Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 28 (2025), No. 4, pp. 1335-1354

DOI : 10.47974/JIM-1781

New type of fractional Langevin equations of sequential derivatives

Ouafaa Benhamida *

Department of Sciences Exacts

Teacher Education College of Mostaganem
(Labo LAMDA-RO)

University of Mostaganem

Mostaganem 27000

Algeria

Zoubir Dahmani '

Department of Mathematics
(Labo LAMDA-RO)

University of Blida 1

Blida 09000

Algeria

Abstract

The aim of this work is in using Mittag-Leffler functions to study a new type of
Langevin problems. We shall study the question of existence of unique solutions for a new
type of fractional Langevin type equations of sequential derivatives. Using fixed point theory
on Banach spaces, two main results are discussed. At the end, some examples are presented.

Subject Classification: (2010) 26A33, 34A60.

Keywords: Fractional langevin equation, Existence, Uniqueness, Initial conditions, Fixed point
theorems, Mittag and leffler functions.

1. Introduction

Over the last years, fractional calculus theory had an applications in
many phenomena of sciences, see [1], [30], [31], [34], [41], [44], [46], [50].
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Langevin equation is a stochastic differential equation. The first
proposed formula for this equation is found by Langevin in 1908 for
describe the evolution of physical phenomena in fluctuating environments,
see [9], [56]. After that, various versions of this kind of equation have been
issued for application in different area of real word problems, see
[11],[38],[40],[42]. The application of this equation in fractional version has
been appear in different fields, for more details, see [10],[29],[36] [39].

For other developments of the fractional Langevin equation
concerning the existence theory of solution, many researches investigated
different existence and uniqueness results, see, for example [2], [3], [4], [5],
(6], [71, [8], [12], [13], [15], [16], [17], [18], [19], [22], [23], [24], [27], [28],
[35], [37], [45], [46], [48], [49], [51], [53], [54], [55].

In this sense, in [20], the authors were focus to find extremals solutions
of the following fractional Langevin equation

D(D" + )W) -G, RW) =0 u,vel0,1],1e[0,T]
F(R(0),R(T))=0,D"N0) =X,

noting that D", D" are two derivatives in Caputo sense.

Then, H. Fazli et al. [21] presented specific findings regarding the
existence and uniqueness results for the following Langevin equation
involving the Caputo derivative.

D" (D" +p)N@1) - f(1,N())=0 u,ve]0,1],1€[0,T]
N(0)=e, 0<i<lI
NE(0)=¢, 0<i<n,

For uelm-1,m], veln-1,n], and [ is the biggest value between m
and #n, for any natural numbers m, and n, D",D" are the Caputo-type
derivatives.

Also, in [20], the authors were focused on a specific problem involving
Caputo derivative operators, as follow

D (DY (D°w())) + F(1,w), D'w(1)) + G, w(t), Z'w() + R(1, w(1)) = (1)
w(0)=¢

w(l)=[w(s)ds,0<v<1

I°w(@)=D"w(1),0<u<1

O<u,v,08,p<1

We can also cite the paper of Y. Gouari et al. [25], where the authors
gave some existence results for the following nonlinear (Langevin type)
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differential problem with nonlocal integral conditions and convergence

series:

D[ .D2[.D*..[.D [, DPu(s)]]..11= A f(t,u(t),, D" (1))
+A, f (1, u(), IFu(r) + §¢f(l)15[hj(l,u(1)) + l].],l e[0,1]

u(0)=0 j

D[.D"[.D*..[.D"[,, D*u(0)]]...]11=6,6 >0

D[ .D™[.D%..[.D"[,, D*u(0)]]...]1=0
DU[.D%[.D%..[.D""[,, DPu(0)]]...]11=0

CDanq [C Da" [RL Dﬁu(O)]] =0,
D[, DPu(O)]] = [Ju(s)ds, nelo, 1]
« DPu(l)=,, D’u(t), 7 €]0,1],

where :=[0,1],0<8,9,0, €[0,1[;y < ,,i =1,_n, and y,A,, A, >0.
Very recently, K. Bensassaa and Z. Dahmani in [5] were focused with

the study of the following system involving sequential Caputo derivatives:

D1D2D"D%x(1) = H, (1, x(1), y(1)) +a, f,(x(1)) + b,g (D1 D“2x(1)),
D" D" D" Dy (1) = H,(1,x(1), y1) + 4, £,(y0) + b,g,(D" D™y ()
x(0)=x(1)= D“1D"x(1)= D**x(0)=0 V1€[0,1]

y(0)=y(1)= D" D"y(1) = D"y (0) =0,

where, Dal, Da2, Da3, Da4, Dﬁl, Dﬁz, Dp3, Dﬂ4, are Caputo fractional
derivative, (o, f,) € 10,11 x 10,1], i=1, .., 4, o, + o, < &, B, + B, < B,,
f], R R, gt R—>R and H/. :[0,1] x R* > R, j=1,2, are continuous
functions.

