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Abstract

In this study, we present generalized mean estimators aimed at tackling the challenges
associated with non-sampling errors in sensitive survey data. Our approach utilizes both
full and optional Randomized Response Technique (RRT) models within a two-phase
simple random sampling framework, incorporating information from auxiliary variables.
To evaluate the performance of our proposed estimators, we employ a unified measure of
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efficiency and privacy protection. The validity of these estimators is supported by extensive
simulations.

Subject Classification (2010): 62D05.

Keywords: Randomized response models (RRT), Measurement errors (ME), Non-response,
Efficiency, Respondent privacy.

1. Introduction

Auxiliary information plays a crucial role in enhancing the precision
of estimators, as demonstrated in ratio, product, and regression estimation
methods. When the information of the auxiliary variable at population
level is unknown, two-phase sampling can be employed. This method was
first introduced by Neyman [1].

In real life, obtaining data for the situations where variables are
sensitive such as tax evasions, money laundering, abortions, and any kind
of crime etc. Getting truthful response from the respondents is sometimes
even impossible. To address sensitive variables, researchers employ
Randomized Response Technique (RRT) models, which were first
introduced by Warner in 1965 [2]. Then Eichhorn and Hayre [3], Gupta,
Gupta, and Singh [4], Gupta and Shabbir [5], Sousa et al. [6], and Gupta et
al. [7, 8], are some of the authors who have made significant contributions
in this area. In collecting data on such variables, one may face two common
problems, i.e., errors in measurement and low response rate.

Non-response is a common issue in surveys, often leading to biased
results and reduced data quality. Hansen and Hurwitz [9] were the first
researcher who gave the idea of a procedure based on taking a sub-sample
of those who do not respond and then obtain the information from this
group by contacting them personally. Another type of issue in surveys is
the Measurement error. Most of the time, researchers assume ME to be
non- existent or very small. But, if these errors are not small enough, there
is a chance we may get estimates which are not reliable. Which is a more
serious scenario.

The impact of measurement errors on the estimation of population
parameters has been addressed by Kumar et al. [10], Khalil, Noor-ul-Amin,
and Hanif [11], and Singh, Vishwakarma, and Kim [12]. Also, Singh and
Sharma [13], Singh and Vishwakarma [14] and Audu et al. [15] have
addressed how the estimation procedure can be affected with errors in
measurement and low response rate. Khalil et al. [11, 16] proposed
estimators for the unknown population mean using optional RRT models,



IMPROVED MEAN ESTIMATION OF SENSITIVE VARIABLE UNDER TWO PHASE SAMPLING 1737

specifically addressing the issue of measurement error in sensitive study
variables. Using the parameters of auxiliary variables, Khalil, Noor-ul-
Amin, and Hanif [17] derived a more generalized estimator of unknown
mean for the population. Zhang et al. [18] studied the ratio estimation of
the mean under RRT models. Following this, Zhang, Khalil, and Gupta,
[19] introduced efficient mean estimators using optional RRT models that
account for both errors. Subsequently, Shuja, Khalil, and Gupta [20]
examined mean estimation while considering the effects of errors in
measurement using RRT models in a two-phase sampling framework.
This paper is organized as follows: Section 1 describes various
sampling strategies. Section 2 presents a generalized mean estimator that
accounts for errors in measurement and low response rate. Section 3 is
based on the simulation results, while Section 4 provides the conclusion.

1.1 Sampling strategy:

Let B=(B,,B,,B,,...,B,) constitute a bounded population of N
identifiable units. Take a sample having size »'using SRS without
replacement at the first phase and obtain the required data on the auxiliary
variable (X). In second phase, data on the sensitive variable(Y) is collected
from a smaller sample of size n(n <n') taken from n'. Suppose that at the
first phase, there is no measurement error and there is complete response,
so x; = X/, that is, the observed value is same as the correct value. While
in the second phase, measurement error and non-response effect the study
and auxiliary variable. Out of n units, n, units give a response and 7, units
refuse to answer. Now, we apply Hansen Hurwitz’s [9] approach to sub-
sample the non-respondents, as follows:

« N, of the sampled units answered the questionnaire by mail,

+  (n,-n.) units did not respond to the postal questionnaire and were
not contacted during personal interviews, and

. [ns=”?2, h>1j units who were non-respondents to the mailed
questionnaire but they gave response later when they were

approached by personal interview method.

1.2 Optional RRT (ORRT) Models

In full RRT models, everyone has to give a scramble response whatever
the question is. However, we can consider that a survey question may be
personal or touchy for some individuals, but not for everyone. Gupta et al.
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[4] gave the idea that the freedom should be given to the respondent, he
can give the direct answer or provide a scramble response if he feels the
question is touchy. With this in mind, they proposed an Optional RRT
(ORRT) model, which enables researchers to calculate the mean of the
sensitive study variable and sensitivity level W (the proportion of
individuals who perceive the research question as sensitive).

