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Abstract
Large sparse linear systems, like those found in scientific computing, engineering 

models, and optimization problems, can be solved very efficiently using iterative Krylov 
subspace methods. The Generalized Minimal Residual (GMRES) method for nonsymmetrical 
systems and the Conjugate Gradient (CG) method for symmetric positive-definite systems 
both use orthogonally and efficient subspace projections to make sure that the systems 
quickly converge while using less memory. Some preconditioning techniques, like partial 
LU and Cholesky factorization, make them much more useful by making the numbers more 
stable and speeding up convergence. This paper looks at the mathematical bases, iterative 
formulas, and preconditioning methods that are necessary for current large-scale computing.
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1. Introduction 
A lot of computer problems in physics, engineering, and applied 

mathematics are based on large sparse linear systems. These problems are 
mostly in the areas of fluid dynamics, structure analysis, electromagnetics, and 
optimization [1, 2].  Traditional direct methods are reliable, but they can't be 
used for very big systems because they need a lot of memory and are hard to 
program. When we build successive approximations to the answer within 
increasingly richer low-dimensional subspaces, iterative methods, and especially 
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Krylov subspace techniques, offer scalable options [3, 4, 5]. Krylov methods are 
popular because they can use matrix sparsity, orthogonality, and projection 
principles, and they can converge quickly for systems that are well-conditioned 
[6]. The Generalized Minimal Residual (GMRES) method can be used for a 
wide range of nonsymmetric or indefinite cases, while the Conjugate Gradient 
(CG) method is the usual choice for symmetric positive-definite systems [7].  In 
bad situations, though, the merging of these methods can get worse. To get 
around these problems, preconditioning methods are used to change the system 
into a shape that is better for iterative convergence.  Strategies like incomplete 
LU (ILU) and incomplete Cholesky factorisation cut down on the number of 
iterations by a large amount while keeping sparsity [8, 9].   

2. Mathematical Foundations 
2.1. Orthogonality and projection principles 

Orthogonality is the basis of Krylov subspace methods; it makes sure that 
leftover vectors don't affect each other, which lets stable approximations happen 
[10]. Iterative schemes that work well are those that limit answers to subspaces 
that have error norms or residuals that are as small as possible.   

 

 
Figure 1 

Geometric Representation of Orthogonality and Projection in Krylov Subspaces 
 
In figure 1 shows Krylov methods use matrix structure to match 

approximations with orthogonal directions. This cuts down on processing 
repetition and ensures that errors are reduced consistently across iterations for 
large sparse systems [11]. 

Step 1: Definition of Inner Product 
  ⟨    ⟩   ∑   *   + 

* +  (1) 

Step 2: Definition of Norm 

  ‖ ‖   √⟨   ⟩ (2) 



2210� S. SAOJI ET AL.

 

Step 3: Orthogonality Condition 
  ⟨   ⟩               (3) 

Step 4: Orthogonal Projection Formula 

                   *     + ‖       ‖    (4) 

Step 5: Projection Theorem 
           *        +      

        ∑ ⟨    ⟩ 
*   +    (5) 

Step 6: Gram–Schmidt Orthogonalization 

          ∑ (⟨     ⟩⟨     ⟩
)  *   + 

*   +  (6) 

2.2. Convergence theory basics 
In Krylov methods, convergence depends on the spectral features of the 

system matrix, especially how the eigenvalues are distributed and how they are 
conditioned [12].  When eigenvalues are well-clustered, convergence happens 
more quickly.  Error reduction is linked to polynomial approximations over the 
spectrum by theoretical limits.   

Definition of Residual 
               (7) 

Error Vector 
             (8) 

Relation Between Error and Residual  
           (9) 

Convergence Definition 
     *     +

 ‖   ‖     (10) 

Error Propagation Formula 
   *   +        (11) 

Error Bound via Eigenvalues 

  ‖   ‖     (
.√ ( )   /
.√ ( )   /

)
 
‖   ‖  (12) 

Polynomial Approximation Property 
  ‖   ‖     *        ( )  +

 ‖  ( )  ‖ (13) 
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Theorem (CG Convergence Bound): For symmetric positive-definite A: 

  ‖   ‖     (.√ 
( )   /

.√ ( )   /
)
 
‖   ‖  (14) 

3. Iterative Krylov Subspace Methods 
3.1. Conjugate Gradient (CG) for symmetric positive-definite systems 

For symmetric positive-definite matrices, the conjugate gradient method 
minimizes the quadratic energy norm over and over again.  It creates search 
lines that are conjugate with respect to the system matrix, which makes sure that 
progress is made quickly.   

