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Abstract

This paper aims to study the Fourier series of a function defined on the interval [-//2,
0] under various conditions. Furthermore, when a function is given on [4, ], its Fourier series
is obtained by applying a suitable transformation to an associated function defined on either
[, ] or [0, I].
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1. Preliminary knowledge

Now we recall a definition which is useful in this paper. The following
concept has been introduced in [2]-[3].

Definition 1.1: Let f be an integrable function on [-I,I]. The Fourier
series of f is the trigonometric series

f(X)~—+Z(a Cos[ 7; j+b n("flrxn

where the coefficients 4 and b, are given by

:_j f(x)co [ ]dx for n=0,1,2,...,
:_j f(x)si n[ jdx for n=1,2,...

and are called the Fourier coefficients of f.

Definition 1.2: Let f be an integrable function on [0,!]. The Fourier cosine
series of fon [0,/] is

4 . N hnx
f(x)~?+2ancos[ l ]

n=1

where a, :%J.;f(x)cos(n—zmjdx, n=0,12,....

The Fourier sine series of f on [0,/] is

fx)~ Zb sm(m;x)
where b, =% [/ f(x)sin(nlﬂjdx, n=1,2,....

Lemma 1.3 [1]: Let f be an integrable function on [—1,1] with period of 21, the
Fourier coefficients are calulated according to period of 2kl(l € N). The calulation
indicates there are same results between Fourier series with period of 21 and 2kl.

Zhang [4] has thoroughly proven the following points through
extensive research and analysis, demonstrating significant findings in the
field of study:
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Theorem 1.4: Let f be an integrable function on [-I,1], which satisfies the
condition f(x+1)=—f(x). Then, we have

O8]

where

4= %J: f(x)cos [—(2]( _ll)”x j dxand b, = %J'Ol f(x)sin (—(Zk —ll)nx J dx

for k=1,2,...

Theorem 1.5: Let f be an integrable function on [-I,1], which satisfies the
condition f(x+1)= f(x). Then, we have

flx)~ %0 + g{%k cos{Zklﬂxj +b,, sin[ 2k17rx H

2 2k
oo o 2

where

jdx, k=0,1,2,...,

. :%jo’f(x)sm(z"%jdx, k=12,....

Theorem 1.6: Let f be an integrable function on [0,1]. When ;< x <1, it satisfies
the condition f(x)=—f(l—x). Then, we have

(1) While f(x) is an even function in (-1,1), then we get
< 2k -1)mx
fx)~ ZaZH cos [%)
k=1

1 _
where a,, | =%j02 f(x)cos(wjdx, k=1,2,....

(2) While f(x) isan odd function in (-1,1), then we get

Fx)~ zb sin [Zkﬂxj

!
where b, = %J.Ozf(x)sin[zkﬂ

xjdx, k=12,....
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Theorem 1.7: Let f be an integrable function on [0,1]. When < x <1, it satisfies
the condition f(x)= f(I—x). Then, we have

(1) While f(x) isan even function in (-1,1), then we get

flx)~ %0+ iqu cos(Zk”xj
k=1

2kmx
I

(2) While f(x) isan odd function in (-1,1), then we get
= . [ Qk-1)7x
flx)~ ZbZH sm(—( 7 ) J
k=1

L _
where by, | :% [ f(x)sin(MJ dv, k=12,....

I
where a,, =%J.02f(x)cos[ jdx, k=0,1,2,....

2. Fourier series for functions defined on [—%,O}

The results that we present in this work are primarily inspired by the
findings and methodologies discussed in [4], which served as a key
reference and foundation for our analysis and conclusions.

Consider a function f defined on [—é, O] To analyze its Fourier series,
we first extend f from [—é,Oj to the interval [-],0] in two ways. We can
then state the following results, which hold for both cases, as presented in

the subsequent theorem.

Theorem 2.1: Let f be an integrable function on [-1,0], which satisfies the
condition f(x)=—f(I+x) where -1<x<-1, then

(1) the Fourier cosine series of f is

< 2k-1
f(x) - Zazk—l cos (%j
k=1
1 -
where a,, | = %J‘OZ f(x)cos (Mj dx, k=1,2,...
(2) the Fourier sine series of f is

f(x)~ b, sin (M]
4

1
where b,, | zjjjf(x)sin[wjdx, k=1,2,....
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Proof: We use the method of periodic extension to f(x) with a period of
2l by extending f to even and odd functions. If we extend f(x) to an
even function on (-1,I), then b =0 where n=1,2,... and

4, = % [[ fx= %{ jf Fx)dx+ jﬁ f(x)dx}.
Sine f(x)= f(-x)=—f(l—-x) where é <x<l and
Ié’f(l ~x)dx = j ) (—dt) = j byt = j flx)dx
then we have

- %{ If Fx)dx— Jél f —x)dx} = %“} F(x)dx - jf f(x)dx} =0.

For n=1,2,..., we have

an=%j;f(x)cos(”’l‘j {j fx)cos( ]dx jf(l x)cos[ ]dx}.