The respondent can use a very simple RRT model with only one
scrambling variable S to answer the sensitive question as Y + S (Gupta
et al.) [7], or using two scrambling variables S and T, as in Diana and
Perri [21], where the reported response is TY + S. By taking Var(T)=0 and
E(T)=1, the Diana and Perri [21] model reduces to the simple additive
model. Khalil, Noor-ul-Amin, and Hanif [11] have shown that while the
general model offers higher privacy, but the additive model performs
better in terms of efficiency. However, Diana and Perri [21] model is better
V"’(” proposed by Gupta et al. [22]
for efficiency and privacy protection, where A, is the measure showing
the privacy level proposed by Yan, Wang, and Lai [23] and given by E
E(Z-Y)*. f1 is the mean estimator based on the same model. The model
having smaller § value is favorable over others as it shows a higher level of
privacy, a smaller value of Var( {1), or both. One can notice that:

when we use a combined measure 0 =

0'2 0'2
o . =1+2L>1+——X =6 Q)
additive RRT 0_52 0'52+0'% (H;*'G;) general RRT

As a result, when employing the Diana and Perri [21] model, the
multiplicative scrambling variable T serves to decrease model efficiency
while enhancing privacy. Overall, this general model is regarded as the
most effective due to its unified measure.

Hence, we decided to use the this model. The reported response will
be of this form

Y for probability 1-W
C|TY+s  for probability W

where, the two scrambhn§ Varlables T, S with their known means and
variances as H;, Hg, and Oy, O' respectively. The reported response Z has
mean and variance as,

E(Z)=E(Y)(1-W)+ETY + S)W = E(Y) )

Var(Z)=E(Z*)—-(E(Z))* = oj +07W + oi(a; + uj)w 3)
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Var(Z) will increase with the increased values of W, also ORRT model
serves as the full RRT model at the highest value of W which is one.

1.3 Existing Mean Estimators

Below are the existing mean estimators, adapted for Optional RRT
(ORRT) under two-phase sampling to examine the effects of errors in
measurement and low response rate on the estimation procedure.

1) Ordinary Mean Estimator

A

~ A " - 15
Hoyy =Y =W Y, +W,Y,, where Y, = ,,ngzi (4)

The expression of MSE of ,LAlO,d is:
MSE(f,,)=2(S; +5;) +6(S; 5, + S5+ H (5)

MSE without measurement error and non-response is,

MSE'(fi,,)=A*S. (6)

N-n o _Wah=) gy Wl {(Sy(2) +Hy(2))ST+STIW
, el )

where A = >
Nn n n (UTW+1-W)

2) Traditional Ratio Estimator
z_,

H, ==X )
X

The expression of MSE of lAl,lf is given by

MSE' (L) ASZ+H(A-A) RS ~2Rp;xS;Sx 1+ A{SG +RS7 1+0{Si(2) + RSt 2y 1+ (8)
NE
' 0(S7(2)+R*S%(2)~2RPzx(2)S2(2)Sx(2) 1+ H
Z PYX Wolt | {(S)(2) +Hy(2))SF+STIW
where R=2,p,, =———22  _and H=—2 |2/ -
X 1SN, SHE W n (HTW+1-W)
SY SY

The expression of MSE without ME and Non-response is given by,
MSE'(f1.,)~ AS. +(A - A){R?S% —=2Rp,,S,S, } )
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3) Regression Estimator Diana, Riaz, and Shabbir [24]
lareg :gw _bZX(J_C_El) (10)

The expression of MSE of ,[treg is,
MSE (,,,) = S:[A=(A=2)pL 1+ A5}, +6(S%,, + S5 (11)

reg

MSE without errors is given by,
MSE (i) = S2[A(1- p,) + A%, (12)

reg z

2. Proposed generalized RRT mean estimator

We have developed a generalized RRT mean estimator for the
sensitive study variable using Optional RRT (ORRT) to estimate the
unknown population mean under two-phase simple random sampling
without replacement. This is applicable when both Y and X are affected by
errors, as outlined in the following situations:

i. ME inboth Y and X with complete response.
ii. Non-response on Y only, along with ME in both Y and X
iii. Non-response and ME in Y only, and

iv. Non-response and ME in both Y and X.

Following Shuja, Khalil, and Gupta [20], the proposed estimator is
given by,

g =[2~k(x -] e (13)

m(oyX+ ) +(1-m) (e X'+ ;) !

where v and k are suitably chosen constants and 7 is intended to be a
mixing constant determined through optimality consideration. We can
generate a variety of estimators by changing the values of known
parameters of auxiliary variable ¢ (e, #0) and ﬁi- We also get various
RRT ratio mean estimators and various RRT product mean estimators by
putting v=1 and v =-1 respectively.

The following notations are employed to derive the bias and MSE for
all the proposed RRT mean estimators.

The following notation is used for first phase variable.

