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Abstract

In this study, we resolve fuzzy convolution in two dimensions. By using the double
fuzzy Aboodh transform method, Volterra integral equations are solved. Using the double
FT-Aboodh method, when applied to the problem it converts into an algebraic problem.
A detailed investigation about convolution along with its properties and theorem and
an accompanying proof is presented. We provide some first findings using the double
fuzzy Aboodh transform technique. Lastly, an example is used to illustrate the method’s
functionality and highlight its potential.

Subject Classification (2020): 26A18, 28Dxx.

Keywords: Fuzzy aboodh transform-transform, Solve ordinary linear differential, Double fuzzy
aboodh transform.

1. Introduction

Applied mathematics is vital in giving the means to comprehend
and evaluate unclear occurrences in a world where ambiguity and
complexity are the norm. Fuzzy integral equations are one such
instrument that has grown in significance during the last several decades.
The aforementioned equations embody the union of integral theory with
fuzzy set theory, providing a sturdy mathematical structure for managing
data and information that are intrinsically ambiguous or inaccurate.
These components are combined in fuzzy integral equations to provide
an analytical tool that can handle the complexity and imprecision that
researchers often run across in a variety of domains. The integral
transforms have their grandfather in the Fourier transform, which is used
to express functions in a finite interval. Several works address the theory
and applications of integral transforms, such as Laplace and Mellin
transforms [6-10]. Later, the idea of integral transforms was extended
such that finite intervals were not required. The Aboodh transform is a
novel integral transform suggested by Khalid [11-19]. Fuzzy Aboodh
transform [1-5] is among the most modern techniques for solving issues
represented in a fuzzy environment. Numerous types of fuzzy differential
and integral equations have been solved using FAT [6]. The issue is
transformed to an algebraic problem, which is considerably easier to
answer, by utilizing FAT. This is under the category of operational
calculus, and within it, fuzzy Laplace transform is regarded as one of the
most effective methods.

2. Double Fuzzy Aboodh Transform

This section introduces the definition of the double fuzzy Aboodh
transform. We also provide various characteristics and theorems related
to the double fuzzy Aboodh transform.



SOLUTION OF VOLTERRA FUZZY INTEGRAL EQUATIONS 1651

Definition 2. 1 [10]: Let O(x%) be a continuous fuzzy-valued function.
Assume that — O(X)e #% i3 an inappropriate fuzzy Rimann-integrable on

[0, ), then — > fo O(x)e™#*dx is being called fuzzy Aboodh transform
and is referred to as

AlO®)] =S(p) = %fooo O(x)e™#*dx, (p > 0 and integer)

1 (o _ 1 (oo _ 1 (oo _
;fo O(x)e™#Xdx = (;fo 0%, we ”de,;fo O(x, we #x dx)

Definition 2.2: Let O(x,y) be a continuous fuzzy-valued function.
Assume that ;% O(x,y)e #*W is an improper fuzzy Rimann-integrable
on [0, 0] X [0, oo], theni%()(x, y)e #*Wdxdy is being called double
fuzzy Aboodh transform and is referred to as
A [0yl = S(p, W) = ——f Jy 0 y)e W dxdy,
(p, U > 0 and integer),
= Iy Iy 0 y)e#* Wdxdy =

11 (o0 oo ke 11 (o0 00~ oy
Gl 06y, e Wdsdy, -2 7 7”0y, we W dxdy ).
Furthermore, possible to display parametrically as follows
B[00 )] = (A20(x, 1), 8,0y, 1))-

Where double fuzzy inverse Aboodh transform can be written as the
formula

By I8 W] = [0 y)] = [(A27 0y, A7 Dy, W)

Theorem 3.3: If O(x,Y) is a continuous fuzzy valued function and
A0 )] = S(p, W) then:

A[0(x,y)e™*PY] = S(p — a, (U — b)), where e3P s real value
function and (p — a, (U —b) > 0.

