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Abstract

Curvature provides a quantitative measure of how a geometric object bends in space.
Differential geometry offers a rigorous framework for defining and computing curvature on
curves, surfaces and manifolds. This paper develops a mathematical approach to curvature
and shape analysis using differential geometry. Challenges include handling complex surface
parametrizations, computing principal curvatures from noisy data, and distinguishing
intrinsic and extrinsic curvature. The proposed methodology formulates surfaces as
parametric maps, derives the 1st and 2nd fundamental forms, constructs the shape operator
and computes Gaussian and mean curvature. Analytical formulas for principal curvatures
and curvature classification support algorithmic shape analysis. Results on canonical shapes
such as spheres, cylinders and saddles demonstrate how curvature signatures classify
geometric structures. The outcomes underscore that differential geometry not only provides
elegant theoretical tools but also practical algorithms for shape analysis in computer graphics
and geometric modelling.

Subject Classification: 65N06, 65N20.

Keywords: Differential geometry, Curvature, Shape analysis, Principal curvature, Fundamental
forms, Shape operator.

1. Introduction

Understanding how objects bend and curve is fundamental in mathematics
and its applications. Differential geometry studies smooth curves and surfaces
using calculus and linear algebra. At its core is the notion of curvature, which
measures how rapidly a “curve deviates from a straight line or how a surface

© E-mail: dineshgarg82@gmail.com
* E-mail: lalita.wani@gmail.com



DIFFERENTIAL GEOMETRY APPROACHES 2249

departs from being flat”. For plane curves parameterized by arc length s, the
curvature k (s) is the “reciprocal of the radius of the osculating circle at each
point”. This concept generalizes to surfaces through the study of normal sections
and principal curvatures [1]. The maximum and minimum curvatures of normal
sections at a point form the principal curvatures k, and k,, providing a local
signature of how the surface bends in different directions.

Curvature enters many scientific and engineering fields. In architecture,
Gaussian curvature helps classify surfaces into elliptic, parabolic or hyperbolic
types, informing structural stability. In computer graphics, curvature guides
shading, smoothing and feature detection [2][3]. In medical imaging, mean
curvature flow is used to smooth surfaces of anatomical structures. Intrinsic
curvature (Gaussian curvature) is determined entirely by distances on the surface
and does not depend on embedding, while extrinsic curvature (mean curvature)
depends on how the surface sits in space. Distinguishing between these
curvatures is essential for applications such as shape matching and surface
optimization [4].

The 1st objective of this paper is to present a rigorous mathematical
framework for computing curvature of surfaces. We derive the fundamental
forms and shape operator that encode metric and curvature information.
Principal curvatures emerge as eigenvalues of the shape operator and satisfy
relationships with Gaussian and mean curvature. The 2nd objective is to
demonstrate how these differential geometric tools enable practical shape
analysis. By computing curvature signatures for different surfaces, we classify
them and extract shape features that can be used in surface processing tasks [5].

The remainder of the paper is organized as follows. The methodology
section develops the mathematical foundations needed to calculate curvature. It
introduces parametric surfaces, tangent spaces, normal vectors, the 1% and 2™
fundamental forms and the shape operator. Formulas for Gaussian curvature,
mean curvature and principal curvatures are derived. Two tables summaries
curvature values for canonical surfaces and illustrate curvature-based
classification. The conclusion highlights the significance of differential
geometry in shape analysis and suggests future research directions.

2. Methodology

This section outlines the steps for computing curvature and applying it to
shape analysis. Let f:U © R? > R3 be a smooth parametrization of a regular
surface “S = f(U). f(u,v) = (x(u,v),y(w,v),z(u,v))”. We denote partial
derivatives by subscripts.

2.1. Tangent vectors and the Ist fundamental form

The partial derivatives fu = df /ouf and fv = df /0vf span the tangent
plane at the point p = f(u,v). The I* fundamental form measures inner
products of tangent vectors and encodes the metric induced on the surface. It is
represented by eq.1:

E=fu fwF=fu foG=ff (1)
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The line element on the surface is depicted in eq.2:
ds? = Edu® + 2F dudv + G dv? )
The coefficients E, F, G depend on the parametrization. For example, the

unit sphere can be parameterized by spherical coordinates (8, ¢) with f(6,¢) =
(cosBcos, sinBcos, sing). A computation yields E = cos®> ¢p,F = 0,G = 1.

2.2. Normal vector and 2nd fundamental form
A unit normal vector field on S is given by eq.3:
fuxFy
[ fuxFpll (3)
The 2™ fundamental form captures how the surface bends relative to the
normal direction. Its coefficient is represented as eq.4:

n(u,v) =

L=f,nM=f,nN=f,n 4
Thus, the 2nd fundamental form is shown in eq.5:
dH = Ldu? + 2Mdudv + Ndv? %)

For the sphere, one finds L = cos?®,M = 0,N = 1. The 2nd fundamental
form encodes extrinsic curvature.

