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Abstract

Using the Finite Element Method (FEM) for computational fluid dynamics (CFD) is
a good way to look at complicated turbo machinery flows that have spinning, turbulence,
and compressibility. This examine comes up with governing equations that use turbulence
closure models and real-world boundary conditions which are particular to compressors and
generators. Mesh generation with adaptive refinement makes sure that high-gradient areas
are accurately resolved, and solver strategies use iterative methods, preconditioning, and
domain decomposition to make sure that the solution converges strongly. The results show
that the CFD predictions and actual standards are very close to each other, which proves that
the FEM method is correct.

Subject Classification: 35020.

Keywords: Computational fluid dynamics, Finite element method, Turbo machinery, Mesh
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I. Introduction

Computational Fluid Dynamics (CFD) is now an important tool for studying
and improving heat transfer and fluid flow in turbo machinery, such as in pumps,
fans, compressors, and turbines. In turbo machinery, complex 3D flows which can
be spinning and regularly difficult are used [1]. Those flows have robust pressure
differences, shock interactions, and secondary flow systems. The conventional
testing methods are very useful; however, they have troubles with price, scale, and
measurement. That is why numerical simulation is such an essential tool for
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design and overall performance review [2, 3]. The Finite Element Method (FEM)
is one of the pleasant computer techniques for locating the equations that force
fluid float in turbo machinery regions with complex geometry. FEM is great for
advanced CFD studies because it can easily handle uneven shapes, complex
borders, and multiphysics interaction [4, 5, 6].

II. Mathematical and Physical Formulation
A. Governing equations

The Navier—Stokes equations for the conservation of mass, momentum,
and energy are part of the flow equations that control turbomachinery [7].

Theorem 1 (Energy stability of incompressible RANS with eddy viscosity):
Model:
ptu + (u - Nu)y= —Vp + V-(ZueffD(u)) + f,
. k2
with perr = p + ut,ut = p Cu (?)

Claim:

%(E““”z) + 2 pepr [ID@II < (f,u) (1)
so [|u(t)]] is bounded.

Proof: Test equation with u, use V - u = 0 and boundary conditions. Nonlinear
convection term vanishes, pressure term vanishes, diffusion gives

2
—2pter|[ID@)I|".
Apply Gronwall inequality for bound.

Theorem 2 (Well-posed weak problem for Oseen step):
Semi-discrete form:

(i) @) + a@™ ™ v) + cws u™hY) — MLV -v) = (fv) ()
(‘7 . un"’l‘q) = 0. (3)

Claim:

If p_eff > p_min > 0 and inf-sup condition holds, then unique (u™*1,p™*1)

exists with stability estimate.

Proof: Coercivity from viscous term + time mass term. Boundedness from
continuity of a and c. Inf-sup ensures uniqueness for p.

Theorem 3 (FEM stability and error): Discrete weak form with (Vh, Qh)
stable.

Energy stability:
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() (a1 = e l]*) + 2 e IDQ DI < (F, i) (4)

Error:

[lu = upl| + |lp — pnl| < best approximation error, thus 0 (h¥*1)
accuracy.

Proof: Test with ul'*?, use skew-symmetry and inf-sup stability. Apply Céa’s
lemma for error bound.

Theorem 4 (Positivity for k—¢ model): Discrete implicit scheme for k, ¢.
If k™ ™ = 0,then k™1, ™1 > 0.

Claim:
Discrete energy | 2 k™*'dx + At [ 0 e™*'dx is bounded.

Proof: Test equations with negative parts k"and €~.
All terms yield nonpositive contributions, forcing k=, e~ = 0.

Continuity Equation (Mass Conservation):
V-u=0 &)

Momentum Equation (Navier—Stokes, Vector Form):

d
p(a—l:+u'|7u)=—l7p+ul72u+F 6)

Energy Equation (Thermal Transport):
pcp(g—:+u-I7T)=k|72T+q§ 7)
Equation of State (Ideal Gas Law):
p=pRT ®)
Turbulence Closure (RANS Decomposition):
ui = ai + ui’ )
Reynolds Stress Term (Turbulence Modeling):
aui ouj 2 ..
—pui'uyj’ = ut (ax]+ﬁ)—(§)pk6y (10)

Turbulent Kinetic Energy (k-equation):

ok _ k v+—
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Turbulent Dissipation (g-equation):

S+ wgs = Cle () Pk — C2e () +;’7][#] (12)
Turbulent Viscosity (Boussinesq Approximation):
2
vt = cu (%) (13)
Weak Form (Finite Element Discretization):
ffzw-(‘;—':+u-|7u+(%)7p—v|72u)dfz=0 (14)

B. Boundary conditions relevant to turbomachinery flow

Some of the factors that must be met for turbomachinery CFD are the
intake velocity or total pressure profiles, the output static pressure standards, and
the blade surfaces must not slip [8, 9].

