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Abstract

In this article, we proved fixed point theorems using contraction mappings in the
metric space. Specifically, we deal among the space of multiplicative metric in which we
obtain fixed point using the self mappings. At the beginning of this paper, we discuss few
essential definitions and lemmas that contribute to our main theorems. Our main theorem
includes few fixed points results, which were derived by proving the existence together with
the uniqueness of fixed point in the multiplicative metric space. Eventually, we obtain the
results involving fixed points using double self mappings in the complete multiplicative
metric space.
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1. Introduction

The Theory of Fixed Point is significant in various fields such as topology,
mathematical economics, physics, biology and engineering. Fixed point theory
is a mathematical discipline focused on characterizing all self-maps within a
given context in which at least one element remains unchanged. Specifically,
fixed point techniques have proven helpful in research related to the theories of
integral equations, differential equations, and optimization theory. They have
also proven valuable across many other fields including biology, chemistry, and
economics. A usual non-empty abstract space which is equipped with a distance
function is defined as a metric space. In 1922, Stefan Banach initiated the
“Banach Contraction Principle”, a fundamental result, which is extensively
acknowledged as the cornerstone of ‘Metric Fixed Point Theory’. This
foundation led to the proof of various fixed point theorems within different
classes of metric spaces.

Following the definition of metric space, numerous authors have developed
various generalizations by relaxing or eliminating certain conditions, modifying
the metric function, or abstracting the notion. Consequently, plenty of extensions
of metric spaces have been constructed, including b-metric space, G-metric
space, multiplicative metric space, and quasi-metric space. A Non-Newtonian
calculus called “Multiplicative Calculus” (otherwise called exponential calculus)
formulated by Grossman and Katz [4], is a family of non-linear calculi, which
doesn't have additive operators. Multiplicative calculus is defined by two
operators known as “multiplicative derivative” and “multiplicative integral”,
which exhibit an inverse relationship equivalent to the classical calculus's
derivative and integral relationship formulated by Newton and Leibniz. Bashirov
et al. [3] proceeded that multiplicative calculus is more effective than newtonian
calculus for deriving assorted problems from distinct fields.

In 2008, by defining multiplicative distance, they supplied foundation for
“Multiplicative Metric Space” (MMS) [3]. Shrivastava, Sharma and Bhardwaj
have proved fixed point theorems in complete metric space [14]. We tend to
obtain multiplicative contractions in complete MMS. Many authors have
proved fixed point results in MMS [1],[12] and [13]. Fixed point results for
various multiplicative contractions in MMS were obtained in [15]. One can refer
[6],[8] and [16] for recent multiplicative contractions obtained in MMS

2. Preliminaries

Definition 2.1: [3] A mapping p,,:E XE — [1,) on non-empty set E is
known as multiplicative metric, if the below criteria holds:

) pnWé)=1,forallyu,é € E.

2) pm(wé) = P p) forally,§ € E

3) P W) < pm (m)-pm (1,8), forall p,§,m € E.

Hence the ordered pair (&, p,, ) is called MMS.
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Example 2.2: [12] The metric function p,, satisfies multiplicative metric
conditions, if p, : R X R — [1,00) defined by p,, (u,&) = c* I, where
iw,& € Rwithc > 1.

Thus, the pair (R, p,,, ) is known as MMS.

Definition 2.3: [11] Suppose (E, p,,) is MMS with the mapping Q : £ = E is
called a multiplicative contraction mapping if p,, (Qky, Qkz) < [P (i, K2)1%,
where A € [0,1),Vkq, K, € E.

Lemma 2.4: [11] A sequence {k,} in MMS (Z,p,), is said to be a
Multiplicative convergent to an element & € E, iff lim,_c pm (i, &) = 1.

Lemma 2.5: [11] 4 sequence {ix,} in MMS (Z, py,), is called Multiplicative
Cauchy iff limy, ;0 P (K, k) = 1.

Lemma 2.6: [11] We say that (&, p,,) is complete with respect to Multiplicative
metric, whenever all multiplicative Cauchy sequence in Z is multiplicative
convergent to an element Kk € Z.

We demonstrate results that establish a unique fixed point (u.f.p) and a
unique common fixed point (u.c.f.p) in the complete MMS. Note that our
obtained main results involving multiplicative contractions for obtaining unique
fixed points, will neglect few rational type contractions from the obtained result
of metric space in the existing literature.