2.3. Shape operator and principal curvatures
The shape operator S:T,,S = T,,S is a linear map defined by S(X) =
—dn(X), measuring how the normal vector changes along tangent directions. In

matrix form relative to the basis {f,, f,,}, the shape operator is represented as in
eq.6:

spern=(E 5 (4 1) 0

Where I and H are the matrices of the 1*' and 2™ fundamental forms. The
principal curvatures k;, K, are the “eigenvalues of S”. It satisfies as in eq.7:

k1’2=Hi VHZ_K (7)

Where K and H denotes “Gaussians and mean curvature”.

2.4. Gaussian and mean curvature

The “Gaussian curvature measures intrinsic curvature” and is given by
eq.8,9:

LN-M?
= EG—F?2 (8)
While the mean curvature is:
GL—-2FM+EN
T 2(EG-F?) ©)

These formulas follow directly from the definition of the shape operator
and the fundamental forms . For the sphere, K = land H = 1. For a plane given
by “f(u,v) = (u,v,0)”, we have K =0and H = 0. The product of the
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principal curvatures equals the Gaussian curvature and their sum equals twice
the mean curvature[6][7].

2.5. Curvature of curves on surfaces
Let y(s) be a curve on the “surface parameterized by arc length”. Its
tangent vector is t = y¥'(s). The curvature of the space curve is shown by eq.10:
k(s) = e xer) (10)

liel|®

and decomposes into normal curvature, geodesic curvature and normal curvature
components relative to the surface. The normal curvature is k,, = t'S(t), where
S is the “shape operator” and tT denotes the “transpose”. The “maximal and
minimal values” of k,, as the direction t varies are the principal curvatures.

2.6. Curvature classification and shape analysis

Using computed curvatures, one can classify points on a surface. If K > 0,
the point is “elliptic and locally convex”; if K < 0, it is “hyperbolic and locally
saddle shaped”; if K =0 and H # 0, it is “parabolic”; if both principal
curvatures vanish, the surface is developable [8][9]. Curvature signatures allow
shape comparison and feature detection.

2.7. Numerical computation

For discrete surfaces such as triangle meshes, derivatives in the above
formulas are approximated by finite differences or fitting local patches. Discrete
differential geometry defines discrete analogues of the fundamental forms by
accumulating contributions of adjacent faces. The shape operator can be
estimated at each vertex using covariance of neighboring normal. Robust
estimation is necessary when data are noisy.

3. Results and outputs

To illustrate the methodology, we compute curvature for several canonical
surfaces: a unit sphere S2, a plane R?, a right circular cylinder of radius 1, and a
hyperbolic paraboloid (saddle) given by z = x2 — y2. Table 1 reports Gaussian
curvature K, mean curvature H and principal curvatures kq, k.

Table 1
Curvature invariants for canonical surfaces.
Surface K H k1 k
Sphere S2 1 1 1 1
Plane 0 0 0 0
Cylinder 0 1/2 1 0
Hyperbolic paraboloid —-1-1 0 1 —-1-1

The sphere has positive constant curvature; all directions bend equally. The
plane has zero curvature and is intrinsically flat. The cylinder has zero Gaussian
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curvature but positive mean curvature because it bends in one direction only.
The saddle has negative Gaussian curvature and zero mean curvature, reflecting
its saddle shape with bending in opposite directions. Differential geometry also
classifies points based on the signs of principal curvatures. Table 2 summarizes
the classification.

Table 2
Surface point classification by principal curvatures
k1 sign k2 sign Classification Example
+ + Elliptic (locally convex) Sphere
+ 0 Parabolic Cylinder
+ - Hyperbolic Saddle
0 0 Flat Plane

Elliptic points occur where the surface bends in the same direction along
all tangents; hyperbolic points exhibit saddle behaviour. Parabolic points lie on
the boundary between elliptic and hyperbolic regions and often correspond to
ridges. Flat points are developable; surfaces such as cones and cylinders have
regions where Gaussian curvature vanishes but mean curvature does not. These
classifications assist in identifying features and understanding structural
properties.

4. Conclusion and future scope

Curvature is a central concept in differential geometry and a powerful
descriptor in shape analysis. By deriving formulas for the fundamental forms,
shape operator and curvature invariants, this paper has presented a
self-contained methodology for computing curvature on smooth surfaces and
discretized meshes. Principal curvatures, Gaussian curvature and mean curvature
capture intrinsic and extrinsic bending properties. The analysis of canonical
surfaces illustrates how curvature invariants classify geometric structures and
reveal the presence of features such as ridges and saddles. Differential geometry
thus provides both elegant theoretical insights and practical tools for
applications in computer graphics, geometry processing and physical modelling.
Future research can explore two directions:

e  Advanced shape descriptors: Combining curvature with higher-order
invariants, such as curvature tensors and spectral signatures, may enhance
shape matching and retrieval.

e  Curvature flows and optimization: Studying evolution of surfaces under
curvature flows (e.g., mean curvature flow, Willmore flow) can lead to
algorithms for smoothing, fairing and optimizing shapes subject to
geometric constraints.



DIFFERENTIAL GEOMETRY APPROACHES 2253

Differential geometry offers a rich mathematical language to describe and

analyze shapes. Its curvature measures provide intrinsic signatures independent
of coordinate representations and form the backbone of modern shape analysis
and geometry processing techniques.
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