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Abstract

The external direct product (EDP) of BG-algebras, a generalisation of the direct product
(DP) in the sense of Widianto, Gemawati, and Kartini [10], is a term we present in this study.
In addition, we present the idea of the weak direct product (WDP) of BG-algebras. Finally,
in light of the EDP of BG-algebras, we investigate BG-homomorphism (BGH) and anti-BG-
homomorphism (ABGH) theorems.
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1. Introduction and Preliminaries

BCK-algebras and BCI-algebras are two types of abstract algebra that Imai
and Iséki presented [1, 2]. Neggers and Kim created a brand-new algebraic
structure in 2002 [3]. They adapted several characteristics from BCI and
BCK-algebras to create B-algebra. In addition, Kim and Kim [4] created a new
concept known as a BG-algebra, which is a generalisation of a B-algebra.

In the beginning, a DP [5] was defined in the group and was given certain
characteristics. Senapati, Bhowmik, and Pal [6] presented and examined the DPs
and T-products of 7-fuzzy subalgebras of BG-algebras in 2015 and discovered
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several significant characteristics. Lingcong and Endam [7] discussed the idea of
the DP of B-algebras in 2016 and discovered several related properties, one of
which is a DP of two B-algebras that is also a B-algebra. Endam and Teves [8]
developed and obtained related features for the DP of BF-algebras,
0-commutative BF-algebras, and BF-homomorphism. The idea of the finite DP of
BRK-algebras was first suggested in 2018 by Abebe [9], who also demonstrated
that the finite DP of BRK-algebras is a BRK-algebra. The DP of BG-algebras,
0-commutative BG-algebras, and BGH, as well as associated BG-algebra
features, were defined by Widianto, Gemawati, and Kartini [10] in 2019. The DP
of BP-algebras, which is identical to B-algebras, was defined by Setiani et al. [5]
in 2020. The DP of GK-algebras was defined by Kavitha and Gowri [11] in 2021.

The EDP of BG-algebras, a generalisation of the DP in the sense of
Widianto, Gemawati, and Kartini [10], is a term we present in this study. In
addition, we present the idea of the WDP of BG-algebras. We conclude by
discussing BGH and ABGH theorems in light of the EDP BG-algebras.

We will first review the definition and examples of BG-algebras and other
definitions relevant to this study.

Definition 1.1: [4] A set G # @ with a binary operation * and a constant & that
satisfies the following axioms is known as a BG-algebra.

(V91 € G)(g1 * 91 = #) (BG-1)
(Vg1 € (g1 * % = 91) (BG-2)
(V91,92 € §)((g1 * g2) * ( * g2) = g1) (BG-3)

Hereafter, let G = (G;*, ) represent a BG-algebra.

Definition 1.2: [4] A subset § # @ of G is called a BG-subalgebra of G, we
denote it with the symbol § < G, if

(Vhy, hy € S)(hy * hy € S).

Definition 1.3: [4] A subset S # @ of G is said to be normal of G, we denote it
with the symbol $< g, if

(Y91, 92, hi, hy € G)(g1 * gashy x hy €S = (g1 * hy) * (g2 * hy) € S).

Theorem 1.4: [4] Every normal subset of G is a BG-subalgebra.

Definition 1.5: [12] A subset § # @ of G is called a BG-ideal of G, we denote it
with the symbol § C G, if

PES (BGI-1)
(Vg1 €G, V9, €8)(91* 92 €S = g, €ES) (BGI-2)
(Vg1 €ES,Vg, €G)(g1 * g2 €ES) (BGI-3)

By Theorem 1.4, we have the following.
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Remark 1.6: Every normal subset of G satisfies the condition (BGI-1).

Definition 1.7: [4] G is said to be commutative if

(V91,92 € G)(g1 * (§ * $2) = g2 * (£ * g1)).

