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Abstract

This paper utilizes two-dimensional differential transformation for some complex two-
variables functions. A recurrence formula related to a complex partial differential equation of
order n is presented. In addition, 2-dimensional differential transformation method is used
to introduce analytical solutions to complex partial differential equations by the obtained
recurrence relation.
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1. Introduction

Many important real-world applications can be formulated as partial
differential equations (PDEs) [1, 2, 3]. In the year 1999 a differential
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transformation was delineated as an approach to solve initial and boundary
PDEs [4]. Furthermore, many studies have focused on differential
transformation to find solutions to PDEs [5, 6, 7, 8, 9]. Diiz and Ilter,
applied this transformation to solve complex partial differential equations
(CPDEs) analytically and approximately [10]. In 2021, Diiz introduced a
formulation for the complex partial derivatives of the complex functions
and used this formula to solve the CPDE of order n using the El-Zaki
transformation method [11]. In addition, many researchers investigated
this field using a variety of methods, including the two-dimensional
differential transformation method [12, 13], SEE transformation approach
[14], and the Aboodh transformation approach [15]. In this paper, the two-
dimensional differential transformations for many complex functions of
two variables are given, and then used to solve the complex partial
differential equation of n"™ order with the 2-dimensional differential
transformation approach.

This work has been summarized into five Sections as: fundamental
concepts of this paper are outlined, a table of two-dimensional differential
transformations for elementary complex functions is given, a two-
dimensional differential transformation is utilized to discover a recurrence
relation related to the n"™ order CPDE with two examples and the
conclusions.

2. Fundamental concepts

This section consists the essential principles that are required in this
work.

Definition 2.1: [4] Let f(x,y) be an analytic function and continuously
differentiable on the nonnegative integer. Then,

C+@
F(¢, @)= g,;!%afj’;;” : 2.1)

x=y=0

is called the two dimensional differential transformation of f(x,y). The
inverse of transformed function given in (2.1) is:

flx,y)= gﬂ mi;oF(C @)Xy’ (2.2)

In the next theorem, some basic properties related with the two
dimensional differential transformation for real functions are presented.
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Theorem 2.1: [4] Let v=u0(t,t,) be a real valued function, A, and A, are
constants and V(1 p) the 2-dimensional differential transformation of v(t,,t,).

1. Ifo=24g8t,t,)xA48,(t,t,) then V(¥ p)=AG, (¥, p)£A,G, (Y, p).
2. Ifo= M then V(83 p) = (9 + 1)G(D +1, p).

3. Ifo= f’g‘“ 8 then V (9, p) = (p+1)G(&, p+1).

4. va_ﬂthen V(®,p)=0+1)-- @ +k)(p+1)-(p+1])
G(19+k,p+l).
5. If v=t"t," then V(d,p)=8(—m, p—n):{;’ z;m’p:"

Theorem 2.2: [11] If w =w(z,Z), then
an+7 1 n r ] .l anH'w
2"*’ 2 Z( l) ( )( ) j

ooz 6xn+r—(]+l)6yj+l

3. 2-dimensional differential transformation for important complex
valued functions of 2 independent variables z and z

This section starts with derivations of 2-dimensional differential
transformations of real functions, followed by introducing a table of
2-dimensional differential transformations for complex elementary
functions which is essential for solving CPDEs.

Theorem 3.1: Let h=h(t,,t,) be a real valued function, 4,u,6 and 7 are
constants.

1 Ifh=e™", then H(®,p) =" W.

(9+p)
2. If h=sin(At, +ut,), then H(9, p)— ﬂ, psin-= .

LS Carl

3. If h=cos(At, +ut,), then H(®, p)— Sipi >
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AP
4. If h=sinh(At, +ut,), then H(®,p) =1 9'p'’ if 9+ pisodd

0 ,if 9+piseven.

