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Abstract

Ordinary differential equations (ODEs) that are stiff come up a lot in science and
engineering. They need numerical methods that balance stability, speed, and accuracy. In
strict regimes, explicit Runge-Kutta schemes don’t always work, and implicit schemes are
very hard to compute. This study creates high-precision Runge-Kutta methods that focus
on L-stability and order conditions to make sure they are stable. To get the best results when
handling stiff problems, modified stability-preserving formulas and hybrid implicit-explicit
(IMEX) methods are suggested. These methods give us a solid way to solve complicated stiff
ODE systems that happen in the real world and cover many areas.

Subject Classification: 65L06, 32G34.
Keywords: Stiff ODEs, Runge—Kutta methods, L-stability, IMEX schemes, Numerical analysis.

1. Introduction

Ordinary differential equations (ODEs) that are stiff come up a lot in many
science and technical fields, like chemical reactions, circuit modelling, fluid
dynamics, and control systems. There are a lot of math methods that can't be
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used to solve these problems because the answer components change slowly and
quickly at the same time. Stringent stability requirements mean that traditional
explicit schemes often fail because they need too few time steps to work [1].
So, one of the main goals of numerical analysis has been to come up with stable
and effective ways to solve hard ODEs. Runge—Kutta (RK) methods, especially
their implicit versions, have been very helpful in dealing with stiffness [2, 3].
They can be used for a lot of different things because they are flexible in how
they achieve higher-order accuracy and steadiness. However, explicit RK
schemes become less stable in stiff regimes, and standard implicit RK schemes
often need a lot of computing power [4, 5, 6]. Figure 1 shows numerical
stability, accuracy, adaptive integration process. So, recent progress has been
made in making Runge—Kutta methods that are both efficient and stable while
still being very accurate.

High-Accuracy
Runge—Kutta
Schemes
Y Y Y
Implicit vs. Stability,
Coeflicient EI;(plicit Error, and
Selection Bortonlations Performance
Analysis
Figure 1

Framework of High-Accuracy Runge—Kutta Schemes for Stiff ODEs

When developing methods that keep accuracy without sacrificing stability,
L-stability and order conditions are especially important. Hybrid implicit-
explicit (IMEX) methods make them even more useful by treating stiff and non-
stiff parts separately [7, 8]. This study suggests better Runge—Kutta schemes that
are more accurate and stable. These schemes could help solve stiff ODE systems
more quickly.

2. Mathematical Preliminaries
2.1. L-stability and its relevance for stiff problems

L-stability makes A-stability last longer by preventing the generation of
unwanted high-frequency components, which is a very important feature in stiff
ODEs [9]. L-stable methods stop numerical swings, keep long-term accuracy,

and allow bigger step sizes. This makes them necessary for stiff problem solvers
that you can trust.



2220 RESHMA K. P. ET AL.

1. Definition (Stiff ODE)

y'@®) = f(ty),y(t0) =y0,f:R X R* > R" (1
A system is stiff if eigenvalues Ai of Jacobian | = Z—;: satisfy
|[Re(Amax)| > |Re(Amin)|. 2)
2. Test equation
y'(@®) = 2y(t),Re(1) < 0 A3)
3. Numerical scheme
Yin+1y = R(WD)yy “4)
4.  Definition (Stability function)
R(z)=1+ zb™(U — zA)™1 %)

5. Definition (A-stability)
A method is A — stable if |[R(z)| < 1,V Re(z) < 0.
6.  Definition (L-stability)
A — stable method withlim(z - —o) R(z) = 0is L — stable.

7.  Backward Euler stability function

R@) = 725 (©)

8. Limit for large |z|
lim(z > —©)R(z) =0 (7
= Backward Euler is L-stable.

Theorem: If a method is L-stable, it damps stiff modes faster than explicit
schemes.

Proof: For large negative 1, hA —» —oo,s0 R(hA) - 0.
Stiff components vanish numerically.

2.2 Order conditions for Runge—Kutta methods

Runge—Kutta methods are more accurate because they use order conditions
that come from Taylor expansions and Butcher's rooted trees. These
mathematical constraints make sure that derivatives are approximated correctly
at several steps [10, 11]. Meeting higher-order conditions strikes a balance
between stability and computing speed. This lets us to find correct, consistent
solutions for stiff differential equations [12].

Theorem (Runge—Kutta Order Condition): There is an order p for a Runge—
Kutta method if and only if, for each rooted tree t with order |t| < p, the
elementary weight a(t) is equal to:

a(t) = — ©

y(®)
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Where y(7) is the tree factorial, a(t) = X b;@;(), and @_i(7) is the stage
contribution of t.

Proof: For the ODE y' = f(t,y), look at the exact solution expansion of y(t).
Using Taylor's theorem, the answer can be put in terms of derivatives f, f, f",
etc., which can be shown in a compact way by rooted trees.

It is possible to increase the numerical answer of an s-stage RK method as
a B-series:

Y1) = Yu + Z00 a(@F @) () (10)

Where the a(t) depend only on coefficients (a_ij, b_i, ¢_i).
The number expansion (2) must match the exact Taylor expansion up to all
trees with order [t| < p in order to get to order p.

Hence, condition:
1

a(t) = For all|t| < p (11
Conditions:
—Order 1: X b; = 1
— Order 2: X b;c; = %
— Order 3: X bic? =§,22biai]-c]- =% 12)

Therefore, the theorem directly follows from B-series theory: The Runge—
Kutta method achieves order p < (3) holds.