The concept of BGHs was introduced by Kim and Kim in [4]. Let G =
(Gi*g, 805) and G' = (G';*¢1,§451) be BG-algebras. A mapping ¢:G - G’ is
called a BG-homomorphism (BGH) if (Vgy, 9, € §)(9(g1 *5 92) =
©(91) *g' ¢(92)), and an anti-BG-homomorphism (ABGH) if (Vgy,9; €
9)(@(91 *g g2) = ©(92) *g' ¢(91)). The kernel of ¢, denoted by ker ¢, is
defined to be the set {g; € Gl¢(91) = #4'}. A (A)BGH ¢ is called a (anti-)
BG-monomorphism ((A) BGM), (anti-) BG-epimorphism ((A) BGE), or (anti-)
BG-isomorphism ((A)BGI) if ¢ is one-to-one, onto, or a one-to-one
correspondence, respectively.

Theorem 1.8: [4] If ¢:G — G' is a BGH, then ker ¢ <G.

2. Main Results

Widianto, Gemawati, and Kartini [10] defined and studied the DP of
BG-algebras in terms of the finite family of BG-algebras as follows:

Definition 2.1: [10] Let an algebra G, = (G,;*g) Vi = 1,2,..., k. Define the DP
of algebras G;, Gy, ..., Gk to be the algebra ([T, G;®), where [T, G, = G; X
G, Xo. X Gy ={(91,92,--,9)|9. €G, Vi=12,...,k} and whose operation

® is given by (V(gs, G211 G1). () -, 1) € TTs GI((91, 821--4196) ®
(R s 1) = (91 %6, B G2 %, Ry 9k %, ).

Theorem 2.2: [10] Ve =1,2,...,k, (G;;*g,8,) is a BG-algebra if and only if
(H1€=1 gt;®; (801, 802, ey SOk)) isa BG—algebra.

We now present a few DP properties and extend the concept to a BG-algebra
family that is infinite.

Definition 2.3: [13] Define the EDP of sets G, # @ Vi € J to be the set [],ex G,,
where [l,e5 G, = {f: 3 = U,ex G (1) € G, Vi € T}. For ease of use, we create
an element of [],ex G, with a mapping (g,),e5:] = Uex G,, where i = g, € G,
VIES.

Definition 2.4: [14] Let an algebra G, = (G,;*,) Vi€ J. Following is a
description of the binary operation @ on the EDP [[,c5 G, = (Il.es G:Q):
(V(gL)LeS: (hL)LES € HLES gt)((gL)LeS ® (hL)LES = (gl * hl)LES)' (2~1)

Let a BG-algebra G, = (G;*,0,) VIETI. For t€J, let g, €G,.
Following is a description of the mapping f;:1 = U5 G;:

~ (g, fk=1
(Vi €3) (fgL(K) - { ” Otherwise). 2.2)
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Hence, fy € [lie5 G..

Lemma 2.5: Let a BG-algebra G, = (G,;*,,) VI€EJ. For t€ S, let g, h, €
gL' Then fgt ® th = fgL*Lht'

Proof: Now,
g.* h if k=1
(Vi €) ((fgl ® fp) (1) = {px *, 5 otherwise)
By using (BG-1),
(Vk €) ((fgL ® fp,) (k) = {

By using (22)9 fgl ® fhl = fgl*LhL'

g . *x h ifrx=1 )
£ otherwise/"

Theorem 2.6: Vi € J, G, = (G;*, §#,) is a BG-algebra if and only if [],c G, =
(HLE gl;®! (pl)LE) isa BG'algebra-

Proof: Suppose G, = (G,;*,, #,) is a BG-algebra Vi € J.

(BG'l) Let (gL)LES € HLES gt' Since gl satisfies (BG'1)9 9.* 9. = (@L
Vi € 3. Thus (gL)LES ® (gl)LEJ = (gl * gt)LES = (&OL)LES'

(BG—2) Let (gt)LES € HLES gl.' Since gl satisfies (BG-Z), g * P =g
Vi € 3. Thus (gL)LES ® (KOL)LES = (gt *, sOL)LES = (gL)LES'

(BG'3) Let (gL)LES' (hL)LES € HLES GL' Since gt satisfies (BG-3),
(gl * hl) *, (JOL *, h'l.) =0 Vi€ 3. Thus ((gt)teﬁ ® (hL)LES) ® ((&01)163 ®
(h)es) = (G * h)es ® (0, * h) e = (g * h) *, (0, % b)) e =
(.gl)te‘3~ Hence, HLES gt = (HLES gt;®l (sOL)LES) isa BG'algebra-

