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Abstract
Our aim in this work is to study the existence of S-asymptotically δ1-periodic mild 

almost automorphic solutions of a random functional evolution equation with infinite delay 
and random effects with results based on a random fixed point theorem with stochastic 
domain. We give an example to show the applicability of our results. 

Subject Classification:  34G20, 34K20, 34K30.

Keywords: Random fixed point, Functional evolution equation, Mild solution, Infinite delay, Almost 
automorphic.

1.  Introduction

The almost automorphic functions, which were first proposed in the 
literature by S. Bochner [10], are a significant generalization of the almost 
periodic functions. We refer the reader to [19], and [9, 13, 31, 34–36] for 
fundamental results on the almost periodic functions and their applications 
to deterministic differential systems. Until now, the almost automorphic 
functions and the almost automorphic solutions for differential systems 
have been investigated by many mathematicians [2, 3]. 

Many authors have expressed interest in the pseudo nearly periodic 
function, see [33]. The almost periodic solution for stochastic differential 
equations had been researched progressively [38] using the basic principles 
and analytical techniques for stochastic differential equations that have 
been thoroughly explored in the literature. In particular, in [37], the nearly 
periodic solution for the affine and stochastic evolution equations was 
researched. Furthermore, in [21], the square-mean almost automorphic 
process was presented, and the square-mean almost automorphic mild 
solution for the stochastic differential equations was studied, which 
extended the almost automorphic theory from the deterministic to the 
stochastic form.

‡	 E-mail:	benchohra@yahoo.com

‡	 ORCID-ID:  0000-0003-3063-9449
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For several years, functional differential delay equations have been 
employed to represent scientific phenomena. There are several papers in 
which authors discuss differential problems with various forms of delays, 
see the papers [4–8, 11, 25–28] and the references therein.

In [14], Diop et al. considered the following random partial integro-
differential equations with unbounded delay: 

0
( , ) = A ( , ) ( ) ( , ) F( , ( , ), ), [0, ],

( , ) = ( , ), ( ,0],

r r dr
q

qx q d x q d b q x d q x d d q k

x q d q d q

 ′ + − + ⋅ ∈

 ℘ ∈ −∞

∫

where A  is a generator of a 0C  semigroup ( )0S( )qq ≥  from a Banach space 
X  into ,X  ( )β θ  is a closed linear operator with domain (A) ⊂ ( ( ))b q  
and d  is a random variable. The authors used a random fixed point 
theorem with a stochastic domain combined with Schauder’s fixed point 
theorem and Grimmer’s resolvent operator theory in their proofs.

The authors of [5] studied the existence and controllability results for 
the second order functional differential equation with delay and random 
effects that follows: 

1 2

1

2

( , ) = ( , ) ( , ( , ), ) ( , ),a.e. [0, ],
( , ) = ( , ); ( ,0],
(0, ) = ( ),

fqx q d x q d y q x d d q d q k
x q d v q d q
x d v d

′′ + ⋅ + ∈
 ∈ −∞
 ′

 

with results based on a random fixed point theorem with a stochastic 
domain.

In this paper, we will establish a random version of the theory for the 
almost automorphic solution. More precisely we will verifies the existence 
of mild random almost automorphic solution for evolution equations with 
delay and random effects of the form: 

( , ) = ( ) ( , ) ( , ( , ), ), a.e. := [0, ), (1)qx q v q x q v q x v v qF Y W′ + ⋅ ∈ ∞

( , ) = ( , ), ( ,0], (2)x q v q v q℘ ∈ −∞

where ( , , )Q K Q  is a complete probability space, ,v Q∈  Y : W × E ×
,Q X→  Q℘∈ ×E  are given random functions, 0 <{ ( )} qqF ≤ +∞  is a family of 

linear closed operators from X  into X  that generate an evolution system 
of operators ( , ){ ( , )} q rq r W W∈ ×ℑ  for 0 ≤ r ≤ q < + ,∞  E  is the phase space, 
and ( ,||)X ⋅  is a Banach space. For x  defined on IR Q×  and any q W∈  we 
denote by ( , )qx v⋅  the element of Q×E  given by ( , )qx k v = ( , ),x q k v+

( ,0].k ∈ −∞
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The following is how this work is organized. Section 2 presents 
notations, definitions, and theorems that will be used throughout the 
work. Section 3 shows the existence of random mild solutions for our 
differential equations with infinite delay. We will also provide an example 
to demonstrate the abstract consequence of our effort.