A% P
5. If h=cosh(At, +ut,), then H(, p) =1 o'p!’
0 , if 9+ pisodd.

if 9+ piseven

()PP AP PP (3+p-1)!
Blp! :

6. If h=In(At, + ut, +0), then H(, p) =

7. If h= e’“l*‘”2 sin(ot, +t,), then

H(ﬁ p) _ P /119_]‘1’up_/20-].11/2 sin (j1+j2)ﬂ .
h—o ]z—o 7112 ' (@0=j)p=j2)! 2

8. If h=e""""cos(ot, +1t,), then

P 119_11 P‘fz()—ilrjz (] +j )7[
H®®,p)= u cos ATIT
(@p)= hz—:ojzz—:o]l o l(@=j1)p—j2)! 2
9. If h=e""=sinh(ot, +1t,), then

H®,p) = 51 [(A+0) (4 +7) ~(A=0) (4 =7))

10. If h=eMHe cosh(crt +1t,), then
H@,p) =551, ,[(/l +0)" (u+7) +(A-0)"(u—-1)].

11. If h=(At, +ut,)", then H(®, p)_%awm n).

12. If h=(At, +ut,))"e” "™, then

v 2P
H(®, nl Ma nei —i).
(@.p)= JEOJZZOh 2 l(@=j1) (p—j2)! (=j=1)

13. If h=(At, +ut,)" sin(ot, +1t,), then
5 ky ks <0k, _p—k,
AT A AR T S )
120 k,=0 Ky 1y (=K ) (p—k7)!

H(®, p)=n!sin (MPZ_")”
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14. If h=(At, +ut,)" cos(ot, +1t,), then

(0, p)=lcos P20 § & it

K20 k,=0 k1'ko! (19 k)i(p—k)! O(n =k, k).

15. If h=(At, +ut,)" sinh(ot, +1t,), then
n! & & Mphe® heP hs(n—ji-j)

H®®,p)= 120720  Jili2'@=j)p—j2)!
0 , U+ p—niseven.

, O+p-nisodd

16. If h=(At, +ut,)" cosh(ot, +1t,), then
a1y Mule" PR (n—ji—jp)

H®,p)=1 j=0j-0 7'R'@=1)p=j)!
0 , U+p-nisodd.

, U+p-—niseven

where 5(0 +p—n)= {1 j;p "and S(n—j —j,)= {(1) ]';:N]'fn

/~r

Proof: Some selected functions in Theorem 3.1 will be proved, and the
other proofs are similar. To prove 2, Definition 2.1 yields the following
after achieving the differentiations:

H®,p)=2 i ,sm(””+ +At, + ut,)

(0,0)

_ AP . (0+p)m
~ wlp! 2

For 11, Definition 2.1 provides us the following:

MY, + ut)' (3.1)

H®®,p)=n(n-1)---(n-9- p+1) Sip)
(0,0)

Equation (3.1) implies that:

9
H(ﬂ,p)z%ﬁf”)!if n=9+p,and H(®,p)=0 if n =0+ p.

Then, 11 of Theorem 3.1 is obtained.
For 12, Binomial theorem and Leibniz rule yield:
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30+p n— 0' +Ti
H,P) = 5157 oo (1) () () e

(t,,£,)=(0,0)

D, -4 p_4

=07 1 dh T dt,
n [ P
=ﬂ},2(2)lk n—k Z(l )Dt]l lkDﬂjlect Z(] )DlztnkDplzeﬂ] ]
P k=0 j,=0 =0 j,=0\ "2 t,=0

If k=j, and n—-k=7j,, then

1 &\ gk, nkpmo kot nok ot
= A D't ! Dpt 2
()4 D e ]

L h jzo-ﬂ’flfp’jz
H(®, n'Z Z D #—
(@)= £20 720 fam0 112 (@=j1)p=j2)!

and otherwise F(#%,p)=0.
Hence, 12 of Theorem 3.1 is achieved.

