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Abstract
The iterative shrinkage/thresholding algorithm (ISTA) with the regularizer gives 

good efficiency to solve the linear inverse problem. In fact, the maximum a posteriori (MAP) 
estimator with the probability density function (PDF) and ISTA with the regularizer are 
similar, and we imply that PDF is similar to the regularizer. In general cases, the mixture 
PDF created from many ordinary PDFs gives better efficiency than the ordinary PDF. 
Consequently, we present the simple method based on the linear combination of various 
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ordinary regularizers to create the mixture regularizer, and also present the simple-mixture 
regularizer for ISTA to solve the linear inverse problem. Experimental results of the generated 
and real signals show that our method outperforms the state-of-the-art methods.

Subject Classification (2020):  47A52, 60H50, 65F22. 
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Iterative shrinkage/thresholding algorithm (ISTA). 
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1. Introduction 
Many fundamental problems in signal processing are the linear inverse 

problem, such as the noise-suppression (denoising) and deconvolution problems 
[1-3]. In fact, we can covert the non-linear problem into the linear form. For 
example, the non-linear equation of the flow problem can be converted into the 
linear differential equation via the quasi linear technique, and we use the cubic 
spline collocation method to solve this problem [4]. Therefore, we focus on 
presenting the algorithm for solving the linear inverse problem in this work. In 
general cases, we address this problem via two well-known methods as follows. 
The first method is the Bayesian estimator, such as the maximum a posteriori 
(MAP) and minimum mean square error (MMSE) estimators, and the second 
method is called as the regularized linear least squares method, such as the 
iterative shrinkage/thresholding algorithm (ISTA). These methods are based on 
the proximal operator (shrinkage function) [5]. Indeed, MAP and ISTA are very 
similar. We use MAP with the probability density function (PDF) or ISTA with 
the regularizer to solve our problem. Therefore, we imply that PDF and the 
regularizer are similar. In fact, the mixture PDF, also called as the mixture model, 
that is based on the linear combination of many ordinary PDFs outperforms the 
non-mixture PDF for many tasks in signal processing, such as the compression, 
signal-enhancement and pattern recognition tasks. The mixture model has more 
flexibility than the non-mixture model for representing data as follows. To solve 
the trajectory-reconstruction problem via the new unscented Kalman filter, the 
Gaussian mixture model (GMM) is more suitable to represent the noise model 
than the simple Gaussian distribution [6]. In many denoising (noise-reduction) 
algorithms, the non-local similarity of natural images and the patch group prior 
for the prior learning are represented by GMM with good efficiency [7]. The 
Gaussian and Laplacian mixture models give good efficiency to represent 
coefficients of many sparse transforms, such as the discrete Fourier, wavelet and 
discrete cosine transforms, in the Bayesian estimator [8]. Moreover, other 
non-Gaussian mixture models, such as the beta, Dirichlet, beta-Liouville, Watson 
and inverted beta mixture models, are used to represent data that is not based on 
the support range of GMM [9]. Unfortunately, the main drawback of many 
mixture models is that statistical parameters of these models must be created by 
many complex algorithms, such as the expectation-maximization (EM) 
algorithm, so we must use numerous time and resources to compute these 
parameters [10]. On the other hand, ISTA based on the non-convex regularizer is 
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the well-known method to solve our problem. Many research works show that the 
non-convex regularizer is better than the convex regularizer, such as the    and 
   norms, in many situations [5, 11-13]. One advantage of the non-convex 
regularizer is that we can create the condition for this regularizer to preserve the 
convexity of various objective functions [5, 14, 15]. Note that every non-convex 
regularizer in this work is based on this advantage. Now, we call the non-convex 
regularizer as the regularizer for easiness. The univariate (separable) regularizer 
has the drawback where this regularizer is similar to the convex regularizer in 
some cases. Therefore, many works proposed the multivariate (non-separable) 
regularizer, which was like the random vector in the Bayesian estimator, to solve 
this drawback as follows. The bivariate case was proposed in [16]. However, this 
case cannot address many important problems in signal processing. The general 
multivariate case was presented to solve this drawback[17]. However, this 
multivariate case is only based on small groups of non-separable regularizers. In 
the past, no one studied the mixture regularizer via the linear combination of 
various ordinary regularizers in our problem. 