2. Preliminaries

Throughout the manuscript, we will utilize an axiomatic definition of 
the phase space E  introduced by Hale and Kato in [24] and follow the 
terminology used in [29]. Thus, ( , )⋅

E
E    will be a seminormed linear 

space of functions mapping ( ,0]−∞  into ,X  meeting the following axioms:

(A1) If : ,IRx X→  is continuous on +  and 0 ,x ∈E  then for every q +∈  
the following requirements hold:
(i)	 ;qx ∈E

(ii)	 There exists a positive constant b  such that | ( )|x q ≤ ;qb x
E

 

(iii)	�There exist 1 2( ), ( ) : R Rb b + +⋅ ⋅ →  with 1b  continuous and bounded, 
and 2b  locally bounded where 

1 2 0( )sup{| ( )|: 0 } ( ) .qx b q x r r q b q x≤ ≤ ≤ +
E E

   

(A2) For the function x  in 1( ),A  qx  is a −E valued continuous function 
on .+  

(A3) The space E  is complete. 
Denote 

1 1= sup{ ( ) : },a b q q +∈

and 

2 2= sup{ ( ) : }.a b q q +∈

Remark 
1.	 (ii) is equivalent to | (0)| b℘ ≤ ℘

E
   for every .℘∈E  

2.	� Since ⋅
E

   is a seminorm, two elements ,℘ ∈ E  can verify 
= 0℘− 

E
   without necessarily ( ) = ( )k k℘   for all 0.k ≤  

3.	� From the equivalence of in the first remark, we can see that for all 
,℘ ∈ E  such that = 0 :℘− 

E
   We necessarily have that (0) = (0).℘   
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By BUC  we denote the space of bounded uniformly continuous 
functions defined from ( ,0]−∞  to .X

By := (IR)BC BC  we denote the Banach space of all bounded and 
continuous functions from IR  into X  equipped with the standard norm 

IR
sup= | ( )|.BC
q

x x q
∈

 

Finally, by := ([0, ))BC BC′ ′ +∞  we denote the Banach space of all 
bounded and continuous functions from (0, ))+∞  into X  equipped with 
the standard norm 

[0, )
sup= | ( )|.BC

q
x x q′

∈ +∞
 

Suppose that { ( ), 0}q qF ≥  is a family of closed densely defined linear 
unbounded operators on the Banach space X  and with domain ( ( ))D qF  
independent of .q

Definition 2.2: ([1, 18, 32]) A family of bounded linear operators 

( , ){ ( , )} : ( , ) : ( , ) := {( , ) : 0 < }q rq r q r q r q r r qX X W W∈ℑ ℑ → ∈ ∈ × ≤ ≤ +∞
Z

Z

is called en evolution system if the following properties are satisfied: 
1.	 ( , ) = Iq qℑ  where I is the identity operator in ,X  
2.	 ( , ) ( , ) = ( , )q r r n q nℑ ℑ ℑ  for 0 < ,n r q≤ ≤ ≤ +∞  
3.	�  ( , ) ( )Bq r Xℑ ∈  the space of bounded linear operators on ,X  such that 

for ( , )r q ∈Z  and ,x X∈  ( , ) ( , )q r q r x→ℑ  is continuous. 

Lemma 2.3: ([12]). Let ( , )BC W X⊂M  be a set verifying the requirements: 
(i)	 M  is bounded in ( , );BC W X  
(ii)	� the functions of M  are equicontinuous on any compact interval of ;W  
(iii)	�the set ( ) := { ( ) : }q x q x∈M M  is relatively compact on any compact interval 

of ;W  
(iv)	�the functions from M  are equiconvergent, i.e., given > 0,u  there 

corresponds ( ) > 0u  such that | ( ) ( )|<x q x u− +∞  for any ( )q u≥  and 
x∈M.  

Then M  is relatively compact in ( , ).BC W X  
Let X  be a separable Banach space with the Borel s -algebra .B

X
 

:x Q →X  is a random variable with values in X  if for ,YB B∈ 1( )Bx− ∈K.  
: Q× → X X  is a random operator if (., )x  is measurable for x∈X  and 

is expressed as ( , ) = ( ) .v x v x 
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Definition 2.4: (15). Let M  be a mapping from Q  into 2 .X  A mapping 
 : {( , )v x : v Q∈ ∧ ( )}x v∈M → X  is called random operator with 
stochastic domain M  iff M  is measurable (i.e., for all closed ,F ⊆ X
{v Q∈ : ( )vM ∩ }F ≠ ∅ ∈ )K  and for all open D ⊆ X  and all ,x∈X
{v Q∈ : ( )x v∈M ∧ ( , )v x ∈ }D ∈K.    we be called continuous if 
every ( )q v  is continuous. For a random operator ,  a mapping :x Q →X  
is called random (stochastic) fixed point of   iff for p-almost all ,v Q∈

( )x v ∈ ( )vM  and ( )v ( )x v = ( )x v  and for all open ,D ⊆ X {v Q∈ :
( )x v ∈ }D ∈K  (x  is measurable). 

