Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 5, pp. 1847-1857

DOI : 10.47974/JIM-2141

Exploring fixed points in b-metric spaces using weakly contractive
mappings

J. Balamurugan *

C. Rajesh *

Department of Mathematics

Faculty of Engineering and Technology
SRM Institute of Science and Technology
Vadapalani Campus

No. 1 Jawaharlal Nehru Salai
Vadapalani

Chennai 600026

Tamil Nadu

India

Abstract

This paper is based on the idea of unique fixed points as the result of weakly contractive
maps in the structure of asymmetric b—metric spaces. Moreover, provided to illustrate the
broader implications of our results compared.
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1. Introduction & Preliminaries

Numerous Fixed Point (FP) results have been developed for mappings that
satisfy various types of contractive inequalities. Banach’s contraction principle
is a foundational result in FP theory for contractive type mappings. Researchers
have explored these inequalities, both with and without continuity constraints,
across different abstract spaces, such as metric spaces(MS), convex MS, ordered
MS, generalized MS, b—metric spaces(BMS), and more (see [4—14]). In 1989,
Bakhtin [1] introduced BMS, where the “quadrilateral inequality” holds:

pB, D <p®B, v)ytp(v, EYtp(E, ). VB, 9§, vand E.
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Here, we explain a new concept of weakly contractive mappings and
demonstrate several unique fixed points(UFP) theorems for these mappings
within the framework of asymmetric BMS.

Definition 1.1: [3] Consider Q # @ and the map p: Q x Q — R satisfies:
(1) p@8, ) =0 if and only if B equal to 1, for all B, § € Q.

(2) there exist a real number £ > 1 such that p(B, ) < k[p(B, b) + p(b, )], for all
B, 9, b € Q then p is known as b-metric on Q & (Q, p) is called an
asymmetric BMS with coefficient s.

Definition 1.2: [13] Let (Q, p) be an asymmetric BMS, a sequence {B,},en and
BeQ.

(1) The sequence {B,},ex forward (backward) converges to 3
Iflimg 46 PR, 1) =1lim,, e p (B, RB) =0.

(2) The sequence {B,},en forward (back-ward) Cauchy
Iflimg g p00 P(Bg, Bg) = limg g 100 p(B5,B8,) = 0.

Example 1.3: Consider Q = £ U F, where £ = {13} and F = {>,7 € N} and
p: Q x Q — R be defined by
(2iff=1andf=3; R=3and =1
1ifR=1andf=>; R=—-and{=3
PEMD =11 g =Landg=1; R =3andf =1
kl if@z% and‘ﬂz%forrim
then (€, p) is an asymmetric BMS. However, the below steps holds:
(1) (€ p)isnot a BMS, since p G, 1) *p (1, %) V r greater than one.
(2) (Q, p) is not a asymmetric BMS, since p(3,1) =2> 1+ % =p (3, i) +
1
p(51):
. . 1 1
(3) (€, p) is not a rectangular BMS, since p (;, 3) *p (3, ;) vr>1.
Result 1.4: [3] Consider (€2, p) be an asymmetric BMS, the sequence {8,}en be

a forward(backward) Cauchy sequence with pairwise connected elements in Q.
If {B,} .en forward(backward) converges to B € Q (] € Q), then 3 =1.

Definition 1.5: [3] Consider that (Q, p) is an asymmetric BMS. Then Q is
referred as forward complete, provided if every forward Cauchy {B,}.en € Q
forward converges to 8 € Q.

Definition 1.6: [2] An altering distance function 7: R" — R that satisfies the
below properties:
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(1) Non-decreasing: If m < r, then ©(m) < o(r).
(2) Positive: V (B > 0), (z(B) > 0).

Example 1.7: Consider z(¢) = £, (1) Non-decreasing: If m < r, then m <. So,
7(m) = m’> < ¥’ = 7(r). (2) Positive: V > 0, £ > 0. So, () > 0.