3. Methodology: High-Accuracy Runge—Kutta Scheme

Very accurate Runge—Kutta schemes are made by carefully choosing
factors that maximise order while keeping the scheme very stable. When it
comes to dealing stiffness, implicit formulations are better, while flexible
processes make explicit formulations better. Construction is based on stability
analysis, error control, and speed, which makes sure that the system is strong
when solving hard ODE systems.

Theorem: Let a Runge—Kutta method have Butcher matrix A € R™(s xs), weights
b € R”s, and stage vector e = (1,...,1)T. Its linear stability function for the test
equation y' = Ly with z = hl is:
Rz =1+ zb™( — zA) e (1)
If (i) the method is A-stable (|[R(z)| < 1 for Re(z) < 0),
(i1) A is nonsingular (implicit method with a_ii # 0), and
(iii) it is stiffly accurate bT = egzrA (so Yin+1} = YS), then:
lim {z —» oo,Re(z) < 0}R(z) = O,
hence the method is L-stable (A-stable + vanishing stability function at infinity).
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Proof: From (1), expand (I - zA)™* for large |z|:
I - zA = (—2)7A7U — z7tA™ )
1, 1
-4+ o) g

Insert (2) into (1):
R@) =1+ sz<—§A—1+ o(ziz)>e
— 1 — pT g1 1
=1-bT4A e+0(z) 3)
Thus, lim _{|z| = o} R(z) = 0 holds iff:

b A e = 1(4)
For a stiffly accurate RK method, b™ = egA (with e, = (0,...,0,1)").

Then:

b"A7le = eqsAA™le = eqe = 1 5)
So condition (4) is satisfied. Hence:

lim {z —» oo,Re(z) <0}R(z) = 0 6)

Because the method is A-stable by (i), combining (i) and (6) yields L-
stability.

4. Hybrid implicit-explicit (IMEX) strategies for stiff problems

IMEX methods separate equations into stiff and non-stiff parts, treating
stiff parts implicitly and updating non-stiff parts explicitly. This combined
method improves efficiency, keeps accuracy high, and lowers instability caused
by stiffness, making it useful for real-world stiff systems that are multi-scale.

1. Partitioned ODE:

') = feay + fiay (13)
2. IMEX update rule:
Y1} = Yn+ hZbik{ + h X blk{ (14)
3. Explicit stages:
kf = fe(tn + cihoyn + h Zjcpalikf) (15)
4. Implicit stages:
ki = fi(ta + cthoyn + h Zjepaipk)) (16)
5. Combined stage vector:
k= kf+ k! (17)
6. Stability function (IMEX):
-1 -1
R(zp,z) = 1 + zgh® U-z14") "1 4 5 p1"(1-z4T) "1 (18)

7.  A-stability condition for implicit part:
[R(0,z))] < 1,VRe(z)< 0 (19)
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8. Explicit stability constraint:

|R(zz,0)| < 1,V z; € Sg (20)
9.  Consistency condition:
SbE+ b =1 (21)
10. Order 2 condition (partitioned):
Tbfe;+ Ehlc; =7 (22)
11. Stiff accuracy condition (IMEX):
bl = afy,i=1,..,s (23)

5. Result Discussion

The trade-offs between different implicit and semi-implicit integration
schemes are shown by comparing how well and how quickly a hard test problem
can be solved. The most accurate method is the Radau ITA method, which has
order five and three steps and a global L2 error of only 3.8 x107%. It has a pretty
low rejected step rate of 2%, which means it is stable even in stiff systems.
While it is more accurate, it takes more time to compute (an average of 3.1
Newton iterations per step), so each integration step costs more than with the
other methods.
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Figure 2

Comparison of Global L2 Error across Implicit Integration Methods

The order four SDIRK-4 methods have a moderate error of 7.9 X107,
which is a little higher than Radau IIA. It also has a rejection rate of 3%. It
works better because it needs fewer Newton iterations (2.4 per step), which
suggests a good mix between accuracy and computational cost. Even though it is
also of order four, the IMEX-ARK4 method is not as good. It has an error of 9.6
% 107¢ and the highest rejection rate of all the higher-order schemes, at 4%. Still,
it needs the least iteration per step (1.7), which could help with problems where



2224 RESHMA K. P. ET AL.

the cost of each repetition is important. Last but not least, the ESDIRK-3
scheme has the lowest average number of rounds (1.9), but it has the highest
error rate (24.5 x 10™) and the highest rejection rate (6%). Overall, Radau IIA is
more accurate than IMEX-ARK4, but IMEX-ARK4 is faster at computing but
less accurate. With fewer rounds, SDIRK-4 strikes a balance between accuracy
and speed. Figure 2 shows accuracy comparison across implicit methods.
IMEX-ARK4 has lower processing costs but a little more mistake. ESDIRK-3
is less accurate, has a higher failure rate, and works less efficiently.

6. Conclusion

High-accuracy Runge—Kutta methods provide a powerful framework for
solving stiff ODE systems by combining stability, accuracy, and efficiency.
Through L-stability, robust order conditions, and advanced schemes such as
modified stability-preserving and IMEX approaches, these methods effectively
overcome stiffness-induced limitations. The proposed strategies significantly
enhance computational reliability, reduce error propagation, and broaden
applicability across scientific and engineering domains, establishing themselves
as indispensable tools in modern numerical analysis.
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