Remark 2.5: If ( ) ,v ≡M X  then the definition of random operator with 
stochastic domain coincides with the definition of random operator. 

Lemma 2.6: [15] Let : 2Q → XM  be measurable with ( )vM  closed, convex and 
solid (i.e., ( )int vM ≠ )∅  for all .v Q∈  We assume that there exists measurable 

0x : Q →X  with 0x ∈ ( )int vM  for all .v Q∈  Let   be a continuous random 
operator with stochastic domain M  such that for every ,v Q∈ { ( )x v∈M :

( )v = }x x ≠ .∅  Then   has a stochastic fixed point. 
Let x  be a mapping of W Q×  into X. x  is said to be a stochastic 

process if for each ,q W∈ ( , )x q ⋅  is measurable.

Definition 2.7: [17] A function ( , )BCY X+∈   is called S-asymptotically 
1d -periodic if there exists 1 > 0d  such that 1( ( )lim

q
q dY

→+∞
+ − ( )) = 0.qY  

In this case we say that 1d  is an asymptotic period of Y  and that Y  is 
S-asymptotically 1d -periodic. 

We will denote by 
1
( ),SAPd X  the set of all S-asymptotically 1d -periodic 

functions from +  to X. 
The following result is due to Henriquez-Pierri-Táboas; Proposition 

3.5 in [16].

Theorem 2.8: Endowed with the norm ,x ∞   
1
( )SAP Xd  is a Banach space. 

Sketch of the proof. We consider the translation operator 
1dn :

( , )BC X+ → ( , )BC X+  defined by 
1

( )dn qY = 1( ).q dY +  Clearly the 
function 

1dn  is linear and continuous. We note that 
1
( )SAPd X =

1

1( )Idn −−

0( ( , )).C X+  And then, since 
1

1( )Idn −−  is linear continuous and since 
0( , )C X+  is a closed vector subspace of ( , ),BC X+

1
( )SAPd X  is a closed 

vector subspace of the Banach space ( , ).BC X+

3.  Existence of mild solutions 

In this section, we study the main existence result for problem (1)-(2). 
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Definition 3.1: A stochastic process :x W Q× → X  is a random mild 
solution of (1)-(2) if ( , )x q v = ( , ),q v℘ ( ,0)q∈ −∞  and the restriction of 

( , )x v⋅  to the interval (0, )∞  is continuous and verifies 

0
( , ) = ( ,0) (0, ) ( , ) ( , ( , ), ) , = (0, ). (3)d

q

rx q v q v q r r x v v r qY Wℑ ℘ + ℑ ⋅ ∈ ∞∫
We will need to introduce the following hypotheses which are be 

assumed there after:

(H1) The evolution family { ( , )}q rq r ≥ℑ  is compact and there exists a 
constant 1 1g ≥  and > 0z  such that 

( )
( ) 1( , ) for every ( , ) .B e z q rq r g r qX

− −ℑ ≤ ∈Z 

and 

1 1( , ) = ( , ).q d r d q rℑ + + ℑ

(H2) The function :Y W X Q X× × →  is Carathéodory and satisfies the 
following: 
(a)	 There exists a constant 1 > 0,d  such that 

1( , , ) ( , , ) = 0 for a.e , and each .lim u u u
q

q d v q v q vY Y W Q X
→+∞

+ − ∈ × ∈

(b)	� There exist ( , ),p L RW Q∞ +∈ ×  and a continuous nondecreasing 
function : [0, )∞ × (0, )Q → ∞  such that: 

| ( , , )| ( , ) ( , ) for a.e and each .Bu p u uq v q v v qY W Q X≤ ∈ × ∈  

(H3) There exists a random function : \{0}c Q +→  such that: 

1 1
1

( , ) ( ),D p Lg v
z

g c v
∞

℘ + ≤

E

 

 

where 

1 1 2:= ( ) .D a c v a+ ℘
E

 