Definition 1.8: A mapping ¢: Q — R’, where Q be an asymmetric BMS is
called lower semi-continuous if V B € Q and B, € Q with

limg e By =B, @(B) < lim,_,o infe(3,) .

2. Main Results
Theorem 2.1: Suppose that A: Q — Q be the function, and Consider (Q, p) as
an asymmetric BMS.

P(AB, AF) > 0 = tp(AB, AT)] < [O(B, ]~ p[O(B, ] @.1)
where 6(8,1) = max {p(8,1), p(&, AR), p(T, AT), - ( (&, AT) + p(T, AR))}

and p(Y, B) <p(A°Y, B) V3, § € Q. Here t be an altering distance function & ¢
be a lower semi continuous function with ¢(t) = 0 if and only if t = 0 then A has
a UFP.

Proof: Consider an arbitrary point By € Q. Then we define {B,} by AB,.= B,
p(B,.B,.) =pB, p(B,, B1)=p B,V reN IfIr,€N such that p'B,y= 0 or
p B,o:1=0 then A has a FP B,y. Assume that p(B,, 8,.1) > 0 & p(8B,, 3,-1) > 0.

Step 1: Verify that lim,,, p* 8, = lim,,, p~ 8,41 = 0.
Applying (2.1) with B =6,and q = B,.,, we obtain
o(p(AB,-1, AB,)) =1(p'B,) < t(max{p'B, 1, p'B,}) — p(O(max{p'B, 1, p'B,}).
If ©B,1, B,) = p'B,, then we have 7(p'B,) < 7(p'B,) — p(p'B,). That is,
o(p'B,) =0, i.e., B,= B,.,. This statement is false. Hence @(B, , B,) = p+B,_1.
Thus w(p'B,) < op B) — 9(p B, 2.2)
So 7(p'B,) < 7(p'B,,). Since 7 is a continuous and non-increasing function,
we deduced that

p+Br < p+BH (2.3)
Substitute in Equation (2.1) with B =86, & = 06,—,
w(p(AB, AB,1)) < 2(OB,, By1)) — p(OB,, B,-1))

where O(B,, B,;) = max{p' B, p'B,}.
Suppose that p B, < p B, for some » EN.

Case 1: If p B> p'B,, then we get 7(p B,) < w(p B,) — ¢(p B,). Then p(p B,) = 0.
This statement is false. ®(B,, 8,—) = p B,. Thus ©(p B,+)) <(p B,) — p(p B,).

Case 2: If p B, < p'B,,, then we get 7(p B.;) < [2(p B—1) — p(p'B—1)].
Since p(B, ) < p(A™], B), p'B,_, < p B,.;, which implies that
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(p B,) <w(p B,) — p(p B,). Thus ¢(p B,) =0 and so p B,=0.
This statement is false.

Hence (p By+1) < [w(p B,) — p(p B)]. (2.4)
Since 7 is a continuous and non-increasing function, we deduce that
p B <p B, (2.5)

From Equation (2.3), the sequence p'B, for r € N is monotone non-
increasing and thus bounded below. So 3 a > 0 such that lim,_,,, p* 8, = a.
From Equation (2.4) and Equation (2.5), taking lim,_,,, sup, we obtain

T(lim supp™ $3,) < t(lim sup p~ £3,) — lim infe(lim p~ §3,.).
r—00 r—>00 r—0o r—
Thus, we have 7(a) < 7(a) — ¢(a), This implies that ¢(a) = 0. Therefore, by
the property of ¢, we conclude that a = 0.
lim,, p* R, = 0. (2.6)
By Equation (2.5), p B, for r € N is monotone non-increasing and so
bounded below. So 3 = > 0 which implies lim, ., p* 8, = Z.
From Equation (2.2), taking lim,_,,, sup, we obtain
(lim sup p* ,_;) < 7(lim sup p* 8,_;) — lim infe( lim p* R,_;).
Tr—00 Tr—00 Tr—00 Tr—00
Thus, we have 7(E) < 7(E) — ¢(E), This implies that ¢(Z) = 0.
Therefore, by the property of ¢.
limr—wo P_ Br+1 = 0. (27)

