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Abstract

This paper provides a brief overview of the Riemann-Liouville fractional operator
(R operator) on S-Function. The key findings illustrate the impact of these operators on
the parameters, showing that both the R- fractional operators of differential and integrals
involving the S-Function can be represented using S-Function. These results can be used to
derive specific cases by adjusting the parameters accordingly.
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1. Introduction

Fractional Calculus (F.C.) has gained attention in recent years, emerging as
a rapidly expanding area of mathematical analysis. This field focuses on applied
mathematics that involves arbitrary order derivatives and integrals. [1-3]. The
F.C. operators that connect numerous special functions have become more vital
and are applied in various branches of mathematical analysis. Applications of
F.C. are prevalent in areas such as “astrophysics, turbulence, nonlinear
biological systems, fluid dynamics, stochastic dynamical systems, plasma
physics, nonlinear control theory, image processing, and quantum mechanics [4-
5]. Over the past four decades, many researchers have extensively studied the
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properties, applications, and various extensions of different fractional calculus
operators. Comprehensive discussions on generalized F.C. operators, their
properties, and applications are observed in sources and research monographs
[6-7].

Recently, several research publications have been published regarding
generalized classical F.C. operators [8-9]. The R;- operator [10] is a fundamental
tool in fractional calculus, with numerous applications across physics,
engineering, biology, and other fields where systems demonstrate memory and
complex behaviour. The R;- operator of integral of order & > 0 for an integrable
function f: (0,0) — R as

IEF(8) = — [(t —)* ' f(s)ds, t > 0 (1)
R;- operator of derivative of order a € (n — 1, n] for an integrable function
f:(0,00) > R as
14" ot —
Dyf(t) = F(n—a)mfo (t — )" **1f(s)ds, t > 0 2)

The beta function [11] was introduced by Leonard Euler in the 18th
century and is defined as
r(r(p)

B(4,p) = B(p,A) = )
The modified beta function [12] is defined as:
SEB - 0P (x — )*tdx = (B — )P B(A,p),R(A) > O,R(p) >0 (4)

Saxena and Daiya define the S-Function [13] as

S8 ) 1 vo  @Om-GdmDmprz™
Sy P Pa 1 0i 2] = Emeo o mOS %)

k€R,6, n ¢ BeECRe[)>0,p(i=123..0,q;(G=123...b),
Re(8) > kRe(p), and a < b + 1. According to Diaz and Pariguan [14], the k-
gamma function and the k-Pochhammer symbol [14] are defined as follows:

'y ({+mk)
Omp =1 e  KERTEC/OLLEN
{((+k)...(+(m~-1k), me(C,{eC

1
r'(a)

3)

(6)

Special Cases
When a =b = 0 the S-function simplifies to the generalized k-Mittag-
Leffler function [15], as defined by Saxena et al.

GBI, _. 1 vyo _Omprz™ _ ¢p J
S0 177521 = B0t s e = Exon (@R (; - ﬁ) >a=b  (7)
When k = 8 = 1 the S-function simplifies to generalized K-function, as

defined by Sharma [16]:

S(&n

) PDm-PdmQmz™
(a,b)(ll)[pl-'-pa;ql---qh;z] =Zm=0(q PP o m

Dme-(ap)m I (mé+mm!

s,m,
= Koo [P+ Pe Gu- -, G5 2], R(8) > a = ®
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When B =k = { = 1the S-function simplifies to generalized M-series
defined by Sharma and Jain [17]:

@6n1,1,1) oo
SO [y Py G i 2] = Lo

(GUm-Gdmz™
m-(ap)mI (mé&+n)m!

5,
= MO [P1.)Pei 1 G5 2], R(E) > a— b — 1 9)

2. Riemann-Liouville Fractional Operator of S-Function
In this section, we will discuss the results related to the S-Function when
subjected to the R;- operator of fractional derivatives and integrals.

Theorem 2.1: Let a« >0, k €R,5,1n,{,B € C,Re(8) >0 and Iy be the R-
operator of fractional integral then there holds the relation:

5n.8.8.k ¢ 8.n.8.8.k
LS "0 0) = 2 Saaiehty e po Liar.an (L + @)yl (10)

Proof: Consider the R;- operator of fractional integral (with the lower limit set
a = 0 to the variable y) applied to the S-Function.

