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Abstract

Our aim in this work is to study the existence of S-asymptotically 8 -periodic mild
almost automorphic solutions of a random functional evolution equation with infinite delay
and random effects with results based on a random fixed point theorem with stochastic
domain. We give an example to show the applicability of our results.

Subject Classification: 34G20, 34K20, 34K30.

Keywords: Random fixed point, Functional evolution equation, Mild solution, Infinite delay, Almost
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1. Introduction

The almost automorphic functions, which were first proposed in the
literature by S. Bochner [10], are a significant generalization of the almost
periodic functions. We refer the reader to [19], and [9, 13, 31, 34-36] for
fundamental results on the almost periodic functions and their applications
to deterministic differential systems. Until now, the almost automorphic
functions and the almost automorphic solutions for differential systems
have been investigated by many mathematicians [2, 3].

Many authors have expressed interest in the pseudo nearly periodic
function, see [33]. The almost periodic solution for stochastic differential
equations had been researched progressively [38] using the basic principles
and analytical techniques for stochastic differential equations that have
been thoroughly explored in the literature. In particular, in [37], the nearly
periodic solution for the affine and stochastic evolution equations was
researched. Furthermore, in [21], the square-mean almost automorphic
process was presented, and the square-mean almost automorphic mild
solution for the stochastic differential equations was studied, which
extended the almost automorphic theory from the deterministic to the
stochastic form.
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For several years, functional differential delay equations have been
employed to represent scientific phenomena. There are several papers in
which authors discuss differential problems with various forms of delays,
see the papers [4-8, 11, 25-28] and the references therein.

In [14], Diop et al. considered the following random partial integro-
differential equations with unbounded delay:

£(0,8)= AZ(©,8)+ [ BO-)E(r,)dr +F(0,4,(,5),8), 0<[0,x],
£6,5)=0(6,8), 0<(-,0]

where A is a generator of a C, semigroup (5(9)920) from a Banach space
E into 2, S(0) is a closed linear operator with domain D(A) c D(J(6))
and 6 is a random variable. The authors used a random fixed point
theorem with a stochastic domain combined with Schauder’s fixed point
theorem and Grimmer’s resolvent operator theory in their proofs.

The authors of [5] studied the existence and controllability results for
the second order functional differential equation with delay and random
effects that follows:

£'(0,8)=FE0,8)+w(8,5,(,0),0)+ F,f(6,5),ae.0 €[0,x],
(6,8)=1,(0,5);0 «(—»,0],
€'0,6)=m,(9),

with results based on a random fixed point theorem with a stochastic
domain.

In this paper, we will establish a random version of the theory for the
almost automorphic solution. More precisely we will verifies the existence
of mild random almost automorphic solution for evolution equations with
delay and random effects of the form:

£'(6,0)=2(0)50,)+¥(0,5,(,0),d), ae 6cQ:=[0,0), 1)
5(9/07)=50(9/w)/ 96(_001011 (2)

where (0,8,9) is a complete probability space, @®€©, ¥ :Q x € x

O —>E, pe€xO are given random functions, {®(6)} is a family of

0<H<+0
linear closed operators from Z into Z that generate an evolution system
of operators {3(6, p)}, , . for 0 < p <6 <+ o, € is the phase space,
and (Z,]-|) is a Banach space. For & defined on IRx® and any 6 €Q we
denote by & (-, @) the element of €x© given by & (k,@) = §(0+x,D),

K € (—0,0].
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The following is how this work is organized. Section 2 presents
notations, definitions, and theorems that will be used throughout the
work. Section 3 shows the existence of random mild solutions for our
differential equations with infinite delay. We will also provide an example
to demonstrate the abstract consequence of our effort.

2. Preliminaries

Throughout the manuscript, we will utilize an axiomatic definition of
the phase space & introduced by Hale and Kato in [24] and follow the
terminology used in [29]. Thus, (€,||-|,) will be a seminormed linear
space of functions mapping (-,0] into E, meeting the following axioms:

(A1) If £:IR - E, is continuouson R, and &, €€, then forevery 8 eR,
the following requirements hold:

(i) & e¢;
(ii) There exists a positive constant 3 such that |£(0)| < B|| &, |l,;

(iii) There exist B,(-),B,():R, = R, with B, continuous and bounded,
and f, locally bounded where

18, le< B,(O)sup{|&(p)[:0< p <6} +B,(O)[| &, [, -

(A,) For the function & in (4,), &, is a €—valued continuous function
on R,.