Step 2: Verify that lim,_,o, p(R,, B,45) = 0& lim,_ o p(3,4,, &) =0.
Suppose that B, # B,,V », m € N with » # m. Assume that 3, = B,, for some
¥ =m + k with k > 0. By Equation (2.3), we obtain p'B,, = p'B, < p B,,.
Continuing this process, we can get that p(B,, B,..;) =p'B,< p'B,,. This statement
is false. So, p(B,, B,) > 0,V r, m € N with r # m.
Putting 8 = ,—; & § = B,+; in Equation (2.1), we obtain

T(P(ﬁr’ng)) < t(max{p(B,—1, Brs1),p* Br1 })

_<P(max{P(3r—1, fgr+1)’ ,0+ fgr—l }) (2.8)
Take Z,= p(B,, B,+,) and .= p'B,. From the Equation (2.8)
(E) < wmax{E, 1, B1}) — p(max{E,.y, Br1}). 2.9)

We conclude that E, < max{Z,_;, f,-1}. Repeat, from the Equation (2.2),
B < P1. So, max{&, p,} < max{E., B} V r € N. The sequence
max{=,f,}en 1s monotone non-increasing & therefore converges to some 7 > 0.
From Equation (2.6), for 7 > 0, we obtain

lim,_, sup 2, = lim,_, supmax {&,, B,} = lim,_,, supmax {Z,_;,Br_1} = .

Substitute lim,_,,, sup in Equation (2.9) & by the properties of 7 & ¢,
we have

©(n) = t(lim, Lo Sup &) =lim,_, sup (&)

< olimy e sup max{g,, f1}) — ¢(x) = o(x) — p().
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We conclude that p(z) = 0 & 7 = 0. This statement is false.
limp(8;, B,4,) = 0.

r—o00
Putting B = B, and 9§ = B,—; from the Equation (2.1), we get
w(p(By2, ) < (OB, Br1)) = p(OB,1, B-1)) (2.10)

where ®(Br+1: Brgl) < max{p(ﬁﬁlr Bi*l)fp_Berl}'
Take E,= p(B,+,, B,) and S,= p B,+; from the Equation (2.10), we get
T(Er) = T(maX(Erfl: ﬂr*l)) - go(max( E1, 18#1 ))
We conclude that &, < max( E,—, f,-1).
Repeat, from Equation (2.5) . < f,-1. So, max(E, f,) < max(E-,, f-1)
V r € N. The sequence {max(E, f,)},en IS monotone non-increasing,
therefore converges to some 7 > 0. From Equation (2.7), for #7 > 0, we obtain

lim,_, o sup E,=lim, ., sup max (E-, f-1) = 7.

Taking lim,_. sup in Equation (2.10) & by the properties of 7 & ¢,
we have

(7)) = t(lim, Lo, Sup E,)
< r(limr—)oo sup maX(E‘Fl: ﬂr*l)) - (0(71-) = Z'(ﬂ') - (0(77)
We conclude that ¢(m) = 0 & = = 0. This statement is false.
lim;e,p (8742, B;) = 0.

Step 3: First, we prove {B,},Vr € N is a Cauchy sequence.
For = > 0, the sequences {B,} and {B,4} so that, V k> 0,
By} > {Bym} > K,
p(Bq(k)) Bp(k)) >r and p(Bq(](), Bq(k)H) <. (21 1)
Using quadrilateral inequality, we have
7 < p(Bywy Bywyr) + pBy+1, Bowy1) + pBpguy1, Bpery)
<7+ pByieye Bpewy1) T pBpy1, Bye)-
Applying the limit as k tends to infinity, we obtain
limy—,0p(Byiy Bpay) =T (2.12)
Using quadrilateral inequality, we have
PByaire, Bpigeny = pPByairer By) + pPBycrr, Bpiwn) + pByityy Bpio1)
p(Bq(k), Bp(k)) < p(Bg(k), Ba(ky+1) + p(Bg(ky+1, Bp(k)y+1) + p(Bp(k)+1, Bp(k)).
Taking k — oo and using Equation (2.11), we get
limys0p(Byaoy+1, Bpao+1) = T (2.13)
Letv = S > 0. From Equation (2.13), 3 7y € N such that
IP(Bqao+15 Bpao+1) — 7| < v, for all p = py,