As mentioned above, the simple method based on the linear combination of 
various ordinary regularizers is proposed to create the mixture regularizer. To 
solve the linear inverse problem, we also present the example of the 
simple-mixture regularizer that is used to create the shrinkage function in ISTA. 

This work is organized as follows. We present the linear combination of 
various ordinary regularizers to construct the mixture regularizer in Sec.2. In 
Sec.3, the example of the simple-mixture regularizer that is used to create the 
shrinkage function is present to address the linear inverse problem. In the 
generated and real signals, we show experimental results of the proposed method 
and the state-of-the-art methods in Sec.4. Finally, Sec.5 describes about the 
conclusion and discussion. 

2. Constructing Mixture Regularizer 
The algorithm to create the mixture regularizer is proposed in this section. 

We present the mixture regularizer                that is constructed by 
the linear combination of many regularizers         as      ∑           
where    is the weighted parameter based on ∑        and     . Indeed, 
the regularizer must have important properties for the convexity of the shirnkage 
function as follows: (1)            (2)              (3) 
               (4)                and (5)                  [17, 
18]. Here,       has these properties because this function is the regularizer. 
We show that      has these properties as follows: 
(1)             because       has the symmetrical property. 
(2)     
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Therefore, our proposed function      is the regularizer. 
In this research, the noise-free signal      is estimated from the noisy 

signal in the linear model        where   is the known convolution 
matrix and   is additive white Gaussian noise (AWGN) based on the noise 
variance   . This convolution matrix is created by the convolution filter     , 
and we can find the algorithm to create the convolution matrix via the convolution 
filter in Sec.4. Note that we also called this convolution matrix as the dictionary 
that concerns about the sparse signal [19]. We show that our function      is 
used in ISTA to estimate  ̂  as follows. The ISTA iteration is defined as 
 ̂            where        

  
        . We define the shrinkage 

function for ISTA as  

         ̂         
  

*         
        +      (1) 

where               and           is the maximum value of eigenvalues 
[20]. 

3. Example of Simple-Mixture Regularizer and Its Shrinkage Function 
In this section, we present the simple-mixture regularizer as      

                to solve ISTA. We use       and       as the 
exponential and logarithmic regularizers that are defined as          
          and                     [14, 17]. We find the shrinkage 
function (1) via this mixture regularizer      as follows. Note that we use simple 
notations   and   to represent components of vectors    and    for easiness. 
Solving (1) using      gives  

    *
 
      

       +   
  *

 
      

                   +    (2) 

where  
  
 
      

     ,           
    

      and           
           . Then 

        
    

          
             . Setting       gives  

   (     
  

       
       )     (3) 

It can be written as    |     
  

       
       |     . We obviously see that 

     
  

       
         . Therefore,  

       
  

       
        

   
   (4) 

            
   
            (5) 

Substituting (4) in (3) and using the successive method [21] in (5) for finding   
give  
        ̂            (6) 
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where                      
      on       ,             and 

        is the standard sign function. In this work, we set       for the 
convex condition of this shrinkage function [22]. The exponential, logarithmic 
and mixture (proposed) regularizers are shown in Fig.1(a) where       and 
         . We illustrate many shrinkage functions corresponding to these 
regularizers in Fig.1(b). Note that the shrinkage function of the exponential 
regularizer is built by setting      in (6), and the closed-form shrinkage 
function of the logarithmic regularizer can be seen in [14].  