(A,) The space € is complete.
Denote

o, =sup{B,(0):0€R },

and

o, =sup{f,(0):0 R }.

Remark
1. (ii) is equivalent to | p(0)| < B g |, for every pe€.

2. Since |-|, is a seminorm, two elements ,/e& can verify
| ¢o—1l,=0 without necessarily g(x)=((x) for all k¥ <0.

3. From the equivalence of in the first remark, we can see that for all
#,0 €€ such that || p—/||,=0: We necessarily have that ((0) = ¢(0).
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By BUC we denote the space of bounded uniformly continuous
functions defined from (—x,0] to E.

By BC:=BC(IR) we denote the Banach space of all bounded and
continuous functions from IR into Z equipped with the standard norm

€ 1lsc= sup 1£0)].

Finally, by BC':=BC'([0,4x)) we denote the Banach space of all
bounded and continuous functions from (0,+®)) into Z equipped with
the standard norm

1€ lle= sup 15(6)I.
e[0,+0)

Suppose that {®(0), 6 >0} is a family of closed densely defined linear
unbounded operators on the Banach space Z and with domain D(®(8))
independent of 6.

Definition 2.2: ([1, 18, 32]) A family of bounded linear operators
{S(G,p)}(w>E3 :3(0,p):E>Z(0,p)e3:={(0,p) e QxQ:0< p <O < +0}

is called en evolution system if the following properties are satisfied:
1. 3(6,0)=1 where I is the identity operator in Z,
2. 3(6,p)3(p,v)=3(0,v) for 0Sv<p<O<+om,

3. 3(8,p) e B(Z) the space of bounded linear operators on Z, such that
for (p,0)e 3 and £EcE, (8,p)— 3(6,p) & is continuous.

Lemma 2.3: ([12]). Let 9 < BC(Q,E) be a set verifying the requirements:

(i) M is bounded in BC(Q,Z);

(if) the functions of M are equicontinuous on any compact interval of Q;

(iii) the set OM(B) :={E(0): & € M} is relatively compact on any compact interval
of Q;

(iv) the functions from 9N are equiconvergent, i.e., given v>0, there
corresponds »(v) >0 such that |§(0)—&(+o)| < v for any 62 »(v) and
EeM.

Then 9 is relatively compact in BC(€2,Z).

Let X be a separable Banach space with the Borel o -algebra B,.
£:0—> X is a random variable with values in X if for Be B, E'(B)e R.
x:0xX — X is arandom operator if (., &) is measurable for { € X and
is expressed as »(@,&) = »#(@)E.
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Definition 2.4: (15). Let 9 be a mapping from © into 2*. A mapping
x {(@,8): me® A EeM@)} > X is called random operator with
stochastic domain 2t iff 9t is measurable (i.e., for all closed ®c X,
{@ecO: M@) N P=T} € R) and for all open DcX and all {eX,
{@eO : EeM@) A »(@,E) e D} e R » we be called continuous if
every B(@) is continuous. For a random operator 5, amapping £:0 —» X
is called random (stochastic) fixed point of s iff for p-almost all @ €0,
E(@) € M(@) and (@) {(@) = E@) and for all open Dc X, {@eO :
(@) € D}e R (£ is measurable).

Remark 2.5: If 9M(@)=X%, then the definition of random operator with
stochastic domain coincides with the definition of random operator.

Lemma 2.6: [15] Let 9 :© — 2% be measurable with YM(®) closed, convex and
solid (i.e., intI(@) = &) for all @ € ©. We assume that there exists measurable
g, 1 @ X with & e int9U(@) for all @ € ©. Let > be a continuous random
operator with stochastic domain 9N such that for every @ €O, {§ € M(®) :
»(@) E=&} # &. Then s has a stochastic fixed point.