6n.4,8.k) 1 ry -1 c(6n.8.B.k)
BSen 00 = 15 1) & = 09t st (11)

On using definition (5) on eq (11) we get,
1 Ve na-ive | POmeGdmmpgrt™ 12
T @ fO O = 0% o (a1 m--(ap)ml (M +n)m! dt (12)
subsequently altering the integration and summation order,
_ 1 v POm-Cdm(Omp.k Yoo na-1im
T @) Lm=0 (@) m-(ap)mI(mS+m)m! fO O = O t"de (13)
By using definition (3) and (4)

(pl)m---(pu)m(()mﬁ,k

—_1 yo m+a 14
r(a) Zm=0 (Q1)m---(QB)mrk(m5+7])m!y B(m+1,a) (14)

(pl)m---(pu)m(()mﬁk r(m+1)

— a o y m

=¥ Zm=0 (q)m--(ap)ml g (MS+n)m! F(m+1+a) (1)
_ y& Zoo (pl)m---(pu)m(()mﬁ,k(l)mym (16)

T r+a) “™=0 () .. () m e (ME+1) (1+a) mm!

_ Y% (BB . .
- r(i+a) S(a+1,b+1) [pl - Pao 1' g1---9p, (1 + (Z), y] (17)

This demonstrates that the R;- operator of fractional integral of the S-
function results in another S-function with indices a + 1 and b + 1.
This concludes the proof of Theorem 2.1.

Theorem 2.2: Let « >0, k € R,8,1,{,8 € C,Re(5) > 0 and Dy be the R;-
operator of fractional derivative then there holds the relation:

(8.n..8.k) _ Yy %“(m+n-a)! (6m.8.8.k) . .
D)‘/zs(a‘b) (Y) - m X S(a+1,b+1) [D1---pa,1, g1---0ps (n —a+ 1)' J’]

(18)
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Proof: Consider the R;- operator of fractional derivative (with the lower limit set
a = 0 to the variable y applied to the S-Function.

n.,B.k) y (6.1.8.8.k)
DESER PP = (L) Py —oret sEH R wae (19)
On using definition (5) on eq (19) we get,
1 y n—-a—1 (p1)m---(9a)m(omﬁ,ktm 20
= roca Gy ) Jo & = O o G omrema e % 20)
subsequently altering the integration and summation order,
(P)m-PdmDmpk y n-a-1;m
I"(n -a) Lm= =0 (41)m- (%)ml"k(m5+n)m‘( ) f o-0 trdt h
By using definition (3) and (4)

(Pl)m---(%)m({)mﬁ,k d\"n man—a
= B(m+1,n~ 2
Dm--(@p)mlk(md+n)m! (dy) y (m+1n—-a) (22)

F(n a) Xm=0 (a

Now differentiating n times, the term y™*"~% and using definition (6) we
get
0 (Pl)m---(pa)m(g)mﬁ,k (m+n-a)! m—-a DWm
= — 2

Lim=0 (@) m--(ap)mIk(ME+m)m! (n—a+1)m (23)
Yy~ (m+n-a)! yo G)m-P)m(mp x(Mm+n—a)(Dmy™ (24)

rtn-a+1) “"=0 (@)m.(ap)mlk(mS+n)(n=-a+1)mm!

Yy~ ¥(m+n—-a)! ~(610,0,B8.k

= r(n_—MS((uﬂifl)) [P1---Po L ar...ap, (n —a + 1); y] (25)

This demonstrates that the R;- operator of fractional derivative of the S-
function results in another S-function with indices a + 1 and b + 1.
This concludes the proof of Theorem 2.2.

3. Special Cases
3.1.If weput f =k = { =1 in theorem 2.1 then we obtain

5 ¢ s,
BKEI00) = g K bapo e G i) 26)

exact result for R;- operator of fractional integral for K-Function in [16].

3.2. If we put k = f = 1 in theorem 2.1 then we obtain

y* 5,
I“M(ab))(y) r(1+a) M((a+nl)b+1) [P1..-Pe 15 G1.-. G, (1 + ); ¥] 27)

exact result for R;- operator of fractional integral for M-series in [18].

4. Corollary
4.1.Ifweput B =k = { =1 in theorem 2.2 then we obtain

Yy~ ¥(m+n-a)! (51,
D”%wo()——R;;ETK&ﬂgnbynmepu%(n—a+1)ﬂ

(28)
as a result, for R;- operator of fractional derivative for K-Function.
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4.2. If we put k = B = 1 in theorem 2.2 then we obtain

s, “*min-a)! , (8,
DEMED () = %M&ﬁf’w) [Py P L a1y, (= @ + 1); 7] (29)

as a result, for R;- operator of fractional derivative for M-series.

Conclusion

The study has established some theorems using the R;- operator of the S-
function. Some special cases of the R;- operator. As mentioned, this function has
been extensively studied in literature. Therefore, the results presented in this
paper can be readily transformed into a comparable form of novel and intriguing
integrals with different arguments through various suitable parametric
substitutions. It is expected that some of the findings will be useful in addressing
certain fractional order differential and integral equations encountered in
physical sciences and engineering problems.
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