4. Experimental Results 
We used two situations in the generated and real signals to evaluate our 

proposed algorithm as follows. In the first situation (the generated signals), our 
shrinkage function (6) was only evaluated in AWGN. Therefore, the convolution 
matrix   is equal to the identity matrix  . The Wavelab database in [23] is the 
standard database in signal processing. Therefore, we used all 20 signals (1,024 
and 2,048 points) in this database and various values of the noise standard 
deviation    to evaluate our algorithm. We made sparse data via the stationary 
wavelet transform in [24], 7-scale decomposition and 2-vanishing moments, and 
set                 where       is the scale of wavelet decomposition 
[25]. We assumed that    was known in this work. We can study many practical 
methods to find this parameter in many research works [26, 27]. However, this is 
not the main idea in this work. The root mean square error (RMSE) is used to 
evaluate efficiency. For rationality, we used the soft threshold (the standard 
function in our research topic) and the shrinkage functions based on the 
regularizers that relate to our proposed mixture regularization in Sec.3 (the 
logarithmic and exponential regularizers) for comparison. Note that we can find 
algorithms to create these compared methods in [21] and Sec.3. We used various 
values of the weighted parameter    to evaluate our shrinkage function where 

(a)                                      (b) 
Figure 1 

(a) The exponential, logarithmic and mixture (proposed) regularizers. (b) 
Shrinkage functions corresponding to these regularizers. 
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       . For stability results, we used over ten runs for all denoising 
algorithms. Table 1 shows many experimental results on average RMSE values 
where the best values are star. These results show that we obtain the best 
efficiency in many cases where       . Therefore, we propose this value for 
our shrinkage function. Note that the parameter              can also be good 
choices where the efficiency is slightly reduced. We selected one signal (1,024 
points), called as "Bump", based on         to show our results. The 
noise-free and noisy signals of the Bump signal are shown in Fig.2, and enhanced 
data via the compared and proposed shrinkage functions are shown in Fig.3. We 
can see in this case that our shrinkage function reduces noise and preserves 
features of original data better than compared methods. 

In the second situation (the real signal), the observed signal in the wireless 
communication system should be the multipath because the transmitted signal 
reflects off various objects, and arrives in many paths. The real signal of the 
multipath (the average power values in the decible (dB) scale of the wireless 
communication system in the big cities of Thailand: the National Broadcasting 
and Telecommunication Commission (NBTC), Thailand) on the signal length 
      was chosen for evaluating our method. We used       ,   
   ‖    ‖    and              . We defined these parameters similar to 
previous works in [14, 20] for reliability. The noise standard deviation was set as 
       . According to the first situation, we used weighted parameters as 
         . We used the compared methods similar to the first situation, 
expected in the least square method (another standard function). In this case, we 
used   as the enhanced inverse discrete cosine transform that is based on the real 
values, and we did not manage the problem with the complex values in our 
shrinkage function. Our shrinkage function should be used in the real values 
because this function has the comparing step of the magnitude values. Another 
advantage is that the matrix   can be adapted from the considered signal. This 
further information can be seen in [28]. Note that the convolution matrix may be 
shown in the filter form. Therefore, we show the relationship between   and 
     with the filter length   [20] as follows  

  

[
 
 
 
 
        
       

       
          
    
       ]

 
 
 
 
 

 

In this situation, we illustrate the noise-free and noisy signals in Fig.4, and 
enhanced data via the compared and proposed algorithms in Fig.5. Again, we can 
see that our method reduces noise and preserves the features of original data better 
than compared methods.  
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Table 1 
Average RMSE values of denoising algorithms. 