Let & be a mapping of Qx0 into X. & is said to be a stochastic
process if for each 0 €Q, £(0,-) is measurable.

Definition 2.7: [17] A function ¥ € BC(R",Z) is called S-asymptotically
0, -periodic if there exists &, >0 such that 11m(‘I’(0+5) - ¥(0))=0.
In this case we say that §, is an asymptotic perlod of ¥ and that ¥ is
S-asymptotically &, -per10d1c

We will denote by SAP; (Z), the set of all S-asymptotically o, -periodic
functions from R* to X.

The following result is due to Henriquez-Pierri-Tdboas; Proposition
3.51in [16].

Theorem 2.8: Endowed with the norm || &||,, SAP; (X) is a Banach space.
Sketch of the proof. We consider the translatlon operator V;
BC(R",X) —» BC(R",X) defined by v, ‘I’(Q) WY(0+96,). Clearly the
function Vs s linear and continuous. We note that SAP; ( )= (vs —1 !
(<, (R*,:)) And then, since (v —-I)" is linear continuous and since
C,(R",ZE) is a closed vector subspace of BC(R",E), SAP, (._.) is a closed

vector subspace of the Banach space BC(R",Z).

3. Existence of mild solutions

In this section, we study the main existence result for problem (1)-(2).
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Definition 3.1: A stochastic process §:Qx0® — E is a random mild
solution of (1)-(2) if &(0,®) = p(6,@), 0 c(—»,0) and the restriction of
E(, @) to the interval (0,0) is continuous and verifies

5(01 @) =3(6,0)p(0,@) + J‘OQS(QI p)¥(p, gp (,@),m)dp,6 € Q=(0,). 3)

We will need to introduce the following hypotheses which are be
assumed there after:

(H1) The evolution family {3(9,13)}92,3 is compact and there exists a
constant ¥, 21 and ¢ >0 such that

136, p) [Isz) < y,e P for every (p,0) e 3.

and

3(6+0,,p+06,)=3(6,p).

(H2) The function ¥:QxEx0 — & is Carathéodory and satisfies the

following:
(a) There exists a constant J, >0, such that
lim [W(6 + 51,u,05)—‘{‘(0,u,05)| =0fora.e0,@cQx0® and each u e=.

0+

(b) There exist peL’(Qx0O,R"), and a continuous nondecreasing
function /:[0,0) x ® — (0,%) such that:

Y0, u,@)|<p@, o) ull,®) for a.e 0 € 2x0 and each ue=.

(H3) There exists a random function y:0© — R*\{0} such that:

((Dy, i
7, ”50”e +n ( 127)||PHL < y(®@),

where

D1 = 0‘1%(&7)+% || (@”@ .

(H4) For each @ e®,p(,m) is continuous and for each 0,%(0,:) is
measurable, and %im(go(0+5l,a7) — (6,m))=0.

(H5) For each (6,p) €3 we have: lim ‘[:e’g(e"’)p(p,ar)dp =0.
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Theorem 3.2: Assume that (H,)—(H,) are met. Then, problem (1)-(2) has at
least one S-asymptotically O, -periodic mild random solution on (—oo,c0).

Proof: Consider the operator N:0xSAP; (X) —» SAP; (X) be the random
operator given by ' '

(N@)D)(0)=3(6,0) p(0,0)+ [ 3(60,p) W(p, &, @)dp, 00, (4

and
£(0,m) = p(6,m), 0 € (—»0,0).

Let the operators N= N, +N,, where
(X, (@)5)(6) = 3(6,0)0(0, @),

(N, (@)5)(0) = [ (6, p)¥(p, &, B)dp.

Claim 1: X, € SAP, (2).
For 6>0, one has

(%, (@)2)(6+8,)~ (N, [@)E)(6) | = |36 +5,,0)(0,8) - X(6,0)(0, )|
<Y, @l (€5 +e). (5)
Since { >0, we deduce that
lim | (X, @))(6 +6,) - (%, (@))(6) | =0.

Then X, e SAP; (X).