In the present paper, we shall introduce a new differential problem of
the Langevin fractional differential equation type that involves sequential
form derivative of Caputo. The proposed problem is complemented with

initial conditions. So, we consider the following problem:
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CD7..ED™[D° + A13(t) = f(t,3(t)) ,0<e <1,1=1,.,n,m-1<5<m
% g+6 § g

DT 3(0)+ADTT 3(0)=A, fort=1,..,n-1

“D’3(0)+A3(0) = A,

3'(0)= A, 1=0,.. m-1,

1)

where, “D" is The operator of the Caputo derivative of non-integer order,
te0,T], AcR?, f:[0,T] x R—>R is a given function.

The goal of this work lies in the following two points:

e Formulate a new class of problems concerning Langevin type
fractional differential equation.

e Use the properties of Mittag-Leffler function ( see for instance [21],
[47], [52]) to investigate the proposed results.

2. Preliminaries

We recall the following definitions that are in [21], [26], [32], [33], [43],
[52].
e The notation that represents the Banach space of all continuous

functions 3 defined from [0,T] to the set of real numbers is
C([0, T],R), with

13 1L=Sup|3(t)].

te0,T]

o Let

AC"([0,T],R):=1{3:[0,T] > R: ”";fjt) e AC([0, T], R)},

such that AC([0,T],R) is space of the absolutely continuous
functions.

Definition 2.1: [33] [43] The integral in the sense of R-L of order 6 >0 of
3:[0,+0) > R which is continuous is given by

I"3(1)= g5 J, (¢ =)" 3(s)ds.

T(6)
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Definition 2.2: [33] [32] For any function 3 given on the interval [0, +o),
the derivative of Caputo of order 6 is defined by

C o 1 tp n-6-12)
D*3(t) = gy Jo(t =) 3" (5)ds,
such that [0] represents the integer part of 8 and n=[6]+1.

Lemma 2.3: [33][43] For 6>0, the homogenous equation
D%3(t)=0,

has solutions

3(t) = n_ioclt’,

under the fact that ¢ eR,1=0,n-1, and n=[6]+1.

Lemma 2.4: [33][43] For 6>0, and 3e AC"([0,T],R), we have
D30 = Tt + 30,

with ¢ eR,1=0,..,n-1,n-1=[6].

Definition 2.5: [47] The canonical expression for the Mittag-Leffler
function with two parameter is given as

sﬁ(z) Z s>0ﬁ>0
for all zeR.

Lemma 2.6: [26] For 6,y eR_, and meN, we have
Eé £+md (t) E6 £ (t) Z F(E+l5)

In particular

Eﬁ,e (t) = tE6,5+s (t) = (2)

1"()

Lemma 2.7: [52], [21] Let «,>0. The functions E,,E, , and E, ..z are
nonnegative with:

(i) If A>0 and t€[0,T],
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a 1 a 1
E, (-2 S i By () S L 3)
E, (t)=aE.(t) (4)
_ 1 ua—l (1_u)ﬁ—1 o
Ea/oﬁﬂ(t) - jo T(B) Ea,a(u t)du (5)

(ii) Forany A>0 and t,,t €[0,T]:
E,.(-At;)=E, (At [:=O(|t; —t7|) ast, >t (6)

2

|E, o.5(-At;)=E, , ,(CAE) [ =0O(t =t |) as t, >, (7)

3. Main Results

In this section, we begin by presenting the integral form of solutions
of the problem (1). Then, we can pass to investigate our results. Before
doing that, we give the definition:

Definition 3.1: A function 3 C([0,T],R), such that its Caputo derivative
is well defined on [0, T], is considered as solution of (1) if: (1).
For the existence results of solutions for (1), we have to work with:

DD [ D’ +Al3(t)=h(t) ,0<g <li=1,..,nm-1<5<m
% e]-+§ % £j

DT 3(0)+ADT 3(0)=A, 1=1,..,n-1

D’3(0)+A3(0)= A,

31(0)=A1 l=0,...,m—1

(8)
where t€[0,T], A is a strictly positive real number, and h € C([0, T],R).
Lemma 3.2: The set of solutions of (8)is given by:

5 1
m-1 NPV | [—— Y FL)
_ 1 48 5 _aedy, 1 j=t+l n 5
3= ALE; M)+ A°E; (At )+ DAL r( 5 8/‘”]
j=1+1

%eﬁé—l
+it=py*  E . (=AMt=p))(p)dp.