Boundary Conditions Relevant to
Turbomachinery Flow
Inlet Velocity Specification Adiabatic Wall (Thermal
Condition)
Inlet Total Pressure Condition Rotating Reference Frame
Velocity Condition
No-Slip Condition on Blade Tip Clearance Flow
Surfaces Condition
Periodicity Across Symmetry/Axis
Blade Passages Condition
Rotating Reference Frame Symmetry/Axis
Velocity Condition Condition

Figure 1
Architectural Representation of Boundary Conditions in Turbomachinery CFD

Figure 1 depicts the architectural representation of boundary conditions in
Turbomachinery CFD. The periodicity across blade paths, tip clearance
modelling, and spinning reference frame interfaces are used to show how flows
really interact and how well the system works [10].

II1. Numerical Methodology

A. Mesh generation and grid refinement for turbomachinery domains
Unstructured tetrahedral, hexahedral, or mixed grids that fit complex blade

shapes are used for mesh creation. High-gradient areas are made clear through

local polish near the leading and following edges, border layers, and tip gaps.

Domain Definition:
) = Nblade U Opassage U (casing
Define computational domain including blade, passage, casing
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Element Discretization:
N ~ Uei,i =1..N (15)
Divide domain into N finite elements

Element Shape Functions:
u(x) = X Ni(x)ui (16)
(Approximate solution inside each element)

Grid Quality Constraint:

Imax

AR = —— < ARcrit (7
Imin
Skewness Criterion:
6 < Ocrit
Boundary Layer Refinement:
y+=02 < g (18)

First cell height ensures boundary layer resolution

B. Solver algorithms and implementation strategies

For stability, solver methods use discretisation of finite elements with
implicit or semi-implicit schemes. Iterative algorithms like GMRES or multigrid
methods make completion go faster.

Weak Form of Momentum:
Jow - (p2)da + [aw - (pu-Tu)dn
=[0ow- (=Vp + uV?u)dn (19)

Finite element weak formulation

Discretization in Time:
unti_yn

" (20)
Temporal discretization of velocity field
Galerkin Approximation:
u(x) = X Ni(x)ui 21
(Approximate velocity using FEM shape functions
Global Matrix Form:
du
M(E)+ Ku=f 22)

Matrix form of FEM equations
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Linear Solver Step:
Ax = b (23)

System of linear equations at each iteration

Iterative Method (GMRES):
I (1| < &l 0| (24)

Convergence condition for Krylov solver

Preconditioning:
M 'Ax = M~'b (25)

Improve convergence of iterative solver

Multigrid Correction:
uH = uH + I'(uh — I}uH) (26)
Accelerate solution by coarse-to-fine corrections

Residual Definition:r = b — Ax
It measures error at each solver iteration

Convergence Criterion:

2 —
||r||m2 < 107° 27

IV. Result Discussion
Table 1 shows that the CFD predictions and actual readings are very close
to each other in both design and off-design situations.

Table 1
CFD Prediction vs Experimental Data for Turbomachinery Performance

Operating Pressure Pressure Efficiency (%) | Efficiency (%)

Condition Ratio (Exp.) | Ratio (CFD) Exp. CFD
Design Point 1.82 1.79 87.4 86.2
Off-Design
(High) 2.05 2.01 84.3 83.1
Off-Design 1.65 1.61 81.8 80.9
(Low)

In the figure 2, the pressure ratio and efficiency have small differences
(1.6% and 1.4%, respectively), which shows that the model is accurate.
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Comparison of Pressure Ratios (Experimental vs CFD)
Across Operating Conditions
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Figure 3
Pressure Ratios and Efficiencies for Different Operating Conditions

Off-design events are also consistent, with mistakes of less than 2%.
Figure 3 show that the FEM-based CFD system is a strong way to predict and
improve the performance of turbomachinery.

V. Conclusion

This study shows how useful finite element-based CFD is for analysing
turbomachinery because it can accurately handle complicated shapes, spinning
regions, and turbulent flow physics. The framework improves the accuracy of
predictions by using governing equations, accurate boundary conditions,
adaptable meshing, and strong solving techniques. To make FEM-driven CFD
an essential tool for modern turbomachinery study and engineering, these
methods help improve performance, cut down on design changes, and make the
system more efficient.
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