Claim 2: X, € SAPsl (2)..
For 6>0, one has

(8,(@))(0+3,) - (R, @)E)®)
=[50 +6,, ¥ (p,E, @)~ [ 360, p¥(p,E, @)
- jjls(mal, P (p,&, @)dp

+[7 703605, )P, @)~ 36,00 ¥(p,, 0N
=Y,(60)+7,(0),

where



MILD SOLUTIONS FOR FUNCTIONAL EVOLUTION EQUATIONS 1767

L
Y,(0)=["3(6+5,,p)¥(p,S,, ®)dp,
and
6+6, _ 0_
T,(0)=[, SO +8,p)¥(p.5, @)dp- | 3(0,p)¥(p, &, @)dp.

Using the fact that (3(8, p)),., is exponentially stable, we obtain

6=p
51 — +0, —,
Y,0)] < 7, [, e pip, @&, |, @)dp
S _ _
= 1€ U, @) P, [ e dp

=y,e ggf(”ép ||¢/a7)||P||Lw eg ’

which shows that
;imYl (6)=0.

Let us write
Y,(0)=[[3(0+5,,p+6)¥(p+5,&,, ®)dp-[ 36, p)¥(p,E, B)dp
and since the evolution family is §, -periodic, we obtain
T,0)< 36, H(p+5,,&,, @)~ W(p+3,,&,,@)|dp

+['30,p)1%(p+5,,E,,@)-¥(p,&, @) |dp
=1,0)+1,(6),

where
T
1,(0)=[ *36,p) ¥ (p+5,,5,,, @) =F(p+5,,,,@)dp

+[13(6, P ¥(p+8,,E,,8)-¥(p,&,, @) dp,

6
1LO)=[ 36,0 ¥(p+8,.8,., @)~ ¥(p+6,,&,,®)|dp
T
+[,3(60,p) ¥ (p+6,,&,.,®) - ¥(p,&,. @) dp,

and T, >. Observing that
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L@ <[[“3(60,0) ¥(p+8,,£,(p+6),0) - ¥(p+3,,&,,0) | dp

+

6
[ s<e,p><av<p+61,ép+5],w>—\P<p+61,§,,,af>dp‘.

Since £eSAP;,, we know that there is a positive constant T, >0

such that
60+6,@)-£6,m)|<¢, for=T..
By (H,), we have

o)-\Y(,5, @) Sg, for6>T..
61

¥ (6, ¢

p+6, 7

Thus, we get

[;30,(¥(p+5,,8,(p+8),8)-¥(p+9,,&, @)dp

)
< VlL_e*f’v(gfp)) [¥(p+96,,8,., @) —-P(p+5,E)ldp
0 _rio-p CE (6)
SJ.T%@ ¢ P>§—dp
e ’}/l
<g(e® —e 0T

<e.

Also, we have

T,
[36,p)(¥(p+8,,8,,, @)~ ¥(p+8,,&)dp

T
<7, J’O P (W(p+ 51,5,"”51 ,0)-P(p+ 51,§p) Ndp
T
<7, J’O O (|W(p+ 51,43,”51 @) +|¥(p+06,,§,,@)|)dp
T
<2y, [ e Pp(p,@)!(1&(p) |, @)dp

T
<27, € llye, @) e plp,@)dp.

For 620, it follows from the Holder inequality that
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SO HP+5,,,5,,0) - Hlp 3,8, @)ip

<2y, |pl, ¢ ||5||Bc,w)[jf Ry }

2y, el €16 [l @)
< )
¢

7)

(€% — e 5Oy

<e.

By (6), (7) which implies that %irn 1,(6)=0.
By (H,)(a), we can see that, for every £ >0, thereisa positive constant
T, >0 such that

¥(0+5,,£(0,0),m)-¥(6,5(0,0),0)|<e for0>T,.

Similarly, we find

[}
LO) < 7,[ e ¥(p+5,,8,,,@)-¥(p,E, @) dp

T, g
+ },lj'o o 0-p) |\11(p+51,§p)—‘l’(p,§p,ﬁ7)|dp

o o-p GE
< Lsyle P v dp

T

£, [P +8,,8,, ) 1 +1¥(p, 6, @) | )dp
< g(1—e )
+ 2ylj e p(p,m)(1E(p) |, @)dp
< g(1—e )
+ 20,0 €L, @) e p(p,@)dp.