Matrix A is symmetric positive definite, which means that all of the 
answers will converge and be the same. 
                                 (15) 

The initial residual measures error between the current guess and system 
solution.  
               (16) 

As the first leftover vector, the first search direction is picked. 
         (17) 

During update, the step size makes sure that errors are kept to a minimum 
along the conjugate search direction.  
      (      )

(        ) (18) 

Stepping along the current conjugate path updates the solution vector over 
and over again.  
                   (19) 

The residual is changed to make sure it is orthogonal to the previous 
residuals for maximum speed.  
                     (20) 

The coefficient changes the new direction to keep the A-conjugacy 
between the search directions.  
      (          )

(      )  (21) 

The next direction is the residue plus the scaled previous direction, which 
keeps the directions orthogonal.  
                    (22) 

The CG answer is in the Krylov subspace, which is made up of leftover 
matrix multiplications.  
    (    )       *                 + (23) 

Residuals are orthogonal, which stops duplication and makes sure that 
basis extension works well.  
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3.2. Generalized Minimal Residual (GMRES) method 
The GMRES method creates an orthonormal basis of Krylov subspaces 

through Arnoldi iterations for systems that are not symmetric or are not sure.  
GMRES makes sure that there is strong convergence by minimizing the residual 
norm over the built region(in figure 2).   

Theorem (Arnoldi orthonormality): Let                               
 ‖  ‖                  

Run k steps of the Arnoldi process (modified Gram–Schmidt) without 
breakdown, i.e., with  *     +                    .  

Then the Arnoldi basis      ,          - has orthonormal columns: 
             

Proof: We proceed by induction on j. 
Base case (   )   
By construction, ‖  ‖    ‖    ‖            (  )         
Inductive step:  
Assume      ,       -  has orthonormal columns, i.e., (  )      

                        
In the j-th Arnoldi step set 

           (24) 
    *   +    (  )      (       )  (25) 
           *   +

  *   +  (26) 
Then for each i ≤ j, 

  (  )      (  )    –  *   +
  *   +(  )       (27) 

     *   +    *   +
  *   +    (28) 

     *   +    *   +     (29) 
Thus         *       +    

 
Figure 2 

Geometric Interpretation of the GMRES Method in Krylov Subspaces 



ITERATIVE KRYLOV SUBSPACE METHODS� 2213

 

With no breakdown,   *     +    ‖ ‖      and we define  *   +  
 

 *     +
    

Consequently, ‖ *   +‖    and (  )   *   +                    

4. Result Discussion 
In Table 1, Krylov methods with and without ILU preconditioning are 

shown side by side. The Conjugate Gradient method needed 145 iterations and 
2.6 seconds to reach convergence. GMRES(20), on the other hand, got there 
faster with 110 iterations but used more memory.   

 
Table 1 

Performance Comparison of Krylov Methods (CG vs GMRES) 

Method Iterations CPU 
Time (s) 

Memory 
Usage (MB) 

Convergence 
Rate (%) 

CG 145 2.6 120 94.7 
GMRES(20) 110 3.1 185 96.2 
CG + ILU 92 1.8 135 97.9 
GMRES + ILU 76 2 160 98.6 

 
Figure 3 shows preconditioning made both methods much better by cutting 

the number of rounds to 76 for GMRES and 92 for CG.   
Overall, ILU sped up convergence, cut down on CPU time, and raised 

convergence rates above 97%, showing how well it works. 
 

 
Figure 3 

Comparison of Solver Performance Metrics 

5. Conclusion 
A study that compares Krylov subspace methods shows that 

preconditioning can speed up convergence and make things run more smoothly. 
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If we don't precondition CG and GMRES, they need a lot more iterations and 
CPU time, which makes them less useful for big tasks. Using ILU cuts the 
number of iterations by a huge amount (from 145 to 92 for CG and from 110 to 
76 for GMRES), which speeds up processing while keeping sparsity. GMRES 
has faster convergence rates than CG, but it needs more memory, which shows 
that there is a trade-off between speed and storage. This shows that 
preconditioning is important for improving the scalability, robustness, and 
performance of iterative solvers, especially for large, sparse, and poorly-
conditioned linear systems used in science and engineering. 
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