Proof- A,[0(%,Y)] = S(p, U)
Bol0Gey)] =2 fy fy 00k y)e W dxdy

A [0(xy)] = ~
(%% Iy 0y, e W dxdy, i% Iy J, Oy, u)e‘f”"‘uydxdy)
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A, [0(x,y)e®*PY] = (;%fow I 0,y e #* W e+ dxdy,
Iy 1 Oy, e W e+ bY dxdy )
B[00k y)e™™] = (23 [ )7 0y, we™ (@l gxdy,
1% [ 170k, y, we(@mox-U-by) dxdy)
Ko [0(x, y)e™ ] = $(p —a, (U — b))

3. Regarding fuzzy convolution in two dimensions Integral
equations of Volterra and double fuzzy Aboodh transform

The two-dimensional fuzzy convolution the definition of second-
kind integral equations is

0(xy) = pxy) + [ [ K(x—B,y — ) 0(,¢) dBdd
Where
*  O(x,9) is the unidentified fuzzy function that requires our solution.
=  p(x,Y) is an established fuzzy function.

»  K(x—Bb,Y—¢) is the fuzzy kernel function, which defines how the
values of U(x,Y) at different points interact.

= The convolution operation Multiplication in the kernel K(x — p,y —
U) O(p,U) reflects the interdependence of the function values over
the domain.

Double fuzzy application Aboodh changes on both sides, giving us
B[00 )] = By [pGey) + f) fy K(x =B,y — ) O(6, $) dBdo]
Case (1): If p(x,y) and K (x — B,y — &) are positive, then
A[0Gy W] = A, [p(x. Yo |+ pUA K Y) A [ 0y, 1) ]
Ar[ Oy, 0] = A [ By, 0] + pUA[K (%, ) Az[ O(x ¥, W]
Case (2): If p(x,y) and K (x — B,y — ¢) are negative, then
A [ O(xy, W] = A [ By, W] + pU A [K(x,Y) A [ O(x, Y, W]
A [ 0G Y, ] = Az [ PGy ) |+ #U AL [K (%, Y) A [ Oy, 1) ]
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Case (3): If p(x,Y) is positive and K(x — B,y — ¢) is negative, then
Az[ Oy, W] = Azl B Y, 0] + U AL [K(xy) Az[ Oy, 1) |
A[0G Y, ] = A [ PGy ) | + 2U AL [K (%, Y) Ao[ Oy, )]

Case (3): If p(x,y) is negative and K(x — B,y — &) is positive, then
A[0G6 Y, ] = Az [ PGy ) | + 2U AL [K (%, Y) Ao[ Oy, )]
A[ Oy, W] = Ax[ B Y, 0] + U AL [K(x,y) A [ Oy, 1) |

References

(1]

(2]

(3]

[4]

[5]

[6]

S. S. L. Chang and L. A. Zadeh, “On Fuzzy Mapping and Control,”
IEEE Transactions on Systems, Man, and Cybernetics, vol. SMC-2, no.
1, pp. 30-34 (1972). [Online] Available: https://doi.org/10.1109/
tsmc.1972.5408553.

S. M. Kadham, M. A. Mustafa, N. K. Abbass, and S. Karupusamy,
“Comparison between of fuzzy partial H-transform and fuzzy par-
tial Laplace transform in x-ray images processing of acute interstitial
pneumonia,” International Journal of System Assurance Engineering and
Management (2023), doi: https://doi.org/10.1007 /s13198-023-02001-
3.

S. N. J. Alamiry, S. M. Kadham, M. A. Mustafa, and N. K. Abbass,
“Encryption and enhance medical image using hybrid transform
(A-module and partial fuzzy H-transform),” ]. Discrete Math. Sci.
Cryptogr., vol. 26, no. 7, pp. 1903-1910 (2023), doi: https://doi.
org/10.47974 /jdmsc-1683.

M. Z. Ahmad and M. K. Hasan, “Numerical Methods for Fuzzy Ini-
tial Value Problems under Different Types of Interpretation: A Com-
parison Study,” Commun. Comput. Inf. Sci., vol 252. pp. 275-288 (2011).
[Online] Available: https:/ /doi.org/10.1007 /978-3-642-25453-6_25.

P. Diamond, “Theory and applications of fuzzy Volterra integral
equations,” IEEE Transactions on Fuzzy Systems, vol. 10, no. 1, pp. 97-
102 (2002). [Online] Available: https://doi.org/10.1109/91.983284.

S. Ziari and A. M. Bica, “New error estimate in the iterative numerical
method for nonlinear fuzzy Hammerstein-Fredholm integral



1654 M. A. KADHIM ET AL.

equations,” Fuzzy Sets and Systems, vol. 295, pp. 136-152 (2016).
[Online] Available: https:/ /doi.org/10.1016/j.fss.2015.09.021.