Y-X+X (14)
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When variable is free of errors

¥=X+X (15)
When variables are contaminated with ME

U=z2-2; V=x-X;¥=X+X; 2=7+7 (16)

When variables are contaminated with ME and non-response

U =2 -2;V =x-X;5=7+7;% =X+X (17)
where,
X=la,;X=1@+Q,) Z=1@Q,+)X=10,X =L@, +Q))
ES .
Z =Z(QZ+QU)

E(X') = A'S2  E(X)* = AS, E(Z)" =A(S2 +S2), E(X)* = A(S2 +S2),
E(Z' ) = A(S2 +52)+6(S2 ) + 2+ H,

7(2)
E(X)" = A(S; +52)+9(5X(2>+52 ) E(ZX)= 1,5y,
E(ZX)=2p,.S ZSX,E(XX) A'S2 E(X'X) = A'S2, (18)
E(Z'X)=2p,S,S, E(Z X)=Ap,.S,S,,

~

E(Z'X")=2p,S,5y + 0,55 5xS

X(2)7z(2)7

E(X'R)=N'S:,E(Z'X)=2p,.S,S,,

|>

)
>

)

1) 5 _(=f) g _Wa(h-1) 2 _ fn g _m
M=TD =0 9= S-Sl a8 f =N, f=x

_ Wah (Sha) +Hy(2))ST+S2IW 0, = Pyx
n (U W+1-W)2 rrzx [\/“SZW sHshme
s2 s2

Y Y

Case-1: When (Y) and (X) are contaminated with measurement error

The estimator is expressed as:

fio, =[E-kE-T)| )

| (19)
(e x+[31 +(1-71 ) (o, X'+ ;)

By using eq- (16) and (18) in eqg- (19), the estimator will take a form as:



1742 H. F.NISA, S. KHALIL AND S. GUPTA

i :[(Z+?)—k(}_(+f(—}_(—}_(’)]{ XX } ., (20)
1 1 (o X+ X+ ;) +(1-m1 ) (o X+, X'+ ;)

After simplification, we get the bias (after getting second order
approximation) and MSE (after getting first order approximation) as:

A'S: ( W'Z -0’0’ Z+ U(z )w,.zZ)+ AS. (v T ok+ U(z;l) wfﬂfZ)
Bias(fi, ) = ) a '
+HA-1)S2 (v mko + U(ZT ) a)fan) ~om,@p,,S,5,(A-1)
(21)
where 0, = %,
ooX+p;
MSE(, )~ (AS] +(A-ANK’S} +V* 0’ Z*S, + 2vw, 7t k ZS%, - 2p,,, S, S, (k+v o, 7, Z)))
@7 4 AMSE +KPSE + v ?Z2SE + 2kvm, @, Z S}
(22)
_  (A=A)pzxSzSx —k[(A-A")S% +AS%]
ﬂl - ﬂ:a t 2 217
Pt [S3 (A-1)+AS} Zww

Substituting the value of T, in eq (22), the MSE*(ﬁG])has the
following minimum value:

MSE,, (ft. )~ [AS% +P?p2 S2S2(S2(A—A)+AS2)~2P,p2, S252 (A— 1)+ AS2]

(2-2)

where P =——~~-
(A-1)S%+AS2

By putting S =S, =0 in eq- (23), the MSE without measurement
error can be obtained as:

MSE,, (fi; ) =S, [A1-p) + APy ], (4)

The suggested RRT mean estimators ({1 fi; ) will perform more efficient
versus the ordinary (fl ,) estimator when, MSE(,&GI) <MSE (@1
or if

AS2 + P?p2 S262(S2(A—A')+ AS2) 2P p?, S25% (A~ A') + AS: < A(S2 +52)
(25)

ord )’

or _((A=A)pzxSxSz)*

(A-1)S%+M2S% (26)
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Case-2: When both variables are having measurement errors, but only
(Y) is affected by non-response error.
The estimator is defined as:

R Y (@7 +f) '
‘UGZ [z k(-2 )]{”2(0‘5*'/31') + (1—”2)(0‘1'7*'/31')} ! 27)
By using eq (16), (17) and (18) in eq (27), the estimator can be written
as:
i = [(Z+f*)—k(}_( +X —X—X')]{ _ wXe X0 } (28)
2 7o (0 X+0 X+ )+(1-1p ) (0 X+0,; X'+ B;)
After simplification, the bias and MSE are given by:
'S} {U(ZTD 0’ Z-v'0’Z+ 0(02:1) a)fZ} +AS? {v T, 0k+ ”(02,*1) wfﬂi} +
Bias({i.. )~ i i '
“l@a-as {mzk o, + 2D wfnjz} —om,0,0,,5,5, (A~ 1)
(29)
MSE(i. )~ {AS: +(A-A)(k+vw,n,Z)*S; -2p,,S,S, (k+vw, m,Z)} +
@7 S, +(k+va, T2 SOV H6(S ) +Sip )+ H
(30)
= BAIpaxSySx—K(A-2)S% +AS ]
T2 = o, = Zw0[S3 (A-1)+A52]
iY19X 14

The minimum MSE of ‘an is obtained by putting the value of 7, in

eq (30),
X AS: +P2p? S22 (S2(A—A')+ AS2)—2P,p2 5252 (A—A')+ AS>
MSEmin(,uGZ)z|\ Z 2F7ZX~727X X v 2 zZ7X u

zZX
+0(S5 )+ Siy) +H

ue

(D)