(H4) For each , ( , )v vQ∈ ℘ ⋅  is continuous and for each , ( , )q q℘ ⋅  is 
measurable, and 1lim( ( , )

q
q d v

→∞
℘ + − ( , )) = 0.q v℘  

(H5) For each ( , )q r ∈Z  we have: ( )
0

lim ( , ) = 0.e p d
q z q r

q
r v r− −

→+∞ ∫  
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Theorem 3.2: Assume that 1 5( ) ( )H H−  are met. Then, problem (1)-(2) has at 
least one S-asymptotically 1d -periodic mild random solution on ( , ).−∞ ∞  

Proof: Consider the operator 
1 1

: ( ) ( )SAP X SAP Xd dQℵ × →  be the random 
operator given by 

0
( ( ) )( ) = ( ,0) (0, ) ( , ) ( , , ) , , (4)d

q

rv x q q v q r r x v r qY Wℵ ℑ ℘ + ℑ ∈∫
and 

( , ) = ( , ), ( ,0).x q v q v q℘ ∈ −∞

Let the operators 1 2= ,ℵ ℵ +ℵ  where 

1( ( ) )( ) = ( ,0) (0, ),v x q q vℵ ℑ ℘

2 0
( ( ) )( ) = ( , ) ( , , ) .d

q

rv x q q r r x v rYℵ ℑ∫

Claim 1: 
11 ( ).SAPd Xℵ ∈  

For 0,q ≥  one has 

1

1 1 1 1
( )

1

|( ( ) )( ) ( ( ) )( )| | ( ,0) (0, ) ( ,0) (0, )|
( ). (5)e ez q d zq

v x q d v x q q d v q v

g − + −

ℵ + − ℵ = ℑ + ℘ −ℑ ℘

≤ ℘ + 

E

Since > 0,z  we deduce that 

1 1 1|( ( ) )( ) ( ( ) )( )|= 0.lim
q

v x q d v x q
→+∞

ℵ + − ℵ

Then 
11 ( ).SAP Xdℵ ∈  

Claim 2: 
12 ( ).SAPd Xℵ ∈ .

For 0,q ≥  one has 

2 1 2

1
10 0

1
10

1
1 01

1 2

( ( ) )( ) ( ( ) )( )

= ( , ) ( , , ) ( , ) ( , , )

= ( , ) ( , , )

( , ) ( , , ) ( , ) ( , , )

= ( ) ( ),

d d

d

d d

q d q

r r

d

r

q

r rd

v x q d v x q

q d r r x v r q r r x v r

q d r r x v r

q d q d r r x v r q r r x v r

q q

Y Y

Y

Y Y

° °

+

ℵ + − ℵ

ℑ + − ℑ

ℑ +

+
+ ℑ + − ℑ

+

∫ ∫
∫

∫ ∫

2 1 2

1
10 0

1
10

1
1 01

1 2

( ( ) )( ) ( ( ) )( )

= ( , ) ( , , ) ( , ) ( , , )

= ( , ) ( , , )

( , ) ( , , ) ( , ) ( , , )

= ( ) ( ),

d d

d

d d

q d q

r r

d

r

q

r rd

v x q d v x q

q d r r x v r q r r x v r

q d r r x v r

q d q d r r x v r q r r x v r

q q

Y Y

Y

Y Y

° °

+

ℵ + − ℵ

ℑ + − ℑ

ℑ +

+
+ ℑ + − ℑ

+

∫ ∫
∫

∫ ∫

where 
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1

1 10
( ) = ( , ) ( , , ) ,d

d

rq q d r r x v r° Yℑ +∫
and 

1

1
2 1 0
( ) = ( , ) ( , , ) ( , ) ( , , ) .d d

q d q

r rd
q q d r r x v r q r r x v r° Y Y

+
ℑ + − ℑ∫ ∫

Using the fact that ( ( , ))q rq r ≥ℑ  is exponentially stable, we obtain 
1 1

1 1

1

( )
1 1 0

( )
1 0

1
1

| ( )| ( , ) ( , )

= ( , )

= ( , ) ,
L

L

e

e p d

e p e d

e p

d z q d r
r

d z d rzq
r

zd
zq

r z

q g r v x v r

g x v r

g x v

° − + −

− −−
∞

−
−

∞
−

≤ ∫
∫







 

   

   

E

E

E

which shows that 

1( ) = 0.lim
q

q°
→+∞

Let us write 

12 1 1 10 0
( ) = ( , ) ( , , ) ( , ) ( , , )d d

q q

r d rq q d r d r d x v r q r r x v r° Y Y+ℑ + + + − ℑ∫ ∫
and since the evolution family is 1d -periodic, we obtain 