[7] F. Mokhtarnejad and R. Ezzati, “The numerical solution of nonlinear
Hammerstein fuzzy integral equations by using fuzzy wavelet like
operator,” J. Intell. Fuzzy Syst. vol. 28, no. 4, pp. 1617-1626 (2015). [On-
line] Available: https://doi.org/10.3233/ifs-141446.

[8] J. W. Layman, “The Hankel transform and some of its properties.,” J.
Integer Seq.” vol. 4, no. 1, p. 15 (Jun. 2001).

[9] H.Sedeeg, “An Application of the New Integral ‘Aboodh Transform’
in Cryptography,” Pure Appl. Math. ]., vol. 5, no. 5, pp. 151-151 (2016).
[Online] Available: https:/ /doi.org/10.11648/j.pam;.20160505.12.

[10] S. T. A. Alshibley “Solving a Circuit System Using Fuzzy Aboodh
Transform,” Turk. |. Comput. Math. Educ., vol. 12, no. 12, pp. 3317-3323
(May 2021). [Online] Available: https:/ /doi.org/10.17762 /turcomat.
v12i12.8029

[11] S.T. A. Alshibley and A. N. Alkiffai, “Using Fuzzy Aboodh Transform
to Solve A System of First Order Fuzzy Linear Differential Equations,”
J. Phys. Conf. Ser. vol. 2322, no. 1, pp. 012008-012008 (2022). [Online]
Available: https:/ /doi.org/10.1088 /1742-6596 /2322 /1/012008.

[12] S. A. N. Alkiffai, and A. N. Albukhuttar, “Fuzzy Aboodh trans-
form for 2nd and 3rd-Order fuzzy differential equations,” AIP
conference proceedings (2023). [Online] Available: https://doi.
org/10.1063/5.0112535.

[13] F. Iavernaro and F. Mazzia, “Block-Boundary Value Methods for the
Solution of Ordinary Differential Equations,” SIAM Journal on Scien-
tific Computing, vol. 21, no. 1, pp. 323-339 (1999). [Online] Available:
https://doi.org/10.1137 /51064827597325785.

[14] M. R. Farahani, S. Jafari, S. A. Mohiuddine, and M. Cancan., “Intu-
itionistic Fuzzy Stability of Generalized Additive Set-Valued Func-
tional Equation via Fixed Point Method,” Mathematical Statistician and
Engineering Applications, vol. 71 no. 3s3, pp. 142-154 (2022), [Online]
Available: https://doi.org/10.17762 /msea.v71i3s3.355.

[15] R. F. Kadam, and K. M. M. Al-Abrahemee. Neuro-fuzzy system for
solving fuzzy singular perturbation problems ” |. Interdiscip. Math.,
vol. 25, no. 5, pp. 1509-1524 (2022). [Online] Available: https://doi.or
g/10.1080/09720502.2022.2079229.



SOLUTION OF VOLTERRA FUZZY INTEGRAL EQUATIONS 1655

[16]

(17]

(18]

(19]

D. E. Abdulrasool, and A. N. Alkiffai. Population growth equation by
fuzzy common integral transforms” |. Interdiscip. Math., vol. 25, no. 6,
pp- 1909-1918 (2022). [Online] Available: https://doi.org/10.1080/09
720502.2022.2095960.

R. Dhavaseelan, S. Jafari, M.R. Farahani, and S. Broumi, “On single-
valued co-neutrosophic graphs,” Neutrosophic Sets and Systems, Vol.
22, pp. 180-187 (2018). [Online] Available: https://doi.org/10.5281/
zenodo.2159886.

S. Jafari, M. R. Farahani, and M. Rajesh, “Double fuzzy rarely
con—tinuous functions,” Ann. Fuzzy Math. Inform., vol. 26, no. 1, pp.
35-45 (2023).

M. R. Farahani, J. E. Ndpoles, M. Cancan, S. Jafari, and C. Park, “Fuzzy
stability in the sense of Hyers-Ulam-Rassias of a functional equation
on quadratic forms” J. Interdiscip. Math., vol. 26, no. 6, pp. 1355-1365
(2023). [Online] Available: https:/ /doi.org/10.47974/jim-1633.

Received November, 2024