Where, P, = A=Ay
2 (A-2A)S%+ASZ

We may obtain the MSE without non-response and measurement
error by setting S = S} = S}, = S, = 0 ineq-(31) as:

MSE, , (4, ) =S, [A1-p,)+ AP, ], (32)
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The suggested RRT mean estimators ({i_) will perform more
efficiently than the ordinary RRT mean estimator tﬂmd) when MSE(f1 ) <

MSE'(i1,,,),
or if
AS2 +P2p? S2S2(S2(A—A)+ AS2)+ AS% —2P,p% S2S%(A—A')+
G(SZ(Z) + Sfm))+G <MS;+S)+ G(SZ(Z) + Sfm) )+G (33)
or _(=MpzxSxS2)” (34)

(A-1)S% +AS2

Case-3: When Non-response and ME on (Y) only:
The estimator is defined as:

fio, =[E —k(E )] )

73 (0 + B )+(1-73 ) (o X'+ B; )} ’ 59

By putting eq- (16), (17) and (18) in eq- (35), the estimator can be
written as follows,

A

3

“[(Z+7)-k(X+X —)‘(—)‘(')]{ X } , (36)
w3 (0 X+0y X+ ) +(1-m3 ) (o X +0; X'+ ;)

After simplification, the bias and MSE will be:

, +1) (o= ) '
lsz {v ;! 2Z UZCOZZ-FU Z} U7, wipzxszsx(l_l)—’—

Bz’as(,&Gal )=

(A-1)S2 {vn ko, +240 z}

(37)

AS: +(A-A)(k+vw,n,Z)'S} -2p,.S,S, (k+vw, m,Z)}+ AS, +
MSE(Hs, )~ 0(S2. +S2 V+H
( Z(2) u<2))+
(38)
(A=A")pxS;Sx —k(A-1")S%
77'-3 = ”Upts = gi)((lzi;i)zw v x
2 .

The minimum MSE of ,UG is obtained by putting the value of 7, in
eq (38)
MSE, (i1, )~ [AS, =3 S; (A= AN +AS;1+[6(S, ) +Spyp) )1+ H (39)
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We may obtain the MSE without measurement error and non-
response by setting. S} =S?, =S, = 0. in eq-(39)

u(2) 7(2)

MSE,, (i )=S,IA(1-p, )+ APy, ], (40)

The suggested RRT mean estimators (i ) will perform more
efficiently than the ordinary RRT mean estimator (ii,,) when
MSE’ (i )< MSE ({1
or if 3

ord )

ASL —p2 So(A—=A)+AS], +9(S2 +52<2))+G <MS,+S], )+9(SZ(2) +S§(2))+G
(41)

or P S (A-A")<0 (42)

Case-4: When measurement error and non-response on both variables,
The estimator is defined as:

,&GA:[?*—k(f*—a_c’)][ _(ax+p) } (43)

Ty (0 +B)+(1-7y ) (0 X+ ;)

By putting eq- (17) and (18) in eq- (43) it becomes,

><|>

fio, =1Z+Z)-KX+ X—X’)l{ X0 } (44)

Ty (ai)?+ai}7(* +B;)+(1-7y ) (0 X+ X'+ ;)

The expressions of the bias and MSE are:

'Sy {v(g,ﬂ)w Z-v wZZ+U(U b 2Z}+l$2 {vn wk+ )w2n22}+

Bias(ii, ) ~| (A= A)S2 {mk o, + 2D w?njz} o, 0,0,,5,5, (A~ ')+

( +1)
0(Sx) + SZ(z)){” vok+73 zwzz} O7,00,P7x25x 520

(45)
AS: + (A= M){(k +va,m,Z)*S% -2p,.S,S, (k+vo, 7t42)} +
MSE(Q, ) = MS; +(k+vo,m,Z)*S) 1+ 6(S) ) + (k+v0,m,Z)*S; )}
of Z(z)+(k+va)7r Z) Sm) 20,45 209x (K +v @O, T Z)}+H

(46)
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T =7 :(Z—A')PZXSZSX k((A-21")S% +ASZ) +0(Pzx(2)S2(2 5X(2)—k(SX(z)+Sv(z)))
4 opt, z;a)Z[SX(/'L l)+;LSV+9(SX(2)+SV )]

The minimum MSE of ,LALG4 is obtained by putting the value of 7, in
eq (46)
AS, +(A=A")(P;S; —2P,p, 5,S,)+6(S,, + PS5,

MSE,, (4. )=~| ° 72)
T 2P PSS + AST + Sy +0(S] ) +PIS) ) )+ H
(47)
Where, P, = (A-A)pzx5x52+0(Pzx(2)5x(2)52(2))

(A=1")S% +ASy+6(S%(2)+St(2))

We can get the expression of MSE without ME and non-response by

putting S} = S} = S}, = S;,, = 0 ineq (47)
MSEmm(ﬂc )=S[A(1-p )+ APy, (48)