8, +d
=1
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Proof: We take 3(t) as a solution of (8). The fact that i € C([0, T],R) gives
€D D™D + A13(t) = h(t).
By using lemma 2.4, we get

Z t] ELIHEJ

[CD° +A13(t)=1" h(t)+ZA ——tA,.
- [ De+ 1]
]
j=t+1
As a result of Theorem 7.2 in [14], the solution of (8) is:

m-1
=3 AFEy (<) = [ies(2)w(t - 2)dz,

Zs -1 %181
where  w(z)=1" h(z)+ X A, i +A,, e,(z)=E;(-Az°), and
i F( % e,+1J
ey(2)=-Az"'E; 5 (-A2°). oot
So,

m-1
3(t) = ;AltlEﬁm(—At‘*)—% ‘el (2)w(t - z)dz
4

= 51+1( M%)+ [z"'E, 5= A2 Yw(t - z)dz

]

o

1

g
\

= A ”Es,zn(—lf&Hé(t—p)*lEg,g(—w—p)‘*)w(p)dp
mfl
= ZAFE  (FA)+ A [ = p)E; 5 (<AL= p)")dp
le
Ut pYE, (<At -p))SA, P ap
=y £;+1)
j=1+1

% &
+ho(t =)’ E; s(=A(t— p)°) I h(p)dp.
By using the result (see [21]), for u>0:
It =Py, (<At =p)*)pdp = (t ~T(u+ Di"E, (-21")),

we conclud that
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ml s s 5
3= E)A,t E; (A7) + At°E, (=AL7)

n n
n-1 . n .
+Z[HA1 1{%18] 1"[ b) 8/+1]t/%181E§(lt5)}

- A ot

1=1 s 5j+1] J=E
j=+1

n

P
+o(t = p)° " Eg (At = p)" ) h(p)dp
m-1
> AEs (A + AHE, (-AL%)

5,1+1

% £ 1 5
1 j=t+1 J T a N E5 (_At )
+I ;‘Alt {F[ > e]-+1j

j=t+1

n
5+ X g1

+t=p) T E . (—At-p)°)(p)dp.

5,2 6+6
-

This completes the proof.
Notice that (1) has a solution provided that the operator defined from
C([0,TL,R) to C([0,T],R) by:

m-1
N3)B=3% AFE;, (A + A t°E; ((—AF%)

_ 5 £ 1 5

1n 1 j=§’1 j - —E5(—-At%)

Al F[ z ff”]
j=+l

6+§s,—1
+ht-p) = E . (AMt=p))f(p,3(p)dp ©)

5,2 &+8
=1

admits a fixed point.

We begin by proving the theorem:

Theorem 3.3: Assume hold the conditions:
(HP,) One has k >0 such that, for all 3,5 eR, it yields that

|f(t,3)- f(t,3)|<k|3-3'|,Vte[0,T].

If
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n
D g +8
1=1

<1,
n
I X g+1+6
=1

then (1) has one and only one solution on [0, T].

1343

Proof: We aim to demonstrate that the mapping N, as specified in equation

(9), satisfies the conditions of contraction.
For 3,3'eC([0,T],R), and Vte[0,T], we have

N3N )= - 5
5,5,15(443

< k

n

o+2. g1

¢ ) _ _
o fie=p) T 3(0)-3 () dp

5 3 5+ g1
k 373' t = g
< Il n”ao J.O(t_p) =1 dp
T é+X ¢
=1
kT&-gel _
< l13-3,
T 6+ g+1
=1
Thus,
_ _ kT&-Zs[
IN3-N3'|, <"~
F[6+Zgl+l
1=1

The theorem is proved.

JHE—S'Hw :

A=) f(p,3(p) - F(p, 3'(p)) | dp

Next, by applying the Schaefer fixed point theorem, we prove an

existence result of solutions of our problem.

Theorem 3.4: Assume the validation of:

(HP,) Our function f can be continuous.
(HP;) One has a strictly positive number M >0, such that
| f(t,3(t))| <M, for each t €[0,T], V3 e C([0, T],R)
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Then, (1) has one or more solutions in C([0, T], R).
Proof: We utilise Schaefer theorem.