3. Main Results

Theorem 3.1: Suppose (Z, p,,) is the MMS which is complete in which T is a
self mapping on E that satisfies the below condition:

PH (VTP 1Y) o (S TP20)*
P (TPH1y, TP420) > [ P20 ] 3.1

pm (v, TP ). pp (, TP )P
[P (v, TP¥19). (4, TPH1) ]2
Lom (@, TP*20). p (3, TP¥2 ]2

for all v,(€E, ,B,,6§=0, 26—2a+y+6>2, 2a+28+y>1 and
‘p’ is any non-negative integer, then I" has a u.f.p in the given complete MMS

E, pm)-

Proof: We prove this theorem for p = 0.
Now putting p = 0 in Equation (3.1), we have

B Iv).pm(2129)]
pn(T,120) = [RCTLHETO (5, (1,Tv). p G, TV

[0m @, TV). p(C, TV 2
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8

Apm (v, Fz()-ﬂm((: Fz{ )]z

Consider an arbitrary sequence {v,;} € E such that
V=TV, n=0,12,..

Now p,,(Vo, V1) = P (Tv, T?v3)

2, (V2,Tv2).om (Vo T2y a
[m mefvz.ﬁ(v;) 1" [p2,(v,, Tv,)]?

v

Y
Lom V2, Tv2). pr (v, Tv,) ]2
5
Lpm (v, Fsz)- Pm(Va, F2Vz )]z

[Przn(Vz'Vﬂ-Pm(VzrVo) @ [ 2 (Vy, v )]5
Pm(v2,vo) - Pm{V2, V1

v

1om (v2,v1). pr (v, V1)]%

1om (V2 0). P2, V)12
Pm(Vov1) = [ (v, V)12 [pm (v2, v1)]?#
[om(va, v)IY . [om (v, Vo)]a-
By applying multiplicative triangle inequality, we have
Pm Vo, V1) = [pm (v2,v1) ] [Pm(V2,V1)]2‘8

[pom(v2, v [

[pm(V1:V2)](2a+2B+y+6) < [Pm(Vo,V1)](1+6)-
1+6 )

pm(V1:V2) < [pm(vo,vl)](m .

In the same manner, we have

Pm(V2,v1) 8
pm(vo,v1)

1+6
P(2193) < [pyn (v, v,)) ET2775),
<( 1468 )2)
Pm(V2,V3) < [ (v, v1)] paxzpryrdl ]
In general, we write
1+68 n
Pm (Vi V1) < [pm(vofvl)]((zanﬁﬂl'“;) )
P (Vs Vi) < [pm(VO'Vl)]kna
1+8

m < 1.
Since 0 < k< 1,soforn —» o, k™ - 0.

Hence p,, (Vp, Vi) = 1.

Therefore {v,,} is Multiplicative Cauchy sequence.

As E is a complete MMS, therefore 3 an element ¢ € = such that
v} = ¢

Now pm(f' FE) = pm(F€:F2Vn+Z)

where k =
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> [P12n (&T8).pom (Vn+2-F2Vn+2)] @
- pm(€T2vn42)

'[pm(f' Ff) Pm (Vn+2' FE)]ﬁ
P&, TE). Py (Vg TEZ

8
. [pm(f' l—‘2Vn+2)-pm(vn+2' I12Vn+2 )]2

[pfn(f.rf).pm(vm,vn) @
pmE,vn)

1P (€, TE). pr (Vny2, TEP
[pm(gﬂ Fg) pm(vn+2, FE)]¥

o (€ V). P Vs ]2

Applying limit

5ErD pmE O
pm(§,T9) 2 [REEIMEDT (o2 (£, 16))F

[pm(&,TE). pr (&, TE]2

[om(E ). pm(E,OT2
pm(E,TE) = [p (&, TE)]|Rat2B+D),
[pm (&, TE)|(@at2B+-1) < 1,

This gives p,,(§,T§) =1 =T¢ =¢.

Therefore the mapping I' holds the fixed point €.

Assume that the mapping I" holds fixed point 7 distinct from &, then by
Equation (3.1), we get

pm (€M) = pm(TE,T?0)

PR (ETE).pm(mIn)* B
> [ER L) [0 (6. TE). p (0 TE)]

[om(E.TE). p(n, TOT2
Apm (€, T ). pr(n, T )]3

20 (£.9)-pm(m]¥
> |Pmis.S)-Pminn) B
> [ o [Pm(68)pm(, )]

[om(E 8. o, O - [pm 61D o (12

((ﬁ—an(%‘s (ﬁ—a)+(%5)>—1> -1

Pn(Em) 2 [pm(§,1)] )) = [pm(s‘,n)]<<

2B-2a+y+6 1
O (o DY
Since 28 —2a+y+ 8 > 2, thus p, () =1= E=.
Thus T has a u.f.p in the complete MMS (5, p,,)-
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Theorem 3.2: Given (&, p,,) be a MMS which is complete. If T is a self-
mapping on £ such that the below condition is satisfied.:

pm (TP, TP*20) > [min{p,, (v, [P*20), pp (3, TPH10)}]¢

B
Apm v, TP*1). pp (€, TP*20) ]2 (3.2)
forallv,( €E, a>1, f > 2 and p’is any non-negative integer. Then I' has
a u.f.p in the complete MMS (Z, p,).