 
Noise standard deviation     0.25  0.3  0.35  0.4 
Soft threshold function  0.186  0.195  0.232  0.404 
Shrinkage function of logarithmic regularizer  0.081  0.088  0.105  0.153  
Shrinkage function of exponential regularizer  0.084  0.090  0.110  0.170 

Our proposed method on            
        0.083  0.089  0.106  0.16 
         0.079  0.086*  0.097  0.136  
        0.075*  0.087  0.090*  0.125*  
         0.081  0.091  0.101  0.141 
        0.083  0.102  0.105  0.170 

  

 
Figure 2 

The noise-free and noisy signals of the generated signal (Bump). 
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Figure 3 

Enhancing the generated signal (Bump) via various shrinkage functions 
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Figure 4 

The noise-free and noisy signals of the real signal. 
 

 Contd...
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Figure 5 

Enhancing the real signal via various algorithms 

5. Conclusion and Discussion 
In the general cases, many algorithms based on the mixture model gives 

better efficiency than these algorithms based on the ordinary model. Therefore, 
we present the simple method based on the linear combination to create the 
mixture regularizer, and the shrinkage function based on the simple-mixture 
regularizer is proposed to solve the linear inverse problem. The experimental 
results show that our signal-enhancing method outperforms the state-of-the-art 
methods. 

In the future works, we can test other interesting regularizers, such as the 
inverse hyperbolic sine [5], trigonometric [14], Pareto [29] and double threshold 
value [30] regularizers, to make the mixture regularization via our proposed 
method for enhancing data. Our weighted parameters (     ) were selected from 
efficiency of some experimental results. Therefore, if we can propose the 
automatic method to create these parameters, then efficiency of our method may 
be improved. In fact, the multivariate case of many signal-enhancing methods 
often gives better efficiency than the univariate case [21, 22]. Therefore, if we can 
make the multivariate case for our methods, then our efficiency should be 
improved. In many modern technologies, we know that various machine learning 
algorithms, such as the pattern recognition and classification algorithms, are 
based on the adapted regularization. Therefore, if we can apply our mixture 
regularization for these algorithms, then efficiency of these algorithms should be 
improved. These topics are very interesting. 



SOLVING LINEAR INVERSE PROBLEM� 2055

References

	 [1]	 A. Kanungo, M. Mittal, and L. Dewan, “Wavelet based PID control-
ler using GA optimization and scheduling for feedback systems,”  J. 
Interdiscip. Math., vol. 23, no. 1, pp. 145-152 (2020).

	 [2]	 M. A. Ansari, R. Mehrotra, and R. Agrawal, “Detection and classifica-
tion of brain tumor in MRI images using wavelet transform and sup-
port vector machine,”  J. Interdiscip. Math., vol. 23, no. 5, pp. 955-966 
(2020).

	 [3]	 Y. Singh and C. S. Rai, “An independent component analysis tech-
nique for blind source separation,”  J. Interdiscip. Math., vol. 5, no. 3, 
pp. 231-241 (2002).

	 [4]	 P. Shah, P. Tandel, and J. Prajapati, “A study on unsteady flow through 
porous media: A cubic spline collocation approach,”  J. Interdiscip. 
Math., vol. 24, no. 5, pp. 1375-1386 (2021).

	 [5]	 P. Kittisuwan and P. Akkaraekthalin, “Improved low-rank matrix ap-
proximation in multivariate case,” Int. J. Comput. Methods, vol. 22, no. 
1, p. 2450044 (2025).

	 [6]	 J. He, B. Peng, Z. Feng, S. Zhong, B. He, and G. Wang, “A Gaussian 
mixture unscented Rauch-Tung-Striebel smoothing framework for 
trajectory reconstruction,”  IEEE Trans. Ind. Inform., vol. 20, no. 5, pp. 
7481-7491 (2024).

	 [7]	 H. Liu, L. Li, J. Lu, and S. Tan, “Group sparsity mixture model and its 
application on image denoising,”  IEEE Trans. Signal Process., vol. 31, 
pp. 5677-5690 (2022).

	 [8]	 F. Shi and I. W. Selesnick, “An elliptically contoured exponential mix-
ture model for wavelet based image denoising,”  Appl. Comput. Har-
mon. Anal., vol. 23, no. 1, pp. 131-151 (2007).