Firstly: Let {3 } with 3 — 3 in C([0,T],R). So, taking t [0, T]

IN3,O-N3OI<[[t=p) = E ,  (2(t=p)")If(p,3,(p)~ fp, 3(p)] dp

S 2 E,

£ (30 O)=f 3O [ s+La-1
< o ] -[O(t - P) dp
I 6+X ¢
1=1
6+§ g,
1"[6+ g +1]
1=1

We have f continuous. Hence,
IN3, —N3|,—0 asn—oo.

Hence, N is continuous too.

Secondly: We need to prove, Vu >0,3r >0, what follows:
v3eB, ={3eC([0,TLR),I 31, < u} =IIN3| <.

Vvt e[0,T], we have

IN3(t)| < +| A E; (=A%)

VALE, (<At
Eo 1 5,1+1(_ )

n

1 B
U ) (S - A P
1 S/ n 5
+1[§1 Axt/ [F[ > sﬁl]
J

eft=p) TE L A=) f(p, 30D dp

5, ¢
=

m-1 1
<’y [ Al
=0 T(+1)

s sy, 17 I
+|A,; [t°E; s(—At )+I A [
! =1

t 5+§el—1
+ [ =Py T dp

1{6+§ 81]
1=1
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1
mt AT AT +1

1+1 ¥ " a
< 1§0 F(l+1)+ () + Z |A |T/ l"[ > 8j+1]
j

j=t+1

6+Z£

So,

AT AT 1T R e are N IV _
INBILS 5 Hit ey * 1 514, 7 r[ ] ) [ J_r.
F6+Zgl+l
1=1

5+Z£

j=t+l

Thus, N is bounded operator.

Thirdly: Let t,,t €[0,T], t <t,, and By be a set that is bounded of

C([0,T],R) as above. For 3€B we get
|N3(t ) N3(t )| = Z AI 2 51+1( M )_ Z Al 1 6l+1( Mé)

+|AGE, J(-AL)— At

67276,0

(=AE)|

6165

n n

1 z IS’ 1 z 187
nl oA nl oA

7= R
=1
( > € +l] F[ > s,.+l]
j=t+1 j=t+1

nl /:%187 8 nl ,:%187 8
+2 El At Ef(=AL))— El AL Ef(—AL)

—_

n
1

=9 FTE L (A=) (P, 3PN

8,% &+
=1

[0 -p) 5 TE L (- f(p, 3P

8,Xe+0

Thanks to lemma 2.6 and lemma 2.7, we get

INS(t )= N3(t)I<
?

= ( A’tzE55+l+1( )“t )+F(l 1)) ( )‘tlE§5+l+1( At )+F(l+1))
+] Ayl |t§E5,5 (At -t E; s (ALY +) E; (At -t E; ;s (~At)]
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10l |A | RN
+I z e —t
F Z £]+1
j=1+l

n n n

10l ]:%18’ 8 ,:Z.;ng’ 1} /Eﬂg] 8 ;:%18’ 8
+Il§1|Al [t Eg(—Aty) =t Es(=At) )+t Ej(=At;)—t"" Ej(—At))]

H o TTE L Al =203

5,3 €+
=1

[P E L (A=) (P, 3N

5, X+
=1

+[2-p"E (A=) f(p, 3PP

8,% g+
=1

o L (A - e f(p, 3(p)p]

5,Xe+6
=1

m-1 5+l VLI sy 1Bl
< ZEEJ |AI|(2’ |t2 E6,6+l+1( A’tZ) tl E8,5+l+1( A’tl ) | + T(l+1)

+]A, |(|t2(tll+t |E; 5(~At3)~E; ;(~ lt‘s)l)
\\

¥ (

M

t
+ 2
n 0
I 6+ ¢,
1=1

n n

1111

+Z§

n
1 x 18/
jare fant
pr _p

;:%187 1 S
+t7 |Ey(—A )~ E,(—A£%) J

5261
=1

6+§js,—1
p) = =t -p)