2 1 10 1

10

1 2

( ) ( , )| ( , , ) ( , , )|

( , )| ( , , ) ( , , )|

= ( ) ( ),

d

d

I I

q

r d r

q

r r

q q r r d x v r d x v r

q r r d x v r x v r

q q

° Y Y

Y Y

+≤ ℑ + − +

+ ℑ + −

+

∫
∫

where 

1 1 10 1

1

( ) = ( , )| ( , , ) ( , , )|

( , )| ( , , ) ( , , )| ,

T

T

I d

d

e
r d r

q

r r
e

q q r r d x v r d x v r

q r r d x v r x v r

Y Y

Y Y

+ℑ + − +

+ ℑ + −

∫
∫

2 1 11

10

( ) = ( , )| ( , , ) ( , , )|

( , )| ( , , ) ( , , )| ,

T

T

I d

d

q

r d r
e

e
r r

q q r r d x v r d x v r

q r r d x v r x v r

Y Y

Y Y

+ℑ + − +

+ ℑ + −

∫

∫
and >Te . Observing that 
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1 1 1 10

1 11

| ( )| ( , )| ( , ( ), ) ( , , ))|

( , )( ( , , ) ( , , ) .

T

T

I d

d

e
r r

r d r
e

q q r r d x r d v r d x v r

q q r r d x v r d x v r

Y Y

Y Y+

≤ ℑ + + − +

+ ℑ + − +

∫

∫

Since 
1
,SAPdx∈ , we know that there is a positive constant > 0Te  

such that 

1( , ) ( , ) , for .Tex q d v x q v e q+ − ≤ ≥

By 3( ),H  we have 

1
1

| ( , , ) ( , , )| , for .Tr d r e

zeq x v q x v q
g

Y Y+ − ≤ ≥

Thus, we get 

1

1 1 1

( ))
1 1 1

( )
1

1
( )

( , )( ( , ( ), ) ( , , )

| ( , , ) ( , )|

(6)

( )
.

T

T

T

T

d

e d

e d

e e

e

e

e

e

q

r r

q z q r
r d r

q z q r

z qzq

q r r d x r d v r d x v r

g r d x v r d x r

zeg r
g

e
e

Y Y

Y Y− −
+

− −

− −−

ℑ + + − +

≤ + − +

≤

≤ −
≤

∫

∫

∫

Also, we have 

11 10

( )
1 1 10 1

( )
1 1 10 1

( )
1 0

( )
1 0

( , )( ( , , ) ( , )

(| ( , , ) ( , )|)

(| ( , , )| | ( , , )|)

2 ( , ) (| ( )|, )

2 ( , ) (

T

T

T

T

T

BC

d

e d

e d

e p d

e p

e

r d r

z q re
r d r

z q re
r d r

z q re

z q re

q r r d x v r d x r

g r d x v r d x r

g r d x v r d x v r

g r v x r v r

g x v

Y Y

Y Y

Y Y

+

− −
+

− −
+

− −

− −

ℑ + − +

≤ + − +

≤ + + +

≤

≤

∫

∫
∫
∫

∫



   , ) .dr v r

For 0,q ≥  it follows from the Hölder inequality that 
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1 10 1

( )
1 0

1 ( )

( , )( ( , , ) ( , , )

2 ( , )
(7)

2 ( , )
( )

.

T

T

L BC

L BC T

d

p e d

p
e e e

e
r d r

z q ne

z qzq

q r r d x v r d x v r

g x v n

g x v

z
e

Y Y+

− −

∞

− −−∞

ℑ + − +

 ≤   

≤ −

≤

∫

∫



   

   

By (6), (7) which implies that 1lim ( ) = 0.I
q

q
→∞

By 2( )( ),H a  we can see that, for every > 0,e  there is a positive constant 
> 0Te  such that 

1( , ( , ), ) ( , ( , ), ) for .Teq d x q v v q x q v v e qY Y⋅ ⋅+ − ≤ ≥

Similarly, we find 

1

( ))
2 1 1

( ))
1 10

( )
1

1

( )
1 10

( )

( )
1 0

( ) | ( , , ) ( , , )|

| ( , ) ( , , )|

(| ( , , )| | ( , , )|)

(1 )

2 ( , ) (| ( )

T

T

T

T

T

T

I e d

e d

e d

e d

e

e p

e

e

e

e

q z q r
r d r

z q r
r r

q z q r

z q re
r r

z q

z q re

q g r d x v r x v r

g r d x r x v r

zeg r
g

g r d x v r x v r

e

g r v x r

Y Y

Y Y

Y Y

− −
+

− −

− −

− −

− −

− −

≤ + −

+ + −

≤

+ + +

≤ −

+

∫

∫

∫

∫

∫ 

( )

( )
1 0

|, )

(1 )

2 ( , ) ( , ) .