Table 1

2-dimensional differential transformation for some complex functions

No- Function D, {Function}
A ip;LI9+p
' ¢ 5o
Az (—i)" ll9+p
’ ¢ vlp!
iPA0P )
3 cosh Az sipr if O+piseven

0 , if 9+pisodd

4 In(AZ +0) (1P 1P AP GTOP (94 p-1)!
vlp!
5 e*sinoz P S ATPRehtE o (1+j2)n
720 7,0 /11 j2 (D=1) (p=j2)! 2

LI L (_1)71 Aﬂ‘fp’fl’fzo-fl*fz (]’1+]'2)77:
6 # Z Py X o C0S
¢ cosoz 7120 ,=0 J1'j2! (0= p—j2)! 2
7 e’ coshoz 21,, ,[(/'LJFO')MJr(l 0)""]
P
8 2 PO+0)! 519+ p—n)

Sip!
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Based on the previous derivations for selected functions, the above
table 1 introduced a large class of complex valued functions that are required
for many applications and in solving CPDEs via the two dimensional
differential transformation method. The above table 1 introduced is
presented based on specific constant values A,u,0 and 7 in Theorem 3.1.
For example p=A4i in1,and u=A4i, T =-0i in 8 of Theorem 3.1 are chosen
to correspond to Nos. 1 and 6 respectively, in Table 1 when x =t and y =t,.

4. Solution of the nonhomogeneous n" order CPDEs with constant co-
efficients using two- dimensional differential transformation method

This section exploits a 2-dimensional differential transformation for
solving the nonhomogeneous complex PDE where the coefficients are
constants.

Theorem 4.1: Consider the following complex PDE of order n:

s 5c,,  TTeED _ fp 7). (4.1)

=0 1=0 ‘VlmV?’aYlWlVa*V

with initial conditions:
(pys(x,O):ds(x), s=0,1,...,n-1, (4.2)

and at least one of the constants C,o Coiyreeer €y, is not identical to

zero. The CIVP (4.1)-(4.2) has a solution of the formula:

0(z2)=% Z<D(l9 D> Z(D(l‘} p+nx’y™", (4.3)
p=09=0 p=09=0
such that:
O3, p+n)=
e [2F@,p)- C,, S ()7 (2)@+D)
(p+1)--(p+n) E)(_l)n_rcn—r,r " =0 /

@t n— )P +1).(p+ ) DO +n—], pj)— 'gcn_”"g(_lyim
(”f’)(19+1)...(19+n—j—r)(p+1)...(p+j+r)<I)(z9+n—j—r,p+j+r)

_ZCn”Z( 1)7("r) z’*’( )(19+1)...(19+n—j—l)(p+1)...(p+j+l)

o n=j-Lp+j+)-$2" e, 8@y (s ()

@B+1)..0+n-m—-j-0) (p+1)...(p+j+) PO +n-m—j-1,p+j+I)],
(4.4)
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where p=0,1,...,n-1 and i D, p)x’ is expansion of
=0
~d (x), p=0,1,...,n-1. (4.5)

Proof: Let ®(9,p) and F(¥,p) are 2-dimensional differential
transformation of ¢(z,z) and f(z,z) respectively. Applying Theorem 2.2
to equation (4.1) and then using 4 of Theorem 2.1 and simplifying the result
relation to obtain ®(#%, p+n), then the iterated formula (4.4) is obtained.
Furthermore, the conditions in equation (4.2) make it clear that:

S O, sp =1 d (x), s=0,1,...,n-1, (4.6)

v=0

4.1 Illustrations for Solving Linear CPDEs:

This section presents exact solutions for CPDEs using Theorem 4.1.

Illustration 4.1. Consider the non-homogeneous second order CIVP as
follows:

Q.+ . =1+z, 4.7)
(p(xlo):le goy(x,O):O. (48)

Here, the analytical solution is ¢(z,z) = zz.
In comparison with Theorem 4.1 and equation (4.2), then: n=2,
C1,1 =1, C), =1, f(z,2) =1+z. Also:

Y O, 0)x” =2, (4.9)

¥=0

i O(8,1)x” =0 (4.10)

Table 1 yields that F(9,p) = 1;?{’ (55 + p)+ 80+ p—1)).