5+Z

My T E L (A -p))-E (Al - p)|dp
0 8or3e, 86+3e,

M 5+Zs]
+t— I [t,—pl = dp
F[6+§sl]
m-1 ‘tf“*t?ﬂ . |tl ,tll
S,UIAI|()“(F(5+1+1)+tf’ s, sin (= MS) E5 5+’+1(_Mf )‘)Jrriui)j
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n-1 |A [ %18 ‘:%18/
+|A,|( (AL —E, (- Aﬁ)04~7 IS ey
F 1
]%18 + ]
1 nl 1+1 i 1+1 ‘:%rlsj 1
+o ;1 [A I\t =t +tl’ |Es(=At))—E5(v)|
%8 Z£+6 1
pyt =(=p)t |dp
F[6+Zsl
=1
5+Z£ -1
+Mt, len (~Mt,-p)°)-E , (=Mt -p))dp
B 0 5,§£,+5 2 6,§s,+ !
M Z£+5 1
+ [1t,-p="" dp
F[5+Z£, h
=1
m-1 lth-H] AT B I8~ | 60140 48
SZEJUM|(FU+D—F1( S h O(1E =7 1) | |+]A| Lo THOUE — £ ])
n-1 Z £ Z €
+1 Z IAI g 1
F Z £; +1
j=r+l
n-1 €. S e % €, _ 5+§;51
1 ; (t; St _t1;=1+1 i +t]j=”] /O( |t§ _tf | )J+ 2Mlt 4| =

1"[6+ pIN:A +1]
1=1

6+§ £ 6+§ o Z &
M R = Mt =t 5 5
TN— £ O(|£ —1),

[|6+Y ¢+1 5+Z€f
i=1 i=1

we can observe that N is completely continuous.

Finally: The last step is to prove the boundedness of
={3eC([0,T],R): 3=¢N(3),0<{ <1}.
So, we consider
yﬂzﬂgAJTMA—M%+AJﬁ%A—M%

n-1

+12Aﬂ”’——i———gkhﬂ

l"[ > €j +l]
j=i+1l



1348 O. BENHAMIDA AND Z. DAHMANI

n

t 5+28,—1 s
+[t=p) TE L (At f(p 3p)dp]

i=1

For { €[0,1], Vte[0,T], we have

artt j |AsT®

I(N3)IL s‘jgm[

I(5+1+1) T(+1)) T(5)
n n
n-1 2§ 5+ e,
+% Z |Al |T]=l+l MT 5 — R
=1

nl +1|+ -
F[ )3 eﬁ-l] F{6+Zsl+1]
j=t+l =1

This gives us that € is bounded. The above result is proved.

Applications: This section deals tow examples to illustrate the validity of
the two main results.

Example 1: We take the following equation:

Vte [0,1]

C 140.1C10.2C 740.3C 0.4 [C 190.5 _(t«/;73) arctan(3(t))
D™ ~D™D™"D** [ D™ + A]3(t) = 5 cos(3(if))+t72

“D™3(0)+A3(0)=0

CD0.4+0.53(0) + ﬂ,CDOAS(O) =1 (10)
CDO.3+0.4+0.53(0) + ;LCDO.3+0.43(0) — _1

C [)0.2+03+04+05 5(0) 4 ACpo2+03+04 3(0) =0

3(0)=0.

Here, we have

£t = T cos(3(6) + 2050,

So, v3,3'€R,

1763~ £€,3)1<[ 521331,

thus, (HP,) is satisfied, and

VT3 2
['(0.1+0.2+0.3+0.4+0.5+1) IV
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So, by Banach contraction principle, we can state that (10) has only

one solution in C([0,1],R).
Also, we have
\/;—3 T
ST

|£(t,3()| <
Hence,the condition (HP,) holds. It follows by Theorem 3.4 that (10)

has one or more solutions.

Example 2: We take the following equation: V¢ €[0,2]

1 63
sin(3(f))
2

1 1

1 1
2 et Y32 [C Y32 _
DD D' D2[°D® + A]3(t) =

3 (1,8 3 (Y ,
CDF’”[ZJ 23(0)+ ACD’Z'”[Z) 3(0)=2' ,i=1,..,5 (11)
3(0)=0,3'(0)=1.
1 _ sin(3(t)
g=5,i=1.,5 and ft,3() =", So,

We observe that

V3,3 eR, we have
£(£,3)- F(t,3)1<;13-3'],

thus, (HP,) is satisfied and

—_

—x23

(4)
Then Theorem 3.3 holds true, and therefore, problem (11) has only

<1

'S

—
[SSTIE

one solution on [0,2].
In addition, we have

|f(£,30)< 5

Hence, theorem 3.4 yields that there exists one or more solutions to

problem (11) in C([0, 2]R).

5. Conclusion
In the above work, we have constructed a general form of sequential

differential problem of Langevin type with under initial conditions. Also,
we have proved a result of unique solutions by using the Banach fixed

point. Later, by Schaefer fixed point theorem, we have established an
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existence result. Finally, we have discussed two examples to verify the
main theorems.

In the future, looking forward in our research to study fractional
differential inclusions of Langevin type. Is it possible to consider that?
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