Proof: We prove this theorem for p = 0.
Now putting p = 0 in Equation (3.2), we have

pm(Tv,T20) = [min{p,, (v,T?7), pn ({,TV)}]*

[on V). PG 2O,
Let us take a sequence {v,} € E which is defined by
Vp =TV, n=0,12,..and v, € E.
Now consider,
Pm (Vi Vne1) = P (TVnir, T2V )
> [min{pm Vit 1, T?Vis1)s Pm Vigr, TV )3

B
. [pm(Vn+1: 1—‘Vn+1)' pm(vn+1r l—‘21/n+1)]2
= [min{p,, (Vns1, Vn-1), Pm V1, Vi) 3*

B
. [pm(Vn+1: Vn)' Pm (Vn+1: 1/n—l)] 2

([pm(vn+1l Vn_l)](a+§). [pm (vn+1' vn)](§)> ’
([pm(vn+1' Vn)](a+§)- [pm(vn+1' Vn—l)](§)> .

Applying multiplicative triangle inequality, we have

[pm (Vn: Vn+1)] (a+§>

pm(vn—livn)

> min

)
. [pm(vn+1ivn)](§> ’ &
|
)

> min < ( ﬁ) : ) (%)
ats Pm\Vn, Vi1
[pm(vn+1' Vn)] . [Pm(Vn—an)
N ~(ask
<[pm(vnivn+1)]( 2 2)-[pm(vn—1ﬁvn)]< (
= min <

)
ﬁ )}

8,8 -(
<[pm(vnﬁvn+1)](a+2 2)-[pm(vn—1'vn)]< ( )>>
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<min{ a+BB ’%}>
1+ a+5 ) 1+5
pm(vn—l'vn) 2 [pm(vn' Vn+1)] (0! 2) 2

1+(a+£

< a+pf >
pm(vn—l'vn) 2 [pm(Vn' Vn+1)] 2)

(2+2a+ﬁ>
pm(vn'vn+1) < [pm(Vn—ltvn)] 2(@th)

P (Vi Vis1) < [pm(Vn—1, Vn)]l,
2+2a+p <
2(a+pB) )
Similarly we can show that
pm(Vn' Vn—l) < [pm(vn—ltvn—z)]l~
2
pm(vn+lrvn) < [Pm(Vn—an—z)]l .
Thus pm(Vn+1rVn) S [pm(vlyvo)]ln-
Since0<I<1,soforn - o, ["—>0.
So, we obtain p,,, (Vy 41, V) — 1.
Hence, {v,,} is Multiplicative Cauchy sequence.
We know that Z is complete, therefore 3 z € E such that {v,} - z.
Now pm(Z: FZ) = pm(Fz, l—‘zvn+2)
= [min{pm(zi l—‘21/n+2)r Pm (Vn+2r FZ)}]a

where | =

B
.[pm(Z, FZ)- pm(vn+2' l—‘ZVTL+2)]2
= [min{p;,(z,vn), pm (Vn42, T'2)}]*

B
'[pm(z' FZ)' pm(vn+2r Vn)] 2
Employing limit
Pm(2,T2) 2 [min{py, (2, 2), pm (2, T2)}]
B
om(2,T2). pim (2, 2)]2

B

Pm(2,T2) = [pin(2,T2)]2
(3-1)
[pm(zl FZ)] 2 S 1
pm(z,Tz)=1=Tz =z
As a result, the mapping T has the fixed point z . Let w represent different
fixed point other than z for the mapping I, then by Equation (3.2), we have
pm(z; W) = pm(FZ' FZW)
> [min{p,,(z,T?w), pp (W, T2)}]*

Lpm(z,T2). pm(w, r2w)]z
pm(z,w) 2 [ppm(z,w)]*
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[om(z,w)]@V < 1.
pm(z,w) =1, since a > 1.
=>z=w.
Thus I has u.f.p in complete MMS.

Theorem 3.3: Suppose a pair of mappings S,T : £ = £ in a complete MMS
(&, pm) such that the below condition is satisfied:

P (SPF1V, TP¥20) > [min{pm (v, TP*20), p((, SPHV)}] (33)
[om (v, SP*10). (G, TPH20)]2

14
Apm v, TP*20). p (8, SPH1V)]2
for all v,{€E, a B,y >1and p’ is any non-negative integer. Then the
mappings S, T has a u.c.f.p in the complete MMS (Z, py)-

Proof: We prove this theorem for p = 0.
Now putting p = 0 in Equation (3.3), we have

pm(SV,T20) > [min{op (v, T2), prm(G, SV}
1oV, SV). @ T2
Y

Aom @, T20). p (3, SV) ]2
Let vy € E. A sequence {v,} € Z is defined as follows
Van = TVans1, Van-1 = SVan ...
Consider
Pm(Vans1,Van) = Pm(SVania TVans2)