T

T

d

e

e p d

ez q

z q re

v r

e

g x v r v r

− −

− −
∞

≤ −

+ ∫  

For 0,q ≥  it follows from the Hölder inequality that 
( )

2

( )
1 0

( )

1 ( )

( ) (1 )

2 ( , )

(1 )
( , )

2 ( )

.

T

T

L

T

L T

I e

p e d

e
p

e e

e

e

e

z q

z q ne

z q

z q zq

q e

g x v n

e
g x v

e
z

e

− −

− −
∞∞

− −

∞ − − −∞

≤ −

 +   
≤ −

+ −

≤

∫



   

   
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Consequently, 2lim ( ) = 0,I
q

q
→∞

 we conclude that 
12 .SAPdℵ ∈  From 

Claim 1 and Claim 2 we deduce 
1
( ),SAPd Xℵ∈  and 

1
( , ) ( ).SAPdv X℘⋅ ∈

Next, we will prove that the operator ℵ  satisfies all the assumptions 
of Lemma 2.6.

Let 
1

= ( ).SAPd XX  Then we show that the mapping defined by (4) is a 
random operator. To do this, we need to prove that for any ,x∈X  ( )( )xℵ ⋅
: Q →X  is a random variable. Then we prove that ( )( )xℵ ⋅ : Q →X  is 
measurable since the mapping ( , , ),q xY ⋅ ,q W∈ x∈X  is measurable by 
assumption 2( )H  and 4( ).H

Let : 2s Q → X  be defined by: 
( ) = { : ( )}.s v x x c v∈ ≤ X

( )s v  is bounded, closed, convex and solid for all .v Q∈  Then s  is 
measurable by Lemma 17 (see [30]).

Let v Q∈  be fixed, then for ( ),x s v∈  and by ( 1),A  we have 

1 2 0

1 2

( )| ( )| ( )
| ( )| .

rx b r x r b r x

a x r a

≤ +

≤ + ℘

   

 

E E

E

By 3( )H  and 2( ),H  we have 

( ) ( )0

( )
1 1 0

|( ( ) )( )| ( ,0) | (0, )| ( , ) | ( , , )|

( , ) ( , ) .

B B d

e e p d

q

r

qzq z q r
r

v x q q v q r r x v r

g g r v x v r

X X Y

− − −

ℵ ≤ ℑ ℘ + ℑ

≤ ℘ +

∫
∫ 

   

   

E E

Set 

1 1 2:= ( ) .D a c v a+ ℘ 

E

Then, we have

1 1 1|( ( ) )( )| ( , ) (1 ) .LD p e dzqv x q g g v r−

∞
ℵ ≤ ℘ + −   

E

Thus 

1 1

1

( , )
( ( ) ) ( ).

LD pg v
v x g c v

z
∞ℵ ≤ ℘ + ≤

  

   

E

Thus, ℵ  is a random operator with stochastic domain s  and ( )vK :
( )s v → ( )s v  for each .v Q∈

Step 1: ℵ  is continuous.
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Let nx  be a sequence where nx x→  in .X  Since the function Y  is 
Carathéodory, we can see that 

1

( , , ) ( , , ) . (8)n
r r

zer x v r x v
g

Y Y− ≤

If ,q W∈  then (8) and our hypotheses gives us that 

( )0

( )
1 0

1

1

1

( ) ( ) ( ) ( )

( , ) | ( , ( ), ) ( , ( ), )|

(9)

(1 )

.

n

B n d

e d

e

r r

q

q z q r

zq

v x q v x q

q r r x r v r x r v r

zeg r
g

g ze
z g
e

X Y Y

− −

−

ℵ −ℵ

≤ ℑ −

≤

≤ −

≤

∫

∫

 

Then the inequality (9) reduces to 

( ) ( ) 0 as .n nv x v x ∞ℵ −ℵ → →∞ 

Now, we conclude that ℵ  is continuous.

Step 2: We demonstrate that for ,v Q∈ { ( )x s v∈ : ( ) = }v x xℵ ≠ .∅  For 
prove this we apply Schauder’s theorem [23].

( ( ))s vℵ  relatively compact: To prove the compactness, we will use 
Corduneanu’s lemma. 