The suggested RRT mean estimators (uc ) will perform more
efficiently than the ordinary RRT mean estimator (,le ;) when MSE_, ( ,uc4)

< MSE’ ,,),
or if
).SZ +(A- l)(PZS2 2P,p,S,S )+9(S2 +P25)2<<2) 2P pZX(Z)SX(Z)SZ(Z))
2 202 2 202 2 | o2 2
+A(S, +P;S )+6(S ,+PS (2))+G</1(S +S )+9(SZ(2)+SU(2))+G (49)
or _((l—/l')PzXSXSz+9PZX(2)5X(2)SZ(2))2 <0 (50)

(A-A)S%+AS5+6(Sk(2)+St(2))

Remark 1: Note that the 1\/ISE:mH(,lALG1 ), (fig,), (Ag,) and (fl;) expressions
given in eq’s- (24),(32),(40) and (48) are the same as given in eq- (12) which
represents exactly the variance of the linear regression estimator.

Remark 2: From the generalized RRT ratio estimator given in eq-(13), by
putting v = 1 and different choices of unknown constants O /B, one can
have a number of ratio estimators. Also taking v = -1 will produce several
product estimators. The classes of ratio and product estimators are listed
below in Table 1.
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Table 1
Ratio and Product RRT Mean Estimators.
RRT Ratio Estimators (v=1and 7t =1) RRT product Estimators (v =-1
and 7t =1)
If we putk=0
Al | (ex'+B) A1 _ 2| (ax+B)
Her =% ‘:(aierﬁi):l' Her =2 ‘:(aiyl+ﬁi):l'
Ifweputk=1
2 e = = (@X+5) 02 15 _ (v _5\]| (X +Bi)
Hon =12~ (¥ =X )]La,ﬂﬁi)}' Hop =[z-(-x )]Laif%ﬁi)}‘
If we putk =b,,
~ N = =n1l (e X'+ B;) N3 _r5_ = _ 71| (X +B;)
5y b (2] @E0) L ) [

3. Analysis through simulation

The efficiency of the proposed RRT mean estimator using two-phase
simple random sampling has been assessed through simulation. The
values of k and v are chosen as one and 77 will take its optimum value.
The various parameters of auxiliary variable can be used for ¢, such as
coefficient of variation, kurtosis, median, quartiles etc. It is observed that
MSE is not much affected with different parameters in any significant way
with different choices of «,8. For this reason, the only choice to be
considered hereis ¢ =1 and B =0. The additive scrambling variable S is
distributed as normal with mean = 0 and variance (0'52 =0.2%* 0'5 ) and the
multiplicative T is also following normal distribution with u, =1, and
varying o2 =0,0.5,1. Following Zhang et al. [19], a population of size
N=5000 is generated with the following parameters for Y and X.

Populations

_[10 _[16 9.051 _
/'L_L }’ z_[9.051 8} Py =08

We consider sample sizes for first and second phase as n' =750 and n
= 150 respectively and the response rate on the survey is assumed to be
60% in the second phase. At the second phase, out of 150 sample units,
only 7, =90 respondents give response and ", = 60 do not give response.
We take another sample from non-respondent group with #n =n, / h by
taking h=2. The empirical MSE of ,lAlG‘_ is obtained as,
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MSE (i, ) = ST (4~ )? 1=1,2,3,4
('uci)_10000 I:Zi (/»ici—ﬂy) ’ 1=1,2,5,
where, ﬂc, = lAlcl "an ,,lAlGS ,.lAlG4 and H, is the population mean of Y.

The PREs of the estimator are calculated as,

E=MSE (o) 410,
MSE (i)

A unified measure introduced by Gupta et al. [22], which addresses

both privacy and efficiency, is calculated using the following formula:

MSE" (i
5= (fig,)

App

For the biased estimators, the word MSE is used instead of Var(.).
The results of MSEs, PREs and Unified measure for all the cases are given
in Tables (2, 3, 4, 5). The theoretical MSEs are given in bold.

Table 2
Case-I: Theoretical/Empirical MSEs, PREs along unified

2 )
measure when § =0.2*5

. MSE PRE
Estimators | .,
w S;  |Without |With |Without With ME 6
ME ME ME
0.1087 | 0.1179
0 100.0000 | 100.0000 | 0.0723
0.1089 | 0.1187
N 0.2861 | 0.2945
H,. 0.5 100.0000 | 100.0000 | 0.0050
or 0.2993 | 0.3142
0.4764 | 0.4869
1 100.0000 | 100.0000 | 0.0041