we conclude that p(Bq(k)Hr Bp(k)H) >V fOl" allp ZPO
Putting 3 = 3, and § = B, in Equation (2.1), we have
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(p(Byaay Bpwy)) < d(OBya, Bpir)) — (OB g0, Bpiry)) (2.14)

where ©(Byw), Byy) = max{p(Byu, Bow) 2 Boiy Byier1),pBgaer By}

Therefore by the Equations (2.6) and Equation (2.12), we have

1m0 (Rqq, Rpao) = .

Taking £ — o in Equation (2.14), we have =(x) < ©(x) — ¢(7).
This statement is false.

Therefore {B,}, Vr € N represents the Cauchy sequence in (€2, p).

Hence, using the completeness of (Q, p), 3 £, £, € Q such that

lim, o p(By, #1) = lim, o, p(£3, 8;) = 0.
From the Result (1.4), we get £, = ¢,

lim, e p(B,,€1) = lim,_, p(£1,8,) = 0.

Step 4: We start with the assumption £; = A{y, that is p(ALy, €1) = p(£;, Al) =0
Impossible conclusion, we consider that p(A¢y, £,) > 0 or p(£,, Aly) > 0.

P(AB, AL < p(AB, B) + p(B,, £1) + p(€1, ALy (2.15)
and
p(ly, Al < p(ty, By) + p(B,, AB,) + p(AB,, ALy). (2.16)
From the Equation (2.15) & Equation (2.16)
1im p(A8,, Ay) = p(6y, A¢y).
Therefore 3 ry € N such that p(AB,, Al)) > p(£y, Aly) > 0, for all r > 7.
Substitute B = AB, and J = A¢; in the Equation (2.1), we get
©(p(AB,, Aly)) < (OB, 1) — p(OB,, £1)), (2.17)
where O(B,, £) = max{p(B,, AB,), p(£;, Al)), p(B,, £,)}.

Since lim, ., p™ 8, = p(R,, ;) = 0, we obtain that
lim O(8,, 1) = p(£y, Ay).
r—00
Substitute r tends to infinity in Equation (2.17) and by the properties of
and ¢, we have 7(p(AB,, Aly)) < 7(limy e, O(8;, 1)) — lim, o sup P(O(8;, £1))

< w(p(61, A1) — o(p(£1,ALY)).
We conclude that ¢ (p (¢1, Afy)) = 0, therefore p (£;, Af;) = 0, which is a
contradiction. If p (A¢,, £;) > 0, similarly we have p (Af;, ;) =0.
So that, p (€1, Al;) =0 & p (Aly, £;) = 0 and therefore ;= Al;.
Theorem 2.2. Let A: Q — Q be the function, and Consider (2, p) as an
asymmetric BMS. If 3 ¢ € A such that V B, § € Q,

p(AB, AT) > 0 = p(AB, AT) < p[O(B, )], (2.18)
where O(%,T) = max {p(&, 1), p(&, AB), p(1, AT, = (p(R, AT) + p (1, AR))}
and p(Y, B) < p(A™], B). Then A has a UFP.
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Proof: Consider an arbitrary point By € Q. Then we define {B,} by B, =AB,,
V r €N. If 3 rg € N such that p (8,9, B,9+1) = 0 or p(B,9+1, B,0) = 0, then A maps B,9
to itself. Assume that p'B,> 0 & p B,.; > 0.