Since

jfl xcos( jd _j F(B)co [nﬂ(i_t)j(—dt)
= .[05 f (t){cos(nn)cos (nTn'tj +sin(nr)sin [”Tmﬂ dt

:J'();f(t)cos(nﬂ)cog,[n;[} J' f(x)cos( jdx,

then we obtain

~||\)

{I f(x)cos ]d [0 x)cos( ]d}
D f(x)cos jdx ek f(x)cos( 1 jd}

=7 1+( [ f(x)cos( lxjdx
,n=2k
J. f(x)cos (2k ll)ﬂxjdx ,n=2k-1

NIN
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fork=1,2,.... Therefore, the Fourier cosine series of f is

f(x) ~—+Za cos( jz > a,, , co (@j

L _
wherea,, , = %J.OZ f(x)cos[wjdx, k=12,....

If we extend f(x) to an odd function on (-I,I), then a =0 where
n=0,1,2,... and

b, :%J‘;f(x)sin(mlr J D f(x)sm[ )dx+.|. f(x)sm[ ]dx}.
Sine f(x)=-f(-x)= f(I-x) where ! <x<I and
j f(l- x)sm( jd - j f(t)sin (@j(-dt)
— (1™ J‘OE f(x) sin[@} dx,
we then have

n:%“ f(x)sm Jd +If(l x sm( ?xjdx}

{ 2 f(x)sin xjdx +(—1)"*1J‘;f(x)sin($jdx}

[1 +) ][z f(x)sin(”lﬂj dx

,n=2k
- 7]}?}‘(36)5111[@}1}6 ,n=2k-1

~||\_)

—~| N

fork=1,2,.... Therefore, the Fourier sine series of fis
2k —1)mx
flx)~ Zb sm( ] szk .S (%)

where b, | = TLZf(x)sin{dex fork=1,2,....

Theorem 2.2: Let f be an integrable function on [-1,0], which satisfies the
condition f(x)= f(l+x) where —l£x<—%, then
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(1) the Fourier cosine series of f is

flx)~ a_0+ Zw:aZk cos[anxj
2 k=1 Z

1
where a,, :éj.ozf(x)cos(Zkﬂxjdx, k=0,1,2,....

(2) the Fourier sine series of f is

Fx)~ z [anxj
where bZk:—j f(x)si ( jdx k=1,2,....

Proof: We can proved by the same way as in Theorem 2.1.

3. Fourier series for functions defined on [a, b]

The focus of this paper is to investigate a generalize form of the results
started in Theorem 1.4 and Theorem 1.5.

Definition 3.1: Let f(f) be an integrable function on [4,b] and assume
that g(x)= f(x(t)) is an integrable function on [-],[]. We can say that the
Fourier series of g on [-,]] is the Fourier series of f on [a,b].

Theorem 3.2: Let f be an integrable function on [a,b], which satisfies the

condition f(t)= —f[t + ij Then, we have

f(t) - i{AZkl COS(W] + B2k71 Sin( 2(2];:;)71'15 H

k=1

where A, | = %j@f(t)cos[%jdt,
—as .

4 b . [ 22k —)rt
By, :b_a_[u;bf(t)ﬂn[?jdt for k=1,2,....
Proof: Let t=—x(b—a§+b+u or x=—2tb_b_a, then xe[-1,1] where
—a

x(b—a)+b+a

€la,b]. Let g(x):f( >

J. Since
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x(b—a)+b+a+b—aj

b—a
g(x)=f(f):—f(f+7j=—f( 7 5

:_f((x+1)(b—a)+b+a

7 j:—g(xﬂ),

it then follows that g satisfies the condition of Theorem 1.4 with /=1, and
its Fourier series on [-1,1] can be expressed as

g(x) ~ i [ a,,_, cos((2k —1)zx) +b,,_, sin((2k —1)7x) | (3.1)

where

x(b—a)+b+a

e =2], gx)cos(2k - Dmoydx =2 f [ 2

Jcos((Zk —Drx)dx,

b, = ZJ‘; g(x)sin((2k —D)mx)dx =2 J; f (WJ sin((2k —1)zx)dx

2t-b-a
b-a

for k=1,2,.... Substituting x =
of f(t) on [a,b], ie.,

£t~ 2{%1 cos((Zk - 1)7:[”%”;”}) ‘b, sin((2k “)r (%m

where a, = iﬁw f(t)cos[(Zk - 1)77[2tb_ ba B dt,
—a

b—a'=

b, = b;fa [os f(t)sin[(Zk —1)7:E2tb‘ b _aDdt

2 —

into (3.1) we obtain the Fourier series

for k=1,2,.... Weapply the addition identifies for trigonometric functions
and rearrange the terms:

f)~ g{azm COS[(Zk — DZ(_Z; —b- a)j +b,, sin( (2K~ DZ(_Z; -b- tl)ﬂ

< [a [Cos[z(zk - D’”jcos((z" b+ a)J
k=1 2 b-a b—a

+Sm(2(21;—1)szm[(zk—1)n(b+a)D

—-a b-a




FOURIER SERIES ON FUNCTION CHARACTERISTICS 2117

tb, (sm(Z(Zk - 1)7rt)cos{(2k ~Dr(b+ a)j

b-a b-a
_cos 2(2k —1)mt SHI(Zk—lydb+a)
b-a b—a
= i |:cos (—2(2: :;)”t j {azﬂ Ccos [_(Zk _;)iré—b +a) j —b2k71 sin[ (2k _;)iféb +0a) j}
+sin [Mj [ sin [Mj ob, . cos ( @k -D)(b+a) m |
b-a b-a b-a