0.4979 | 0.5062

0.0669 | 0.0916
0 162.4813 | 128.7118 | 0.0562
0.0738 | 0.0865

A 0.2466 | 0.2720
H. 0.5 116.0178 | 108.2720 | 0.0045
" 0.2709 | 0.2782

0.4319 | 0.4633
1 110.3033 | 105.0939 | 0.0039
0.4604 | 0.4749

0.5

Contd...
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0 3i3§3§ nggﬁi 1987203 | 1731277 | 0.0417
g, |os gég‘g 822% 1222127 | 1185587 | 0.0041
1 giﬁgg gjﬁgg 113.3476 | 1105084 | 0.0037
0 giﬁéi ggﬁ 100.0000 | 100.0000 | 0.0743
o | os gfﬁgg gjggg 100.0000 | 100.0000 | 0.0068
1 3?3}’3 gj;(l)‘;i 100.0000 | 100.0000 | 0.0060
0 8j8§§? gjgg‘;z 159.9427 | 127.8775 | 0.0580
0.8 i, | o5 gjig’;g giggg 111.0520 | 105.8884 | 0.0064
1 g:gg‘ég gjgggz 106.7960 | 103.4023 | 0.0059
0 giggf gtgg(l)g 193.7608 | 170.0843 | 0.0437
i, | o5 8;‘;‘;2 ggggi 115.0768 | 112.7949 | 0.0060
1 8:2:33 gjgggg 1087051 | 1069162 | 0.0057
0 giﬂ;? gggg 100.0000 | 100.0000 | 0.0756
o | os gggg gé%‘l’ 100.0000 | 100.0000 | 0.0080
1 8:2‘;22 ggzg*; 100.0000 | 100.0000 | 0.0074
1 0 8j8§§2 gtgggg 158.0555 | 127.2727 | 0.0594
(Full | 4, | o5 | 94313 | 045841 1591583 | 1049302 | 0.0077
S |
L | a2 | 1055514 | 1045310 | 0.0070
0 gjgzzz gggii 190.6197 | 168.0764 | 0.0450
i, 0.5 gfég; gjg‘;z 112.4433 | 110.6001 | 0.0073
1 8:;3;3 SQZZ 107.0842 | 1085506 | 0.0068




1750 H. F.NISA, S. KHALIL AND S. GUPTA

Table 3

Case-2: Theoretical/Empirical MSEs, PREs along unified measure when

response rate is 60%, h=2 and 5:=0.2*S§

) MSE PRE
w Estimators Without | With | Without )
2 ithou i ithou .
S| ME ME ME | With ME
0.1463  |0.1584
0 100.0000 [100.0000 |0.0988
0.1484 0.1586
R 0.2992  |0.3142
[T 0.5 100.0000 |100.0000 |0.0051
or 0.2964 0.3052
0.4365 | 0.4559
1 100.0000 [100.0000 |0.0039
0.4529  |0.4719
0.1043  |0.1346
0 140.2684 |117.6820 |0.0840
0.1596 0.1854
. 0.2578  |0.2895
0.5 i, 0.5 116.0589 |108.5319 |0.0047

0.2980 0.3496
0.3985 0.4329
1 109.5357 |105.3130 |0.0037
0.4794 0.5086

0.0925 0.1121

0 158.1621 |141.3024 |0.0710
0.1280 0.1480
~ 0.2451 0.2654
Mg 0.5 122.0726 |118.3873 |0.0043
2 0.2710 0.2920
0.3857 0.4089
1 113.1708 |111.4942 |0.0035

0.4340 0.4536

0.1488 0.1608
0 100.0000 {100.0000 |0.1003
0.1520 0.1610

A~ 0.3915 0.4065
U0 0.5 100.0000 {100.0000 |0.0066
or 0.3842 0.4123

0.6116 0.6280
1 100.0000 {100.0000 |0.0054
0.6447 0.6677

0.1068 0.1370
0 139.3258 |117.3722 |0.0855
0.1655 0.2020

N 0.3501 0.3819
Wy 0.5 111.8251 |106.4414 |0.0062
" 0.3962 0.4458

0.5737 0.6051
1 106.6062 |103.7845 |0.0052
0.6700 0.6991

0.8

Contd...
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X .114
0 0.0950 0 6 156.6315 |140.3141 |0.0715
0.1324 0.1494
~ 0.3374 0.3578
U 0.5 116.0343 |113.6109 |0.0058
2 0.3662 0.3916
0.5609 0.5810
1 109.0390 |108.0895 |0.0050
0.6226 0.6472
0.1505 0.1621
0 100.0000 |100.0000 |0.1011
0.1563 0.1625
~ 0.4526 0.4676
i 0.5 100.0000 [100.0000 |0.0076
0.4405 0.4713
0.7270 0.7396
1 100.0000 |100.0000 |0.0064
0.7592 0.7919
0.1085 0.1387
0 138.7096 |116.8709 |0.0865
0.1665 0.2055
1 o 0.4112 0.4429
My 0.5 110.0680 |105.5769 |0.0072
(Full RRT) 0.4449 0.5281
0.6891 0.7167
1 105.4999 |103.1952 |0.0062
0.7900 0.8317
0.0967 0.1162
0 155.6360 |139.5008 |0.0725
0.1352 0.1508
~ 0.3985 0.4189
U 0.5 113.5760 [111.6257 [0.0068
2 0.4173 0.4628
0.6763 0.6926
1 107.4967 [106.7860 [0.0060
0.7436 0.7774
Table 4