Step 1: Verify that lim,_ . p*R, = lim,, p"R,,; = 0.
Applying Equation (2.18) with 8 = 3,and § = B,.,, we have
p(AB,., AB,) = p'B,< p(@(max {p'B,-, p'B,})

If ©(B, 1, B,) =p'B,, then we have p'B,< p(p'B,) < p'B,.
This statement is false. Hence O(B, 1, B,) =p'B, ;.

Thus p'B,< p(p B,)). (2.19)

Sop'B,<pB... (2.20)
Letting 3 = B3,.; and § = B, in Equation (2.18), we obtain
p(Brt1, Bm) = p—Br+1 < p(O(Br, Br-1)),

where O(B,, B, ;) = max{p'B,,.p B,}.
Suppose that p 3, < p B, for some » € N.

Case 1: If p B,> p'B, |, then we get p B, < p(p B,) <p B,.
This statement is false.

Case 2: If pB. < p(B.;, B,), then we get p By < 0(pB-) < pB.y,
since p(7, B) < (A™], B), p(B,—1, B,) < p B,.;, which implies that p 8,< p(p B,) < p B,
This statement is false.
Therefore, p B < p(p B1) < p'B.1. 2.21)
From Equation (2.20), the sequence p'B, € N is monotone non-increasing
and bounded below. So 3 B> 0 such that lim,_ p*83, = R.
By induction, Equation (2.19) yields p'B,< ¢’p'B,, Vr € N. By the property
of ¢, clearly
lim, . p* R, =0. (2.22)
From Equation (2.21), the sequence {p B,+},exiS monotone non-increasing
and so bounded below. So 3 § > 0 such that lim, _,,, p*R, = 6.
By induction, Equation (2.21) yields. p B, < ¢'p B;, Vr € N. using the
property of ¢, it is clear that lim,._,,, p~ 3,,; = 0.

Step 2: Verify that lim, ., p(3,, B,42) = lim,, p(R,,,, B,) = 0.
Letting 8 = 3, and = 6,+, in Equation (2.18), we obtain

p(B, Briz) < p(max {p(B,1, Bruy), p'Bri}): (2.23)
Take a,= p(B,, B,+,) and J,= p+Br. Then, from Equation (2.23), we have
a,=< (P(max{arfla 8r*l})a a;< maX{ar*la 6r*l } . (224)

Again, by Equation (2.22), 6,< d,-,. Therefore, max{a,, J,}<max{a,—, 6,1}
VreN. Then the sequence {max{a,d,}},enis monotone non-increasing, and so it
converges to some / > 0. By Equation (2.21), for / > 0, we have

lim,_, sup a, = lim,_, supmax {a,, .} = lim,_ supmax {a,_;,6,_,} =L
Taking lim,_,, sup in Equation (2.23) and the properties of ¢, we obtain
I = lim sup a, <lim,_,, supmax {a,_q,6,._1}

T—00
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< p(lim,_, supmax {a,_1,6,_1}) = o)) < L
This statement is false. Thus

lim, L p(3,,8,45) = 0. (2.25)
Letting 3 = ,and g = B,., Equation (2.18), we obtain
Bz, B) < p(max{p(B,, B1), p B}). (2.26)
Take @ = p(B,4,, B,) and 7, = p B,+;. Then, from Equation (2.26),
we have o, < o(max{m,_1,m—1}), ©;<mMax{®; ,M1}. (2.27)

So we have z, < 7. Therefore max{w,, n,} <max{w, |, 7,1} Vr € N.
Then the sequence {max{w,, 7,}},exis monotone non-increasing, and so it
converges to some /> 0. By Equation (2.21), for [ > 0,

lim, o, sup w, = lim,_,, sup max {w,,m,}
= lim,_, supmax {w,_,,m,_1} =L
Taking lim,_,,, sup in Equation (2.27) and the properties of ¢, we obtain
L= lim sup wr < @(lim max {wr_y,m1}) = @(h) <h.