Equation (4.4) provides the following recurrence relation for
9,p=0,1,2,...:

OW,p+2)= s (p+z> [ 0?/3? SO+ p)+8@D+p-1))—(d+1)

B +2)D(3+2,p)-2(3+D)P(F+1, p)-2i(p+1)D(Y, p+1)], (4.11)
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Putting p=0 into equation (4.11), implies:
D(B,2) = %[4(6(19) +6(0-1) - (O +1)(P+2)D(¥ +2,0) - 2(3 + 1)@(H +1,0)],

Hence ®(0,2)=1, ®(%,2)=0 for ¥ 0.
Putting p=1 into equation (4.11), implies:

d(9,3) = %[41'(19 +1)8(9) - 4id(8,2)], 9=0,1,2,...

which gives ®(#},3)=0, V9.
If p=2,3,... is placed into equation (4.11), then:

O(,4)=D(,5)=...0, V.
Thus, through equation (4.3) and values of ®(%, p); the solution of the
CIVP (4.7)-(4.8) is:
0(z,Z)=D(2,0)x> +®(0,2)y’
=2z

Ilustration 4.2: Consider the non-homogeneous fifth order CIVP as follows:
O P, TP, +Q= 2sinz, (4.12)

o(x,0) = xsin(x),
?, (x,0) =i(x cos(x)—sin(x)),
. (x,0) = xsin(x) + 2 cos(x),
P, (x,0) =i(x cos(x)—3sin(x)),
P, (x,0) = xsin(x) + 4 cos(x).
Here, the analytical solution is ¢(z,z)=zsinz.

In comparison with Theorem 4.1 and equation (4.2), we obtain that:
n=50C,,=C,=C,=1C, =-1 and f=2sinz. Also:

0 4 6 8
%@(ﬂ,O)x”:xZ—%+%—%+m, (4.13)
0 2i 3 4i 5 6i 7 8i 9
> O, D’ =- 13"‘ + ;"‘ - ’7", +’T"!—--- (4.14)

¥=0

) 4 2 6 3 8
gofb(ﬂ,Z)xﬁ:l—%Jr%—%Jr---, (4.15)
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.5 7
P (116)
and
> @ 4)xﬂ:i_ﬁ+ 2 (4.17)
Lo, 31 51 12(61)  12(8) .
Theorem 3.1 yields that F(33, p) = (19+2p)7t

Equation (4.4) implies the following recurrence relation:

_ —i 64if . (ﬂ+p
PO, P+5) = papaipanpss) LoprSin +3@+D(p+1)(p+2)

(p+3)(p+4)d)(19+1,p+4)+21(19+1)(19+2)(p+1)(p+2)
(Pp+3) PW+2,p+3)+ 2+ (W +2)(D+3)(p+1)(p+2)
OW+3,p+2)+3i (B+1D)(D+2)(3+3)(P+4)(p+1) (P +4,
P+ -+ +2)(+3)(D+4)( D +5)P(3+5, p)—4i(p
+D(p+2)(p+3)P(Y, p+3)+4(+D(p+1)(p+2)D(I3+1,p
+2)-4i(0+1)(3+2) (p+1) DD +2,p+ 1)+ 4B +1)(D+2)
(B+3) OB +3,p)+ 8(p+1)(p+2) DY, p+2)+16i(F+1)
(p+ DD +1,p+1) -8+ 1)(D +2)D(3+2, p) - 32D(3, p),
¥=0,1,2,.... (4.18)

We realized the following cases using equation (4.18) for 1, r, =0,

1. ¥=2r, p=2r, gives ®(2r,,2r, +5)=0.
2. ¥=2r+1, p=2r,+1gives ®(2r, +1,2r, +6) =0.

_ _ [21 (2, +4)]i(-1)"

3. ¥=2r+1, p=2r, gives ®(2r, +1,2r,+5) = TR
_ _ . [-21+(2r,+6)](-1)1

4. ©=2r, p=2r,+1, gives ®(2r,,2r, +6) = ) ne

Using the above cases and equations (4.13)- (4.17), equation (4.3)

provides following solution of the CIVP (4.12) :
¢(z,2)= Z Z‘D(ﬂ PRy +3: 2‘13(131 PRy’

o5 420
3 5 . Z5 Z7
:x[z—§+ﬁ—ﬁ+~--]—1y[z—§+ﬁ—ﬁ+-~-]

=zsinz.
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5. Conclusions

The results presented in this paper can be used to calculate the
2-dimensional differential transformation for an oversize of complex
functions. Furthermore, we present an iterated relation for solving the
complex partial differential equation of n™ order using the 2-dimensional
differential transformation method, which makes solving any
nonhomogeneous linear complex partial differential equation with
constant coefficients easier and simpler.
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