Case-3: Theoretical/Empirical MSEs, PREs along unified measure when

response rate is 60%, h=2 S:ZO.Z*Sf

MSE PRE
w Estimators g Without | With | Without | With )
T ME ME ME ME
0.1463  [0.1588
0 100.0000 |100.0000 |0.0942
0.1484  |0.1611
. 0.2992  [0.3223
0.5 i 0.5 100.0000 |100.0000 |0.0054
0.2964  [0.3205
0.4365  [0.4998
1 100.0000 |100.0000 |0.0044
0.4529  |0.4891

Contd...
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.104 .
0 01043 01166 140.2684 |136.1921 |0.0692
0.1596 0.1659

. 0.2578 0.2787
JU 0.5 116.0589 |115.6440 |0.0046
0.2980 0.3310

0.3985 0.4580
1 109.5357 |109.1266 |0.0040
0.4794 0.5038

0.0925 0.1043
0 158.1621 |152.2531 |0.0619
0.1280 0.1360

~ 0.2451 0.2692
Mg 0.5 122.0726 |119.7251 |0.0045
3 0.2710 0.3013

0.3857 0.4465
1 113.1708 |111.9373 |{0.0039
0.4340 0.4745

0.1488 0.1616
0 100.0000 |100.0000 {0.0959
0.1520 0.1626

N 0.3915 0.4243
Wi 0.5 100.0000 |100.0000 {0.0070
o 0.3842 0.4283

0.6116 0.7172
1 100.0000 |100.0000 {0.0063
0.6447 0.6898

0.8
0.1068 0.1194
0 139.3258 |135.3433 |0.0708
0.1655 0.1676
. 0.3501 0.3808
s 0.5 111.8252 |111.4233 |0.0063

0.3962 0.4375
0.5737 0.6754
1 106.6062 |106.1889 |0.0059
0.6700 0.7173

0.0950 0.1071

0 156.6316 |150.8870 |0.0635
0.1324 0.1398
o 0.3374 0.3712
Mg 0.5 116.0343 |114.3050 |0.0062
3 0.3662 0.4089
0.5609 0.6639
1 109.0390 |108.0283 |0.0058
0.6226 0.6680
0.1505 0.1635
0 100.0000 |100.0000 |0.0970
0.1563 0.1669
N 0.4526 0.4929
Hois 0.5 100.0000 |100.0000 |0.0082

0.4405 0.4814

0.7270 0.8665
1 100.0000 |100.0000 |0.0076
0.7592 0.8036

Contd...
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.1 121
0 0.1085 0 3 138.7097 |134.7898 [0.0720
0.1665 0.1712
A 0.4112 0.4494
JL 0.5 110.0681 |109.6795 [0.0075
0.4449 0.4868
K 1 .8247
1 0.689 0.8 105.4999 |105.0685 [0.0072
0.7900 0.8159
.0967 .1
0 0.096 0.1090 155.6360 |150.0000 {0.0647
0.1352 0.1419
~ 0.3985 0.4398
H; 0.5 113.5760 |112.0737 {0.0073
3 0.4173 0.4586
.67 .8132
1 0.6763 0.813 107.4967 |106.5543 [{0.0071
0.7436 0.7890
Table 5

Case-4: Theoretical/Empirical MSEs, PREs along unified measure when

response rate is 60%, h =2 and 5°=0.2*S’

MSE PRE
14% Estimators S; Wiﬁ\gut ‘?G:Eh Wil\t/?gut With ME S
’ gigﬁ 812;; 100.0000 | 100.0000 | 0.1005
05 o | g;gg 8:22; 100.0000 | 100.0000 | 0.0055
! gﬁg 8?1232 100.0000 | 100.0000 | 0.0040
’ g(l)zf; gﬁéz 157.8143 | 129.5230 | 0.0776
s 0 g;zz; g;ggz 127.6194 | 115.2149 | 0.0048
' gigﬁ gjﬁgg 116.0490 | 109.3267 | 0.0036
’ gggg; gtgzgz 204.4140 | 177.1653 | 0.0567
fo, ™ 82(1)?(6) gzggg 138.8836 | 132.4452 | 0.0042
! g:g;; 83133; 117.6075 | 117.4774 | 0.0034

Contd...
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0 | 0.1465 | 0.1600
0.1552 | 0.1628
R 05| 0.3675 | 0.3949
£ 100.0000 | 100.0000 | 0.0071
0.3812 | 0.4121
1 | 0.6360 | 0.6737
0.6780 | 0.6870
0 | 0.0977 | 0.1242
0.1315 | 0.1411
R 05| 03134 | 0.3541
0.8 i, 117.2622 | 111.5221 | 0.0064
0.3428 | 0.3787
1 | 0.6108 | 0.6526
0.6135 | 0.6414
0 | 0.0783 | 0.0915
0.0843 | 0.0885
. 05| 0.2949 | 0.3193
fig 124.6185 | 123.6768 | 0.0057
i 03003 | 0.3271
1 | 05225 | 0.6002
05425 | 0.5945
0 | 0.1483 | 0.1645
0.1562 | 0.1674
1 R 05| 0.4324 | 0.4517
£ 100.0000 | 100.0000 | 0.0081
(Full RRT) 0.4560 | 0.4704
1 | 0.7731 | 0.8023
0.8150 | 0.7881
0 | 0.0994 | 0.1259
0.1316 | 0.1428
R 05| 0.3693 | 0.4109
i, 117.0864 | 109.9294 | 0.0074
0.4228 | 0.4390
1 | 0.7478 | 0.7813
0.7621 | 0.7497
0 | 0.0800 | 0.0953
0.0851 | 0.0914
N 05| 0.3477 | 0.3762
fig 124.3600 | 120.0691 | 0.0068
i 0.3508 | 0.3844
1 | 0.7288 | 0.7299