Conversely, suppose [l,ex G, = (T1ies G5, () .e5) is a BG-algebra. Let

o~

LE J.
(BG1) Let g, € G,. Then f; €[ G,. Since [le5 G, satisfies (BG-1),

fgL X fgl = () e5- Now,

vk o) (6, ® )00 = {270 et ),

£ * 9, otherwise

this suggests that g, x, g, = £,.
(BG2) Let g, € G,. Then f; € [[ie5 G- Since [le5 G, satisfies (BG-2),

fgt ® (JOL)LES = fgl. Now,
(VK E) ((fgl ® (&01)155)(") = {

this suggests that g, x, 0, = g,.
(BG-3) Let g, h, € G,. Then f,,f, € [le5 G,. Since [],ey G, satisfies

(BG-3), (fgL &® fhl) Q ((0)es ® fh;) = fgt' Now,

9. * 0, if k=1 )
£ *i 9, otherwise/’
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(VK €3) (((fgl & fr) & (e @ £r,)) ()

— {(gl * h) * (% h) if k=1 )
(01 *xc 1) *ic (821 *ic §0,) oOtherwise/’
this suggests that (gl * ht) *, (&OL *, hl) =g
Hence, G, = (G,;*,, §,) is a BG-algebra Vi € 3.

We call the BG-algebra [[,ex G, = (Iliex G5 Q, (#9,).e5) in Theorem 2.6
the EDP BG-algebra induced by a BG-algebra G, = (G,;*, §#,) VL€ J.

Theorem 2.7: Vi € S, a BG-algebra G, = (G,;;*, #,) is commutative if and only
if [lies G = lies Gu®, (0 e3) is commutative.

Proof: By Theorem 2.6, we have that G, = (G;*,, §,) is a BG-algebra Vi € J if

and only if [lieg G = (Ilies G5®, (#.).e3) is a BG-algebra.

Consider G, to be commutative Vi €J. Let (g,)ies, (B)es € [Lies G, -
Since G, is commutative VIEJ, g, *, (o, *, h)=h * (@, * g) VIEST.
Thus (gL)LES ® ((@L)LES ® (ht)LES) = (gt)LES ® ((@L * hL)LES = (gl * (@L
*h)exy = (W*x (@*9Des = (M)es @ @ * ges = (h)ey @

((pL)LES ® (gt)teﬁ)- Hence, HLES gt is commutative.
Conversely, consider [[,e5 G, to be commutative. Let ¢ € 3. Let g, h, €

G, Then f,,f, €[l G,. Since [[,e, G is commutative, f; & ((#,)es @
fr)) = fn, ® ((0).c D fy,)). Now,

(vie ) ((ty, ® (P ® 1,00 = {

and
hl L L L L f =
vk ©) (2, ® (@D ® o000 = 1@k e )

this suggests that g, x, (¢, *x, h,) = h, *, (§, *, g,). Hence, G, is commutative
VLES.

g *, (&Ol *, hL) if k=1 )
£ *ic (4 *\c ) otherwise

Following this, we introduce the notion of the WDP of BG-algebras:

Definition 2.8: Let a BG-algebra G, = (G,;*,, #,) Vi € 3. Define the WDP of a
BG-algebra G, Vi€ J to be the algebra [[%y G, = ([Tly G;®), where
[T%s G, = {(9) s € [lies G.l9, # $#,, where the number of such i is finite}.
Then (SOL)LES € H%S gt < HLES gt'

Theorem 2.9: Let a BG-algebra G, = (G;*, ) YIE€ST. Then [[it5 G, <
[Les 6. = (lies 65, (0).e3)-
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Prooﬁ Now, ((@l)LES € HYES gt #@. Let (gL)LES: (hL)LES € HY&S gl , Where
J.={i€lg, # .} and I, ={i € |h, # §o,} are finite. So, |IJ; U J,| is finite.
Hence,
Ix *x Px if k€ 31_32
gk*khk ifKESlﬂSZ
(VK € S) ((gt)LES ® (ht)LES)(K) =\ 8k *i h’K if k€ 32_31
£ *c 9, otherwise