Acknowledgments 
This research was funded by National Science, Research and Innovation 

Fund (NSRF) and King Mongkut's University of Technology North Bangkok 
with Contract No. KMUTNB-FF-68-A-03. We would like to thank the Institute of 
Research and Development Rajamangala University of Technology 
Rattanakosin, Thailand to support our research. Finally, we would also like to 
thank the National Broadcasting and Telecommunication Commission (NBTC), 
Thailand for providing wireless communication data. 

 
References 
 
[1] A. Kanungo, M. Mittal, and L. Dewan, "Wavelet based PID controller 

using GA optimization and scheduling for feedback systems,"  J. Interdiscip. 
Math., vol.23, no.1, pp.145-152, 2020. 

 
[2] M. A. Ansari, R. Mehrotra, and R. Agrawal, "Detection and 

classification of brain tumor in MRI images using wavelet transform and support 
vector machine,"  J. Interdiscip. Math., vol.23, no.5, pp.955-966, 2020. 

 
[3] Y. Singh and C. S. Rai, "An independent component analysis technique 

for blind source separation,"  J. Interdiscip. Math., vol.5, no.3, pp.231-241, 
2002. 

 
[4] P. Shah, P. Tandel, and J. Prajapati, "A study on unsteady flow through 

porous media: A cubic spline collocation approach,"  J. Interdiscip. Math., 
vol.24, no.5, pp.1375-1386, 2021. 

 
[5] P. Kittisuwan and P. Akkaraekthalin, "Improved low-rank matrix 

approximation in multivariate case,"  Int. J. Comput. Methods, vol.22, no.1, 
p.2450044, 2025. 

 
 
[6] J. He, B. Peng, Z. Feng, S. Zhong, B. He, and G. Wang, "A Gaussian 

mixture unscented Rauch-Tung-Striebel smoothing framework for trajectory 
reconstruction,"  IEEE Trans. Ind. Inform., vol.20, no.5, pp.7481-7491, 2024. 

 
[7] H. Liu, L. Li, J. Lu, and S. Tan, "Group sparsity mixture model and its 

application on image denoising,"  IEEE Trans. Signal Process., vol.31, 
pp.5677-5690, 2022. 

 
[8] F. Shi and I. W. Selesnick, "An elliptically contoured exponential 

mixture model for wavelet based image denoising,"  Appl. Comput. Harmon. 
Anal., vol.23, no.1, pp.131-151, 2007. 

 
[9] Y. Lai,  et. al., "Positive data modelling using mixture of mixtures of 



2056� P. KITTISUWAN, C. SIWAPORNANAN AND P. AKKARAEKTHALIN

	 [9]	 Y. Lai,  et. al., “Positive data modelling using mixture of mixtures 
of inverted beta distributions,”  IEEE Access, vol. 7, pp. 38146-38155 
(2019).

[10]	 C. F. J. Wu, “On the convergence properties of the EM algorithm,”  
Ann. Statist., vol. 11, no. 1, pp. 95-103 (1983).

[11]	 A. Blake and A. Zisserman,  Visual Reconstruction. Cambridge, MA, 
USA: MIT Press (1987).

[12]	 M. Nikolova, M. K. Ng, and C.-P. Tam, “Fast nonconvex nonsmooth 
minimization methods for image restoration and reconstruction,”  
IEEE Trans. Image Process., vol. 19, no. 12, pp. 3073-3088 (2010).

[13]	 A. Lanza, S. Morigi, and F. Sgallari, “Convex image denoising via 
nonconvex regularization with parameter selection,”  J. Math. Imag. 
Vis., vol. 56, no. 2, pp. 195-220 (2016).

[14]	 I. W. Selesnick and I. Bayram, “Sparse signal estimation by maximal-
ly sparse convex optimization,”  IEEE Trans. Signal Process., vol. 62, 
no. 5, pp. 1078-1092 (2014).