For 6 >0, it follows from the Holder inequality that
L,(6) < g(1-e ™)
v 27, pl, 0E1L@)| [ vav]
< g(1-e ")
nllpll, (IS, @)

+ 2¢ 2 (e 07T —e70)

¢

<E&
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Consequently, 191m12(9)=0, we conclude that N, eSAP;. From

Claim 1 and Claim 2 we deduce X e SAP; (E), and (-, @) € SAP, (Z).

Next, we will prove that the opera’cor1 N satisfies all the ass{lmptions
of Lemma 2.6.

Let X =SAP, (£). Then we show that the mapping defined by (4) is a
random operator.]To do this, we need to prove that for any e X, N(-)(&)
:® > X is a random variable. Then we prove that R()(§): ©@ > X is
measurable since the mapping W¥(6,¢&,:), 6€Q, {e€X is measurable by
assumption (H,) and (H,).

Let 0:0 — 2" be defined by:

o@)={5eX:|&| < x(@)}

o(m) is bounded, closed, convex and solid for all @ € ®. Then o is
measurable by Lemma 17 (see [30]).
Let @ € © be fixed, then for & € 6(®@), and by (Al), we have

16, lle < Bi(P) &P [+B,(P) 1, lle
<o &)+, @], -

By (H,) and (H,), we have
|(N@)E)O)] < 36,0y 90,@) | 4[] 1130, 9) | (0., £, @) | dp
<7l +y, [ pip,@) (g, |, @) dp.
Set
D, = x(@)+a,| ol -
Then, we have

|N@)E)O) <7, | ¢l +7,4D,, @) | pll,_ (1-e)dp.

Thus
1,UD,,®)|lpl,

IR@)E) <7, 1, A S x(@).

Thus, N is a random operator with stochastic domain ¢ and R(®) :
o(@w) - o(@) for each @ € 0O.

Step 1: X is continuous.
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Let &" be a sequence where " — ¢ in X. Since the function ¥ is
Carathéodory, we can see that

[¥i0.8.0)- ¥(p £, )<~ ®)

If 6 €Q, then (8) and our hypotheses gives us that
[N@)E:(0)-N@)E, (0)
< [T 11306, P) 0 | ¥ (0. €, (), @)= ¥(p, E(p), @) | dp

Gero o
gyly_ljloe £(o P)dp (9)

gy
-
<Ee.
Then the inequality (9) reduces to
[N(@)E" -N(@)E],—>0 asn—>w.

Now, we conclude that N is continuous.

Step 2: We demonstrate that for @ €0, {{eo(®@): N@)E=&} # O. For
prove this we apply Schauder’s theorem [23].

N(o(@)) relatively compact: To prove the compactness, we will use
Corduneanu’s lemma.

(a) Firstly, it is clear that the assumption (i) is holds. Then we will
demonstrate that N(o(@)) is equicontinuous set for each closed
bounded interval [0,2] in Q. Let v, v, € [0,] with v, >v,, o(®)
be a bounded set as in Step 2, and & € o(@). Thus

| (R@)E)V,) -~ (R@)EV,) < 3(V,,00 = 3(v,,0) s | 0,
1] 'I3(v,, p) =3, PP, &, @)dp |
#1250, P00, 6, @)dp|
<[13(v,,0)=3(,,0) [z | 0
+ [ 113(v,,p)=3(v,, )| ['¥(p, &, @) ldp
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#2130, ) (0,6, @) ldp

</3(v,,0) = 3(v,,0) o | ©

+ (D, ®)[ M| 3(v,, )~ 3(v,., P) e, Plp, B)dp
v:lipll, D, @)

n (€750 _ gy,

¢

The right-hand of the above inequality tends to zeroas v, —v, =0, as

X is bounded and equicontinuous .

(b) Now we demonstrate that Q(6,®) = {(N(@)E)(0) : Eco(m)} is

precompact in Z. Let 6<[0,2] be fixed and let & be verifying
0<e<@. For & eo(@) we define

(8, @)2)(6) = 3(6,00(0,@) + (0,0 -2)f, O£, ¥(p &, @)p.