By using (BG-1) and (BG-2),
(Ix if Kk € 3,—3, \
I *che fKETI NG,
(VK € S) ((gL)LES X (ht)LES)(K) =19 Pk *k hk if k€ 32_31 '
\ lgo,c otherwise )

This means that the number of such ((g,),e5 & (h,).ex) (k) # 0, is not
greater than |J; U 3, |, i.c. it is finite. Thus (g,),ex ® (h).ex € [1/e5 G.- Hence,

Yés gt < HLES gl‘

Theorem 2.10: Let a BG-algebra G, = (G;*, #,) and H, S G, VL € J. Then
H, <G Ve ifand only if [lies H, < [le G = (Tlies G5 ®, (00 e3)-

Proof: Suppose H, <G, Vi€J. Then p, €H, VIET, so (£ )€
HLES :}[L # 0. Let (gL)LES' (hL)LES € HLES }[L' Then guhL € }[l Vi€ 3. Thus
9. * h'l. € HL Vie 39 SO (gL)LES ® (hL)LES = (gl *y hL)LES € HLES }[L-

Hence, [l.c H, <Ile G-

Conversely, suppose HLES }[L =< HLGS gL . Then (pL)LES € HLES }[L » SO
P, EH, #0 ViET. Let t€J and let g, h, € H,. Then f,f, € [leg H,.

Since HLES }[L =< HLES gn fgl ® fhl € HLES }[L' NOW’
h if k=
vieed) ((t, @00 = (27" )

£ *i 9, otherwise
this suggests that g, x, h, € H,.
Hence, H, < G, VIE S.

Theorem 2.11: Let a BG-algebra G, = (G;*, #,) and H, € G, VL €J. Then
}[L(gl VIES lfand Only ifHLES }[LS] HLES gl = (HLGS gl;®l (KOL)LES)'

Proof: Consider H,<G, Vi €J. Then H, # @ VI €T, so [[,ex H, # D. Let
(gt)LES' (gtl)teﬁ' (ht)teS' (hZ)LES € HLES gl be such that (gt)tES ® (hl)lES'
(gL’)LES ® (hZ)LES € HLES }[L . Then g.*. hu gL’ * hi € }[L VieJ . Since
:]-[Lﬂgll (gl * gtl) * (hl * hi) € }[L Vi e S . Thus ((gl)l.e ® (g{)LES) ®
((hl)LES ® (h:)LES) = (gl * g{)LES ® (ht * h:)LES = ((gt * gll) *y (ht * hZ))lES
€ HLES }[l' Hencea HLE }[LS] HLE gl'
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Conversely, consider [],ex H,<[l,e5 G,- Then [[,ex H, # 0, so H, # @
Vi € 3. By Remark 1.6, (§,),ex € [liex H,- Thus o, EH, VIEJ. Let tEJ
and let g,h,g,h, €G, be such that g,* h,g * h €, Then
fgL' fht' fgl’, fh{ € HLES gl' NOW,
(vic € 3) ((f, ® £1)0) = (
By using (BG-1),
~ _(gxch if k=1 )
(vic €3) ((fgl ® £, ) () = (gok otherwise/’
this suggests that fy, ® f;, € [lieg H,. Similarly, fy; ® f,s € [,c H,. Since
[Les H< s Gi (fgL ® fg{) b2y (fhl ® fh{) € [l.e .. Now,
(VK €3) (((fgL ® f5) ® (fr, @ 7)) ()
_ ((gl * g * (hy* h) if k=1 >
(pk *K pK) *K (pK *K pk) OtherWise ’
this suggests that (g, *, g,) *, (h, *, b)) € H,.
Hence, H, 4G, VIEJ.

g.* h, if k=1 )
P * 0, otherwise/’

Theorem 2.12: Let a BG-algebra G, = (G;*, ;) and H, S G, Vi€ J. Then
H,EG, Vi€ ifand only if [lies H\E[lies G = (Tlies Gu®, (0)ie3)-

Proof: Suppose H,C G, VI € J.