(a)	� Firstly, it is clear that the assumption ( )i  is holds. Then we will 
demonstrate that ( ( ))s vℵ  is equicontinuous set for each closed 
bounded interval [0, ]A  in .W  Let 1 ,n 2n ∈ [0, ]A  with 2 1> ,n n  ( )s v  
be a bounded set as in Step 2, and ( ).x s v∈  Thus 

2 1 2 1 ( )

1
2 10

2
2

1

2 1 ( )

1
2 10

2
2

1

|( ( ) )( ) ( ( ) )( )| ( ,0) ( ,0)

| [ ( , ) ( , )] ( , , ) |

| ( , ) ( , , ) |

( ,0) ( ,0)

| ( , ) ( , )|| ( , , )|

| ( , )|| ( , , )|

B B

B B

d

d

d

d

n

r

rn

n

r

rn

v x n v x n n n

n r n r r x v r

n n r r x v r

n n

n r n r r x v r

n n r r x v

X

X

Y

Y

Y

Y

ℵ − ℵ ≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ ℑ

≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ ℑ

∫

∫

∫

∫

   

   

2 1

2 1 ( )

1
1 2 1 ( )0

1 1 ( ) ( )

( ,0) ( ,0)

( , ) ( , ) ( , ) ( , )

( , )
( ).

B B

B

L

D p d

p D
e e

n

z q n z q n

r

n n

v n r n r r v r

g v

z

X

X

− − − −∞

≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ −

∫



   

 

 
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2 1 2 1 ( )

1
2 10

2
2

1

2 1 ( )

1
2 10

2
2

1

|( ( ) )( ) ( ( ) )( )| ( ,0) ( ,0)

| [ ( , ) ( , )] ( , , ) |

| ( , ) ( , , ) |

( ,0) ( ,0)

| ( , ) ( , )|| ( , , )|

| ( , )|| ( , , )|

B B

B B

d

d

d

d

n

r

rn

n

r

rn

v x n v x n n n

n r n r r x v r

n n r r x v r

n n

n r n r r x v r

n n r r x v

X

X

Y

Y

Y

Y

ℵ − ℵ ≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ ℑ

≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ ℑ

∫

∫

∫

∫

   

   

2 1

2 1 ( )

1
1 2 1 ( )0

1 1 ( ) ( )

( ,0) ( ,0)

( , ) ( , ) ( , ) ( , )

( , )
( ).

B B

B

L

D p d

p D
e e

n

z q n z q n

r

n n

v n r n r r v r

g v

z

X

X

− − − −∞

≤ ℑ −ℑ ℘

+ ℑ −ℑ

+ −

∫



   

 

 

The right-hand of the above inequality tends to zero as 2 1 0,n n− →  as 
ℵ  is bounded and equicontinuous .

(b)	� Now we demonstrate that ( , )Q q v = {( ( ) )( )v x qℵ : ( )}x s v∈  is 
precompact in .X  Let [0, ]q∈ A  be fixed and let e  be verifying 
0 < < .e q  For ( )x s v∈  we define 

0
( ( ) )( ) = ( ,0) (0, ) ( , ) ( , ) ( , , ) .d

q e

e rv x q q v q q e q e r r x v rY
−

ℵ ℑ ℘ +ℑ − ℑ −∫
Since ( , )q rℑ  is a compact operator and the set ( , )Qe q v = {( ( ) )e v xℵ

( )q : ( )}x s v∈  is the image of bounded set of X  then ( , )Qe q v  is pre-
compact in X  for every ,e  0 < < .e q  Moreover 

( )

( )
1 1

|( ( ) )( ) ( ( ) )( )| ( , ) | ( , , )|

( , ) ( , ) .

B d

D e p d

q

e rq e
q z q r

q e

v x q v x q q r r x v r

g v r v r

X Y
−

− −

−

ℵ − ℵ ≤ ℑ

≤

∫
∫

 

Thus, ( , ) = {( ( ) )( ) : ( )}Q q v v x q x s vℵ ∈  is precompact in .X

(c)	 We prove that ℵ  is equiconvergent.
Let ( ),x s v∈  then from 1( ),H  2( )H  we have

( )
1 1 10

|( ( ) )( )| ( , ) ( , ) ,e e p D d
qzq z q rv x q g g r v v r− − −ℵ ≤ ℘ + ∫  

E

it follows immediately by 5( )H  that |( ( ) )( )| 0v x qℵ →  as .q →+∞
Then 

|( ( ) )( ) ( ( ) )( )|= 0.lim
q

v x q v x
→+∞

ℵ − ℵ +∞

Therefore, ℵ  is equiconvergent. 
Consequently, ( )vℵ : ( )s v → ( )s v  is continuous and compact. By 

Schauder’s theorem [23], ( )vℵ  has a fixed point ( )x v  in ( ).s v  Since 
( ) ,v s vQ∈ ≠ ∅  the hypothesis that a measurable selector of ints  exists 
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holds. By Lemma 2.6, ℵ  has a stochastic fixed point * ( ),x v  which is a 
random mild solution of (1)-(2). 

