and equate imaginary parts:

h 1
a5 0tp + (E) (Vp - VS + pAS)= 0 )
Multiplying by (2p / h):
6tp+l7'(p(%)l75)=0@6tp+|7-(pv)=0 (8)

This is the continuity equation.
Equating real parts gives:
7s|?

—ots =L 4 v + Q(p) ©)
0= - (1) (*2) (10)

Which is a Hamilton—Jacobi equation with an extra quantum term
Taking V of this identity gives:

—7(atS) = (%) (VS - VIVS + WV + VQ(p) (11
Converse. If p > Oandv = (n%) V'S satisfy the boxed equations, define

is
Y = \/Ee?. Reversing steps eq. (1)—(2) yields the Schrodinger equation exactly
(the additive constant in S is a global phase).

Conservation laws. Defining current j:= pv , the mass [ pdx is
conserved.
The energy
h2
1 am |VP|2
E[y] = f<(5)mp|v|2 + pV +%) dx (12)

is conserved for time-independent V under suitable boundary decay.
Vorticity/quantization. Since v = g, V X v = 0 offnodal sets {ip = 0}.
Around a loop encircling a node:

$v - dl = (%) 2nn (phase single—valuedness).

2.2. Derivation of nonlinear Schrodinger-type equations

The Gross—Pitaevskii equation shows up as a nonlinear Schrodinger-type
PDE when you start with the many-body quantum Hamiltonian and mean-field
approximations. Interaction potentials create cubic nonlinearities, and external
fields set the rules for how trapping dynamics work [11].

Many-Body Hamiltonian

h2 . . . .
H= 3V [— (%) viz + Vext(rl)] + (%) Ziizjy U(ri = rj]) (13)
Many-Body Schrodinger Equation
ih2 = HY (14)
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Mean-Field Approximation (Hartree Ansatz)

Y(rl,..,N,t) = [y ¥ (ri,t) (15)
Reduction to Single-Particle Wavefunction
e 0P h2
ih 2% = [—(ﬂ) V2 + Vext + g|1p|2]1p (16)
Interaction Coupling Constant
2
g = (471::; as) 17
Gross—Pitaevskii Equation (Cubic NLSE)
. 9 h2
2= —(Z)r2y + vexty + glpl*y (18)
Normalization Condition
Jp@, 0 d*r = N 19)

3. Analytical and Numerical Solution Techniques
3.1. Perturbation methods and asymptotic analysis

By growing around small parameters, perturbation methods get close to
nonlinear PDE solutions and give us information about stability and
bifurcations. Long-term dynamics, nonlinear wave interactions, and
modulational instabilities can all be seen in asymptotic analysis.

General Nonlinear PDE (NLSE form)

. OY h2
ih2+ ()72 — gyl = 0 (20)
Perturbation Ansatz (Expansion in &)

Y(r,t) = Yo, t) + epl(r, t) + e2Y?(r,t) + ..
Leading Order Equation (&°)

. 0YO h?
ih e+ () 72y — gly®2y® = 0 @1
First-Order Correction (g')
2t () p2zygt — 2oyt — gyl e = SEO) (22)
at 2m

Multiple-Scale Expansion

To = t, T1 = &t, Tz = gzt,

) ) £d £29

= Yot ozt -
Definition: Solvability Condition

A PDE perturbation problem is solvable if secular terms vanish, ensuring
bounded 1, yo.

Proof: Linearize y = yo + ge” {i(k-r-mt)}, substitute, obtain dispersion:
2 _ (BPEY _ (90%) 12
W= (4m2> (m)k (23)
Sign of ®? dictates stability.
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3.2. Variational principles and soliton theory

Using preserved values like energy and motion, variational formulas turn
nonlinear PDEs into optimization problems. Soliton theory explains how
quantum fluids have steady, localised wave packets that are needed to model
swirls and coherent excitations.

Lagrangian Density for NLSE

. 2
L= (@)= ve5)- Gwer - Qwr es
Action Integral
S=[Lddt (25)
Variational Principle (Definition)
6S = 0 = Euler-Lagrange equations
Euler-Lagrange Equation for y

g_:) * ot (a(;th*)) -V (a(gle*)) =0 (26)

Theorem: Applying the variational principle to L yields the Gross—Pitaevskii
equation.

Proof:
. S ihoyp n2\ o 2
Substitute L, compute derivatives === _(E)V Y+ glylcy. 27)
Soliton Ansatz (Trial Function)
W(x,t) = Asech ("‘T”t) elitkx - w)} (28)
Effective Lagrangian (Reduced Form)
Leff(A,¢,v) = [L[irialdx (29)
Variational Equations
oLeff _ dLeff _ oLeff
” =0, T: = 0, 3 =0 (30)

4. Results
Different discretization is used in Table 1 to compare nonlinear quantum-
fluid solutions. The pseudo-spectral Gross—Pitaevskii method has the smallest
phase error (3.4°), the smallest energy shift (4.8 ppm), and the smallest mass
error (0.7 ppm), which means it accurately represents vortices(in figure 1).
Table 1
Benchmark of Nonlinear Quantum-Fluid Solvers

Method (Discretization) Phase | Energy Drift | Mass Error | Vortex Count

Error (°) (ppm) (ppm) Error (%)
GPE (Pseudo-Spectral) 34 4.8 0.7 1.9
NLSE (4th-Order FD) 5.1 8.3 1.2 34

QHD (Finite-Volume) 6.8 11.6 1.9 5.7
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The mistakes in finite-difference NLSE and finite-volume QHD, on the
other hand, get worse, with vortex count differences reaching 5.7%. Figure 2
shows error variation in numerical methods by metric.
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Figure 1
Comparison of Numerical Method Errors
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Error Trends of Numerical Methods across Evaluation Metrics

This shows that spectral methods are more accurate in quantum-fluid
models.

5. Conclusion

It was shown in this study that the mathematical basis of quantum fluid
dynamics is nonlinear partial differential equations, especially nonlinear
Schrédinger-type models like the Gross—Pitaevskii equation. The theoretical
base, built on Madelung equivalence and mean-field derivations, explains how
quantum interactions at the microscopic level lead to fluid events at the macro
level. Variational principles, on the other hand, show how conserved quantities
and soliton structures keep quantum coherence going. The comparison results
demonstrate that discretisation procedures are crucial for numerical model
accuracy. With reduced phase error (3.4°), nearly no mass error (0.7 ppm), and
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less energy drift (4.8 ppm), pseudo-spectral solvers are better at catching vortex
dynamics on the Gross—Pitaevskii equation. Finite-difference and finite-volume
techniques differ more, especially in vortex count mistakes. These findings also
demonstrate that rapid and accurate spectrum approaches are the best option to
improve quantum fluid system forecast models.
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