0.7120 | 0.7003

100.0000 | 100.0000 |0.1021

100.0000 | 100.0000 | 0.0056

149.9488 | 128.8244 | 0.0793

104.1257 | 103.2332 | 0.0054

187.1009 | 174.8634 | 0.0584

121.7225 | 112.2460 | 0.0050

100.0000 | 100.0000 | 0.1050

100.0000 | 100.0000 | 0.0067

149.1951 | 130.6592 | 0.0804

103.3832 | 102.6878 | 0.0065

185.3750 | 172.6128 | 0.0608

109.9191 | 105.9186 | 0.0060
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The MSEs and PREs, of the RRT mean estimators are presented in
Tables [2, 3,4, 5] when the variance of T is taken as 0, 0.5, 1 and the response
rate (RR) is 60% in the second phase with S?=0.2*S2. When comparing all
these tables, our proposed generalized RRT mean estimator demonstrates
superior performance over the ordinary and ratio estimators, particularly
in terms of high efficiency, whether there is error in measurement and low
response rate. In all the tables, when variance of T increases, the mean
estimation becomes less efficient. As the Var(T) increases from 0 to 1, the
MSE increases while & goes down. For example, when (W) is set to (0.8),
the MSE of the propose estimator increases from (0.0915) to (0.6002), but
the value of & falls from (0.0584) to (0.0050) in Table 5 and this pattern is
observed in all the cases. Another observation is, when non-response is
present, mean estimators under the ORRT model are better than full RRT
model when evaluation is done through the unified measure. We can also

Table 6
Case-4: Theoretical/Empirical MSEs, PREs of the RRT Mean Estimator when
$;=0.5, W=0.5and 5’=0.2*5

MSE with ME PRE with ME
Estimator h
40% 60% 75% 40% 60% 75%
0.4143 | 0.3082 | 0.2491
2 100.0000 | 100.0000 | 100.0000

0.4213 | 0.3202 | 0.2501

.614 .4437 | 0.32
o 3 0.6110 ) 0.4457') 0.3233 100.0000 | 100.0000 | 100.0000
Mgy 0.6326 | 0.4534 | 0.3272

.794 . .
4 07548 | 0.5766 | 0.3959 100.0000 | 100.0000 | 100.0000
0.8168 | 0.5908 | 0.4406

.372 .267 2124
2 0.3728 | 0.2675 | 0 111.1320 | 115.2149 | 117.2787
0.4146 | 0.2906 | 0.2329

.552 . .
N 3 0.5526 | 0.3936 | 0.2802 111.1111 | 112.7286 | 115.3818
My 0.5563 | 0.4131 | 0.3055

.71 . .
4 07185 1 0.5131 | 0.3487 110.6193 | 112.3757 | 113.5360
0.7672 | 0.5599 | 0.3825

.332 . .
2 03328 1 0.2327 ) 0.1823 124.4892 | 132.4452 | 136.6429
0.3437 | 0.2359 | 0.1835

.5031 | 0.34 .24
N 3 05031 | 0.5298 | 0.2469 122.0433 | 126.8440 | 130.9437
He 0.4791 | 0.3542 | 0.2477

4 0.6529 ) 0.4592 ) 0.3050 121.7338 | 125.5662 | 129.8033
0.6640 | 0.4805 | 0.3304
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see that by increasing the value of (W) from (0.5) to (1), the MSE also
increases for all the cases. It shows that when respondents perceive the
survey question as non-sensitive, the ORRT model achieves greater
efficiency.

Table 6 indicates that as the response rate increases, the mean squared
error (MSE) decreases while the percentage of relative efficiency (PRE)
increases for each estimator. Furthermore, when the value of h increases
from 2 to 4, the mean square error also increases, but PRE decreases for
each estimator. This table also demonstrates that our proposed generalized
RRT mean estimator consistently outperforms both the ordinary RRT and
RRT ratio estimators across all situations.

4. Concluding Remarks

There are two major take-aways from the simulations results. We can
see that the performance in terms of MSE and unified measure worsens
with an increased sensitivity level W. This also shows that the Optional
RRT models are better choice since the worst case is when W = 1, which
corresponds to the non-optional model. We also note that we should not
be afraid to use the extra multiplicative noise because it improves the
privacy more than it hurts the efficiency, as shown by the unified measure.
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