This statement is false. Thus lim,_,,p (18,5, 8,) = 0.

Step 3: First, we prove {B,},ex1s a Cauchy sequence,
limp(83,, 8,,4) =0,Va€eN
r—0o

by the Equation (2.22) & Equation (2.25), the cases for ¢ = 1 and a = 2, are
proved. Fora >3,

Case I: Assume that ¢ = 2m + 1, where m > 1 then by the quadrilateral
inequality, we get p(B,, By+q) <p'B. +p Bt + -+ + p(Broams Broome)

< TR GP (p*Ro) < Ty P (p*Ro) - D as T - oo,

Case II: Assume that a = 2m, where m > 2.
By Equation (2.24) & by the quadrilateral inequality, we get
pB,, Bi) < p(B,, Briom)
S THET P (07 Ro) < Xplria 9P (p*Bg) = O asr — oo,
By merging the expressions, we get lim, o, sup p(r,3r + a)=0, V a € N.

Therefore, {B,} is a Cauchy sequence in (€2, p). Hence, by completeness of
(Q, p), 3¢, £, € Q such that

limr—wo p(Br: €1) = limr—wo ,0({)2' Br) =0.
From Results (1.4), put £, =14,
limy 0 p(By, £1)=lim, e, p(£1, 8,)=0

Step 4: We start with the assumption ¢, = Af), that is, p(At,, £;) = 0 & p(£1,Aly)
= 0. Impossible conclusion, we consider that p(A¢;, €;) > 0 or p(¢;, Afy) > 0.
Suppose that p(Afy, £;) > 0. By Theorem (2.1), we obtain
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1imr—>+oop(ABr' Afl) = p(fl' Afl) (228)

So 3 r, € N such that p(AB,, Al)) > p(£,, A) >0,V r>r,.

Putting B = AB, & 9 = A¢f, in Equation (2.18), we get p(AB,, Afy)) < p(O(8,
£)) where lim,_,,0(8,, £1) = p(£1, Afy).

Letting lim,_,, sup in Equation (2.28) and by the properties of ¢,
we conclude that

p(£y,A8,) = limp(AR,, Af) < liELn sup p(O(8B,, 1) < p(limO(R,, £,)).
r—o r—+00 r—o

This statement is false. If p(Afy, £;) > 0, then by similar method, which is a
contradiction. So p(¢;, Af;) =0 and p(A¢;, £;) = 0 & therefore £; = Al;.
Example 2.3: Let a mapping A: Q — Q and Q = R". Explain p: QxQ — R by
p(B,9) = max{y—8, 0}. Then (L, p) is a complete BMS.

R
A®) =In (5 + 1), VR € Q.

Let the mapping ¢, 7: R"— R' defined by 7(E) = 2&,VE € R, @(8) = >
vV Z€R',V (B, 9) € Q°, we have p(A™], B) = max{B — A0} and A*] =
In Gln (g + 1) +1) . Hence
max{ — 7, 0} < max {B —In Gln (g + 1) +1) , O}. Thus
2(%,B) < p(A™],B). Otherwise, p(AR, AT ) = max {m (g +1)=1n (§ + 1) , o}
OB, T) = max {max{'ﬂ — 3,0}, max {ln (g + 1) ,0 },max {ln (g + 1) -1 0}}

1. IfB>1, then we have p(AB,AY) = 0, ©(B,1) = 0. So 7(p(AB,AY)) = 2(O(B.))
— 9(O(B,).
2. If§> B, then we have (A%, A7) = In (T + 1) —In (§ +1),08,1) =

max{f - &,0,0} = T — 8. So 7(p(AR,AT)) = 2In (g+ 1) —2In (§+ 1),

7(0(8, 1) = 2(1-8), ¢(0(8 M) =L"

Thus 7(p(AB,AY) < «(O(B,1)) — p(max (p(B,), p(TA)).
Therefore zero is a UFP of A.
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