4. An example

Consider the following example: 
1

2

1

2 2

2

02 2

2
2

(1 )

( , , ) = ( , ) ( , , ) ( ) ( )
2(1 )

ln 1 | ( , , )| , (0, ), (0, ), (10)

r

r

r
r

r
r

j C K

q

q

qJ q a v q a J q a v v v
q a q

J q a v a p q
−

−
+

∂ ∂
+

∂ ∂ +
 

× + ∈ ∈ +∞ 
 

( ,0, ) = ( , , ) = 0, (0, ), (11)J q v J q p v q ∈ +∞

0( , , ) = ( , , ), ( ,0), [0, ], (12)J r a v J r a v r a p∈ −∞ ∈

where ( , )j q x  is continuous and uniformly Hölder continuous in ,q  K and 

0C  are a real-valued random variable.
Let 2= (0, ),L pX  ( , , )Q K Q  be a complete probability space, and define 

( )qF  by 
( ) = ( , )jq h q x hF ′′

with domain 
( ) = { , , are absolutely continuous, , (0) = ( ) = 0}.s h h h h h h pF X X′ ′′∈ ∈

Then ( )qF  generates an evolution system ( , )q rℑ  verifying 1( )H  (see 
[20, 22]).

Let = (IR ; )BUC X−E  be the space of bounded uniformly continuous 
functions endowed with 

0
sup= | ( )|, for

r
x x r x

≤
∈  E

If (IR ; ), (0, ) and ,BCU a p vX Q−℘∈ ∈ ∈  then 
( , , ) = ( , , ), (0, )x q a v J q a v q∈ A

0( , , ) = ( , , ), ( ,0), [0, ], .r a v J r a v r a p v Q℘ ∈ −∞ ∈ ∈

Set 
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1 1

2 2 20 2 2

2( , , ) = ( ) ( ) ln 1 | ( , , )| ,
2(1 ) (1 )

r
r r

r
r r

C K q qq J v v v J q a v
q q

Y
−

−

 
 +
 + + 

and we have 0( , , ) = ( ) ( ) ( , , )C K gq J v v v q J vY  

1 1

2 2 2

1 1

2 2 2

1 1

2 1

2 2

2 2

2

| ( 1, , )( ) ( , , )( )|

2ln 1 | ( 1, , )|
2(1 ) (1 )

2ln 1 | ( , , )|
2(1 ) (1 )

1 2( 1) | ( 1, , )|ln
2(1 ) 1 2 | ( , , )|

r
r r

r
r r

r
r r

r
r r

r
r r

r
r r

g gq J v n q J v n

q q J q n v
q q

q q J q n v
q q

q q J q n v

q q J q n v

q

−

−

−

−

−

−

+ −

 
 ≤ + +
 + + 
 
 − +
 + + 
 + + + ≤
 + + 

≤

1

11

2 1

11

2

2
2

(13)

11
1ln

2(1 ) 1 2 | ( , , )|

1ln 1 .
2(1 )

r
r

r
rr

r
r r

r
rr

r

q
qq

qq q J q n v

q q
q

q

−

−

−

−

  + −    +  +    + + 
  + ≤ +   +  

Now from (13), we can see | ( 1,g q + ,J )v ( )n − ( ,g q ,J )v ( )|n  tends 
to zero as ,q →∞  then | ( 1,qY + )J ( , )n v − ( , )zqY ( , )|n v  tends to zero as 

.q →∞  Hence condition ( 3)( )H a  is satisfied.
The function ( , ( ), )q j a vY  is Carathéodory, and verifies 2( )H  with 

1

2 02

1( , ) = ( ) and ( , ) =| ( )| ln(1 2 ).
42(1 )

r

r

p K C tqq v v a v v
q

+
+



Then the problem (10)-(11) in an abstract formulation of the problem 
(1)-(2), and conditions 1 5( ) ( )H H−  are satisfied. Theorem 3.2 implies that 
the random problem (10)-(11) has at least one random mild solutions.
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