(BGI-1) By using (BGI-1), o, € H, Vi € 3. Then (§,).ex € [liex H,-

(BGI'Z) Let (gL)LES' (hL)LES € HLES gl be such that (gL)LES ® (hL)LES €
HLGS }[L and (hL)LES € HLES }[L' Then (gl *, hL)LES € HLES }[L' Thus 9. * hL €
H, and h, € H,, it follows from (BGI-2) that g, € H, Vi € 3. Thus (g,).e5 €
HLES H..

(BGI'3) Let (hL)LES € HLES H, and (gL)LES € HLES 9 Then hl EH, and
g.€G Y.LeJT, it follows from (BGI-3) that h,x, g, € H, Vi€ J. Thus
(hL)LES b2 (gl)LEJ = (hl *, gL)LES € HLES }[L'

Hence, HLES }[L; HLES GL-

Conversely, suppose [l,ex H,C[liex G,- Then [l,e5 H, # 0, so H, # 0
ViEJ. Let LE .

(BGI-1) By using (BGI-1), (). € [lex H,. Then o, € H,.

(BGI-2) Let g, h, € G, be such that g, x, h, € H, and h, € H,. By using
(BGI-1), o, € H, Vi€J. Then f; €[l G, and fy, p, fn, € [lies H,. By
Lemma2.5, f; ® f, = f;.n, € [lies 3. By using (BGI-2), f,, € [,e5 H,. By
using (2.2), g, € H,.

(BGI-3) Let h, € H, and g, € G,. By using (BGI-1), o, € H, VI € J.
Then fy, € [lies #, and fy € [[,e G,. By using (BGI-3) and Lemma 2.5,
fne,9, = fn, ® £y, € [liex H,. By using (2.2), h, *, g, € H,.

Hence, H,CG, VI € J.
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We examine BGH theorems in the context of EDP BG-algebras.

Definition 2.13: Let algebras G, = (G,;*,) and H, = (¥ ;o) and a mapping
@;:G, > H, Vi €3J. Following is a description of the mapping ®:[],e5 G, =

HLES }[L:
(v(gL)LES € HLGS gl)(q)(gt)teS = ((pt(gt))LES)' (23)
Then @:[],e5 G, = [l.ex H, is a mapping (see [13]).

Theorem 2.14: [13] Let algebras G, = (G;*) and H, = (H;o,) and a
mapping ¢,:G, = H, VIEJ.

(1) @, is one-to-one Y1 € 3 if and only if @ is one-to-one,

(2) ¢, isonto YL € J if and only if @ is onto,

(3) @, is a one-to-one correspondence Vi € J if and only if @ is a one-to-one
correspondence.

Theorem 2.15: Let BG-algebras G, = (G;;*, ) and H, = (H,;°,1,) and a
mapping ¢,:G, > H, VL €. Then

(1) @, isaBGH Vi€ S ifand only if @ is a BGH,

2) @, isaBGM Vi€ J ifand only if @ is a BGM,

(3) ¢, isaBGE Vi €J ifand only if @ is a BGE,

4) @, isaBGI Vi€ ifandonlyif @ is a BGI,

(5) kerd = HLES ker<pL and ¢(Hl€3 gl) = HLES (pl.(gl.)'

Proof: (1) Suppose ¢, is a BGH Vi € 3. Let (g)iex, (90).es € [lies G.- Then

D((g)es ® (gt’)LGS) = @(g, *, gL,)LES = (o.(9. 9[))163 = (0.(9) *. @

(gl,))LES = (0.(9))es ® (90L(gt’))teﬁ =P(9)ies ® (I)(gL’)LES' Hence, @ is a
BGH.