Since 3(6, p) is a compact operator and the set Q_(0,®@) = {(X,(@)<)
(0) : Eeo(@)} is the image of bounded set of Z then Q, (6,®) is pre-
compact in Z for every £, 0<e&<6. Moreover

|(N@)E)O) (%, @ENO) < [ |56, ) 0| ¥(p, &, @) | dp

—€

<7,4D, @[, & p(p,@)dp.
Thus, Q(0,@)={(N(@)5)(0): & e o(@)} is precompact in Z.

(c) We prove that X is equiconvergent.
Let { e 6(@), then from (H,), (H,) we have

(@O <7, | 9 +7, [ e p(p, @) D, @) dp,
it follows immediately by (H,) that |(N(@)£)(0)|> 0 as 6 — +oo.
Then
lim | (R(@)8)(6) - (R@)E)(+0) | =0.

Therefore, X is equiconvergent.

Consequently, (@) : o(®@) - o(®) is continuous and compact. By
Schauder’s theorem [23], N(@) has a fixed point &(@) in o(®@). Since
NeoO(@) # D, the hypothesis that a measurable selector of into exists
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holds. By Lemma 2.6, ¥ has a stochastic fixed point & (@), which is a
random mild solution of (1)-(2).

4. An example

Consider the following example:

1

2 ;
2 6,0,m)= j(8,0)-2 5(6,0,8) + C, @K (@) —L—
00 oo 2(1+92)7
xln[1+26'“|19(9,(x,67) |j,(xe(0,ﬂ),96(0,+oo), (10)
(1+6%)y+
5(0,0,m) = 0(0,7,m) =0, 0 & (0, +0), (11)
Hp,a,@)=0,(p,a,o), pe(-»,0),xecl0,rx], (12)

where j(6,¢) is continuous and uniformly Holder continuous in 8, K and
C, are a real-valued random variable.

Let 2=1*(0,n), (©,8,9Q) bea complete probability space, and define
D(0) by

@(0)n=j6,5n"
with domain

o(®)={neZ,n,n are absolutely continuous, n" € E, n(0) = n(r) = 0}.

Then ®(0) generates an evolution system 3(6, p) verifying (H,) (see
[20, 22]).

Let € =BUC(IR";E) be the space of bounded uniformly continuous
functions endowed with

H§||=sgg>lé(p)l, forfec

If p e BCU(IR™;ZE),€(0,7) and @ € ©, then
§6,0,0)=19(6,0,0),0 (0,2)

p(p,a,m)=19(p,a m),pe(-»,0),acl0,r],meO.

Set
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¥(0,9,m) =C,(@)K(®) O m|1+—2" 90,0,
2(1+6%)" (1+6%)

and we have ¥(0,9,@)=C (@)K(®)g(0,?, @)
|8(0+1/19/m)(v)_8(0/19/w)(v)|

<9 14— 90+1v,0)
2(1+6%) (1+6%)

LA P 2072,,2 |19(9,V,05)|J

2(1+6%) 1+6%) "
6 142(0+1)" |9(0+1,v,@
RN RS- RSl ) )
2(1+6%) 14207 |96, v, D)|

0+1 o
o 9+1)" 1{0]
< In ( j +

(1467 0 14207 | 9(6,v, )|

2(1+6%)"

Now from (13), we can see | g(8+1, ¢, @) (v) — g(6, ¥, @) (v)| tends
tozeroas 6 — o, then |Y(0+1, 9¥) (v,©) — ¥Y(6,z) (v,@)| tends to zero as
6 — . Hence condition (H3)(a) is satisfied.

The function ¥(6, (), @) is Carathéodory, and verifies (H,) with

1

p6,m)= K(GJ)LZ and /(a, @) =|C (o) lln(l +2t).
21+ 6y 4
Then the problem (10)-(11) in an abstract formulation of the problem
(1)-(2), and conditions (H,)—(H;) are satisfied. Theorem 3.2 implies that
the random problem (10)-(11) has at least one random mild solutions.
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