Pm (Van+2, T2V2n+2):}] “

= [min{
Pm (Van+2, SVan42)

B

. [pm(V2n+215V2n+2)-pm(V2n+21T2V2n+2)]2

Y
Aom Vans2, T?Vant2). Pm (Vansas SVan42)12

> [min{ Pm(Vani2, Van), }]a

- Pm (Vans2, Vans1)
B
Pm (Vans2: Vans1): Pm(Vans2: Van) 12
Y
. [pm (V2n+2' V2n)- pm(V2n+2' V2n+1)]2

([Pm (Van+2, Van)] (a+§+}2_/)- [om (Van+2, Vans1)] (%)) )

([Pm (Van+2: Vans1)] (a+§+g)- [om (Vans2, Van)] (%))

After applying multiplicative triangle inequality, we get

= min



FIXED POINT RESULTS USING SELF MAPPING 1731

Pm(Vans2) V2n+1)

B,y
( [Pm(V2n+2'V2n+1) (a+5+2) 1
pm(Van+1,v2n)

) \
Pm(Van+1,Van) min! B+V) L

L [om (Van+2, V2n+1)]( :

a+5+g) [Pm(V2n+2 Van+1)
"L pmvant1van)
| B+Y
k [Pm(V2n+2’V2n+1)](a+B+Y) [pm(V2n+1tV2n)
( 2(a+B+y) )
Pm(Vans1,Van) 2 [om (Vanazs Vans1)]\GH2a+E+Y)
((2+2a+ﬁ+y))
Pm(Vans2, Vans1) < [P (Vans1, V2n)]\ 2@FF+Y)
Pm Van+2:Van+1) < [Pm(Vans1, V217
2+2a+B+y)
2(a+B+y)
Similafly, pm(V2n+1:V2n) < [pm(VanVZn—l)]T-z
Pm(Vani2:Van+1) < [Pm(Van, Van-1)]”
Continuing in this way, we have
n
Pm(Vans2 Vons1) < [pm (v, vo)]”

Since 0 <r <1, soforn - oo, r™ - 0.

So, we have pr, (Vapi2, Vans1) = 1.

Hence {v,,} is Multiplicative Cauchy sequence.

Since E is complete, 3 z € = such that {v,} - z.

Next we illustrate that the mappings S,T possesses a common fixed
point z.

a++

(
4 [om (Vans2, Vans1)] (@+p+y) Aom (Vans1s V2n)

= min

\__V_

where r =

Pm(2,52) = P (v, 52) = ppn (52, T?Vp42)
> [min{py, (2, T?Vp42), Pm (V2 S2)31°

B
. [pm(zi SZ)- pm(vn+2' Tzvn+2)]2

Y
. [Pm(Z, T2vn+2)- Pm (Vns2, Sz)]2
= [min{pm (Z,Vn), Pm Vs, Sz)}*

. [,Dm(Z, SZ)- pm(vn+2' Vn)]g

Apm (2, V). P (Vi SZ)]%
> [min{pn (2, 2), pin (2, S2)}1

Npm(2,52). pm(2, 2]z
[Pz, 7). p(2,52) 12
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&
Pm(2,52) 2 ()% pim(2,S2)\ 2

Bty 4
lom (2, Sz)]<( ) ) <1
pm(2,52) =1=>z =Sz
Hence the mapping S possess the fixed point z.

In an equivalent way, It is possible for us to demonstrate that T possesses
fixed point z.

Consequently, the mappings S, T holds the common fixed point z .

Inorder to show their uniqueness, take two fixed points ¢,d which is
common for mappings S and T.

Then pm(c,d) = p,,(Sc,Td) = p,,(Sc,T*d)
> [min{py,(c, T*d), pp(d, Sc)}]*

B
[pm(c,Sc). pm(d, T2d)]2

[om(c, T?d). pu(d, SO)]Z
> [min{p,,(c,d), pyn(d, )}]*

1o, ). pm(d, D2

[P, d).pr(d, 12
pm(c,d) = [pm(c, )]
(o (c, )@=V < 1,
pm(c,d) =1=c=d.
Hence the mappings S and T possess u.c.f.p in complete MMS (&, p,,,).

4. Conclusion

In this article, we obtained few results of fixed point in MMS.
Furthermore, an u.c.f.p holds for the pair of self mappings in the space of MMS,
which is complete. Similarly, various fixed point results can be acquired in the
space of MMS, where any contraction mapping consistently possess the
existence together with uniqueness of fixed point, particularly in the case of a
complete MMS. One can refer [2], [7] and [9] for few results concerning fixed
points, which has been proved recently in MMS. Also one can refer [5] and [10]
for current findings of new fixed point results.
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