Conversely, suppose @ is a BGH. Let t € 3. Let g,,h, €G,. Then
£y, fn, € [liex G.- Since @ isa BGH, ®(f; ® f), ) = ®(f;,) & ®(fy,). Since
*x h if =
e (@ @n ) ={2n " )

£ * 2, otherwise

h if © =
(VK €3) (CD(fgl & £ ) () = {Z;(é;:t*xtzok) lot}llcerwlise)' @4
Since
N _(p(g) ifrk=1
(Vk €3) (‘D(fgl)(") = {fpx(éox) otherwise)
and

@(h) if k=1 )

(VK €3) (q’(th) (1) = {qu(gox) otherwise
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(v € 3) ((@(1,) ® @t )0) = (£ Pl T e) @)

By using (2.4) and (2.5), ¢,(9, * b)) = ¢.(9.) °, ¢.(h,). Hence, ¢, is a
BGH Vi € 3.

(2) (resp., (3), (4)) is obtained as a result of (1) and Theorem 2.14 (1) (resp.,
2), Q).

(5) Let (gL)LES € HLES gt' Then (gL)LES € ker® & q)(gL)LES = (L)LES A
(@.(9Nes = Les © 9(g) =1, ViES g, € Kerg, VI € & (g)e5 € HtES
kergar Hence, kerd = HLES ker‘pv Now, (hL)LES € (D(HLE gl) < a(gL)LES €
HLES gl s.t. (hL)LES = q)(gL)LES < 3(91)163 € HLES gl s.t. (hL)LES
(¢L(gt))LES And Elgt € gL s.t. hl. = <pl(gt) € q)(gl) Vies (hL)LES € HLES (2
(gt) Hence, q)(HLES gl.) = HLES <pl(gl)

In addition, we discuss ABGH theorems in the context of the EDP
BG-algebras.

Theorem 2.16: Let BG-algebras G, = (G,;*, #,) and H, = (H;°,1,) and a
mapping @,;:G, = H, YL € J. Then

(1) @, isan ABGH Vi1 € J if and only if @ is an ABGH,

(2) @, isan ABGM Vi1 € J if and only if @ is an ABGM,

(3) ¢, isan ABGE Vi1 € 3 if and only if @ is an ABGE,

(4) ¢, isan ABGI Vi1 € J if and only if @ is an ABGI.

Proof: (1) Suppose ¢, is an ABGH Vi € 3. Let (g) s, (9)ies € [liex G.-

Then ®((g,).e5 ® (gf)tes) = &(g, *, gt’)lES = (p.(9. % gl’))LES = (p.(9)

* 0.9 ))es = (‘Pl(g[))tes Q (0. (9))es = q)(g[)lES ® ®(g)ie5- Hence, @
is an ABGH.

Conversely, suppose @ is an ABGH. Let t € 3. Let g, h, € G,. Then
£y, fn, € [lieg G- Since @ is an ABGH, ®(f, ® f, ) = ®(f,) @ ®(f,,).
Since

vk e D), ® B0 = (571" T )

$ *c 0, otherwise

*x h if Kk =
(VK €3) (Cb(fgl & f5,) (1) = (g;((%,)x L*Klzo,c) i)t}’ferwtise)' 2.6)
Since
~ _ ¢, (h) if k=1
(vic €3) (q)(fht) () = <<P;c(80x) otherwise)
and
~ _(v(g) ifr=1
(vic€3) (qp(th)(K) - ((p,c(go,c) otherwise)’
h)o if xk =
(vic € 3) ((@(h) ® @(t )0 = (200 ) ) D)
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By using (2.6) and (2.7), ¢.(g. *, h) = ¢.(h) o, ¢.(g.)- Hence, ¢, is an
ABGH Vi € 3.
(2) (resp., (3), (4)) is obtained as a result of (1) and Theorem 2.14(1) (resp.,

(2), 3)).

Conclusion

This paper introduces the EDP of BG-algebras, a generalization of DP in the
sense of Widianto, Gemawati, and Kartini [10]. We demonstrate that the DP of
BG-algebras, defined by an infinite family of BG-algebras, is also a BG-algebra.
In addition, we have introduced the WDP of BG-algebras. We demonstrate that
the WDP of BG-algebras is a subalgebra of EDP BG-algebras. The BGH and
ABGH theorems have been discussed in light of the EDP BG-algebras.

This article's discussion of the EDP of BG-algebras can be applied to
studying the EDP in other algebraic systems. B-algebras and BCC-algebras will
be studied in the future for EDP and WDP research.
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