2k —-1)n(b+a . [ 2k-Dr(b+a
Let A,  =a,  cos [%] -b,,_,sin (%J,

. [ @k-Dr(b+a) 2k —=1)m(b+a)
sz—l = Ll2k71 SIH(T + b2k—1 cos T .

Then
3 22k —1)xt . [ 22k —1)rt
f(x) ;{AZH cos[—b_a j+B2k_1 Sm(—b—a H

Since
A, = Iw )< { [(Zk (2t -b —a)JCOS((Zk Db +a)J
b- b-a b-a

_sin[(Zk—1)7t(2t—b—a)]sin((Zk—l)n(b+a)ﬂ i

b-a b-a
k-2t -b—a) (k-1)w(b+a)
= jmf(t) [ - e ]dt
2(2k —1)mt
b— jﬂ+bf(t ( b—ﬂ Jdt

is also derived in the same way as A,, ,

In a similar manner, B,, ;| we

4 b [ 22k =)t
Bys=gglesf ‘”S“‘[%}”‘
2

This completes the proof of the theorem.

get
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Theorem 3.3: Let f be an integrable function on [a,b], which satisfies the

condition f(t)= f(t +b%a]. Then, we have

A & 4kt . [ 4kt
f(t)~7°+Z[A2kcos{b_uj+82ksm(b H

—a

where A, = T J.mf(t) (4kﬂtjdt k=012,

4kt
BZk:b_ jmf(t) ( ]dt k=1,2,.

Proof: We can proved by the same way as in Theorem 3.2.

Next, we will study the Fourier series of a function f defined on
[a %} by extending the function f(f) to the interval [a,b] in two ways.

We can then state the following results, which hold for both cases, as
presented in the subsequent theorem.

Theorem 3.4: Let f be an integrable function on [a,b], which satisfies the
condition f(t)=—f(b+a—t) where ZX <t<b, then

(1) the Fourier cosine series of f is

£t~ gam cos((Zk - 1)7:[%D

where a,,_ = j = f(t)cos((Zk 1)7:( Bdt k=1,2,...

(2) the Fourier sine series of fis
S . t—a
ft)~ ZbZk sm(Zkﬂ (—B
k=1 b—a
a+b
where b, :—J. f(t)sm(an’(b Ddt k=1,2,....

Proof: Let t=x(b—a)+a or x—r”, then x€[0,1] where tela,b]. Let
g(x)= f(x(b—a)+a). Since
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8(x)=f(t)=—-f(b+a-t)
=—f(b+a-x(b—a)-a)

=~ f(A-2)(b-a)+a)=—g(1-x),

it then follows that g satisfies the condition of Theorem 1.6 with /=1, and
its Fourier series on [-1,1] can be expressed as

(0~ a,,_, cos((2k-1)mx) (3.2)
where

a, = 4.[0% g(x)cos((2k —)mx)dx = 4_[0% f(x(b—a)+a)cos((2k —1)mx)dx

t-a

for k=1,2,.... Substituting x == into (3.2) we obtain the Fourier cosine
series of f(t) on [a,b], i.e,

ft)~ gan_] cos((Zk -Or [%D

where a,, , =bijzf(t)cos((2k —1)7t(£_—aDdt, k=1,2,..., and the
_a a _a

Fourier sine series of g on [-1,1] is

g(x)~ > b,, sin(2k7x) (3.3)
k=1
where
1 1
by, =47 g(x)sin(2kmx)dx =4[ f(x(b—a)+a)sin(2kmx)dx
for k=1,2,.... Substituting x=1" into (3.3) we obtain the Fourier sine

series of f(t) on [a,b], ie.,

)~ gbZk sin[2kn[%jj

at _
where b,, :bi-" 2 f(t)sin(2kn(2—ajjdt, k=12,....
_a a _a

Theorem 3.5: Let f be an integrable function on [a,b], which satisfies the
condition f(t)=f(b+a—t) where ©;> <t<b, then
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(1) the Fourier cosine series of f is

£ ~ %0 ; g%k cos[Zkﬂ(Z_—aD

—a
asb _
where a,, =bi-[ 2 f(t)cos(Zkﬂ(z—aDdt, k=0,1,2,...
_a a _a

(2) the Fourier sine series of fis

< . t—a
ft)~ kzz; b, sm[(Zk -Dr (ED
where b, | = ﬁ‘[:;b f(t)sin[(Zk -Dr [%Ddt, k=1,2,....

Proof: We can proved by the same way as in Theorem 3.4.
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