[15]	 M. M.-Mohammadi, C. R. Rojas, and B. Wahlberg, “A class of non-
convex penalties preserving overall convexity in optimization-based 
mean filtering,”  IEEE Trans. Signal Process., vol. 64, no. 24, pp. 6650-
6664 (2016).

[16]	 I. W. Selesnick and I. Bayram, “Enhanced sparsity by non-separable 
regularization,” IEEE Trans. Signal Process., vol. 64, no. 9, pp. 2298-
2313 (2016).

[17]	 I. W. Selesnick and M. Farshchian, “Sparse signal approximation via 
non-separable regularization,” IEEE Trans. Signal Process., vol. 65, no. 
10, pp. 2561-2575 (2017).

[18]	 I. W. Selesnick and A. Parekh, “Convex denoising using non-convex 
tight frame regularization,”  IEEE Signal Process. Lett., vol. 22, no. 10, 
pp. 1786-1790 (2015).

[19]	 R. Gribonval, R. Jenatton and F. Bach, “Sparse and spurious: Diction-
ary learning with noise and outliers,”  IEEE Trans. Inf. Theory, vol. 61, 
no. 11, pp. 6298-6319 (2015).

[20]	 I. W. Selesnick, Sparse signal restoration, available online: https://
eeweb.engineering. nyu.edu/iselesni/lecturenotes/index.html.



SOLVING LINEAR INVERSE PROBLEM� 2057

[21]	 L. Sendur and I. W. Selesnick, “Bivariate shrinkage functions for 
wavelet-based denoising exploiting interscale dependency,” IEEE 
Trans. Signal Process., vol. 50, no. 11, pp. 2744-2756 (2002).

[22]	 P. Y. Chen and I. W. Selesnick, “Group-sparse signal denoising: Non-
convex regularization, convex optimization,”  IEEE Trans. Signal Pro-
cess., vol. 62, no. 13, pp. 3464-3478 (2014).

[23]	 D. L. Donoho, A. Maleki and M. Shahram, Wavelab 850, available 
online: http://www-stat.stanford.edu/7Ewavelab/.

[24]	 X. H. Wang, R. S. H. Istepanian, and Y. H. Song, “Microarray im-
age enhancement by denoising using stationary wavelet transform,”  
IEEE Trans. Nanobioscience, vol. 2, no. 4, pp. 184-189 (2003).

[25]	 P. Kittisuwan and P. Akkaraekthalin, “Fused lasso algorithm based 
on novel non-convex regularization in sparse domain for audio sig-
nal enhancement,”  Fluct. Noise Lett., vol. 22, no. 2, p. 2350010 (2023).

[26]	 D. L. Donoho and I. M. Johnstone, “Ideal spatial adaptation by wave-
let shrinkage,”  Biometrika, vol. 81, no. 3, pp. 425-455 (1994).

[27]	 H. Liu, W. Wang, C. Xiang, L. Han and H. Nie, “A de-noising method 
using the improved wavelet threshold function based on noise vari-
ance estimation,”  Mech. Syst. Signal Process., vol. 99, pp. 30-46 (2018).

[28]	 Z. Zhang, Y. Xu, J. Yang, X. Li and D. Zhang, “A survey of sparse 
representation: Algorithms and applications,” IEEE Access, vol. 3, pp. 
490-530 (2015).

[29]	 P. Kittisuwan, “Relation between penalized least squares regression 
and Bayesian estimation in AWGN based on novel penalty function 
of Pareto density,” ICT Express, vol. 9, pp. 326-332 (2023).

[30]	 P. Kittisuwan and W. Thaiwirot, “Novel non-convex regularization 
for generating double threshold value in penalized least squares re-
gression,” Fluct. Noise Lett., vol. 21, no. 6, p. 2250056 (2022).

		  Received November, 2024


