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Abstract
As this study, with respect to norms, we introduce the intuitionistic fuzzification of 

the concept of subalgebras, ideals, implicative ideals and positive implicative ideals in BCK-
algebras and investigate many of their conditions. Next, we investigate intersection, cartesian 
product and homomorphism(image and pre image) of them.
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1.  Introduction

The notion of BCK -Algebra was introduced by Imai and Iseki[5]. 
Zadeh[26] defined the concept of fuzzy sets. Atanassov[2, 3] introduced 
and investigated the concept of bifuzzy set (IFS). Many authors considered 
fuzzy BCK -Algebras[6, 7, 8, 9, 10, 13, 25]. Jun and Kim obtained some 
results about bifuzzy subAlgebras and ideals in BCK -Algebras[11]. 
Satyanarayana and Prasad investigated nifuzzy (implicative, positive 
implicative, commutative) ideals in BCK -Algebras[22]. In previous 
works, the author obtained many results of fuzzy Algebraic structures 
with respect to norms[14-21]. In Section 2, we remember the basic concepts. 
In Section 3, by using norms ( , )T C  we define bifuzzy subAlgebras 
( ( )),IFSN °  bifuzzy ideals ( ( )),IFIN °  bifuzzy implicative ideals ( ( ))IFIIN °  
and bifuzzy positive implicative ideals ( ( ))IFPIIN °  of BCK -Algebra .°  
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Next, we characterize ( )IFSN °  with subalgebras of BCK -Algebra °  and 
( )IFIN °  with ideals of BCK -Algebra °  and ( )IFIIN °  with implicative 

ideals of BCK -Algebra °  and ( )IFPIIN °  with positive implicative ideals 
of BCK -Algebra .°  Also we investigate and consider relainship between 

( ),IFSN ° ( ),IFIN ° ( )IFIIN °  and ( )IFPIIN °  under some conditions. In 
Section 4, we investigate ( ),IFSN ° ( ),IFIN ° ( )IFIIN °  and ( )IFPIIN °  
under intersection, cartesian product and homomorphism(image and pre 
image) of BCK -Algebras °  and Y. 

2. Preliminaries

In this section we give the main concepts and readers can refere to [1, 
2, 3, 4, 12, 13, 14, 23, 24]. 

Definition 2.1: We say ( , ,0)°∅ ≠   is BCK -Algebra with a binary 
operation   and a constant 0 if: 

(1)	 1 1 1 1 1(( ) ( )) ( ),p q p z z q     
(2)	 1 1 1 1( ( )) ,p p q q    
(3)	 1 1 ,p p  
(4)	 1 1p q  and 1 1q p  imply that 1 1= ,p q  
(5)	 10 p  
	 for all 1 1 1, , .p q z °∈  
	� A partial ordering   on °  can be defined by 1 1p q  if and only if 

1 1 = 0.p q  Also we have: 
(6)	 1 10 = ,p p  
(7)	 1 1 1 ,p q p   
(8)	 1 1 1 1 1 1( ) = ( ) ,p q z p z q     
(9)	 1 1 1 1 1 1( ) ( ) ,p z q z p q     
(10)	 1 1 1 1 1( ( )) = ,p p p q p q     
(11)	if 1 1 ,p q  then 1 1 1 1p z q z   and 1 1 1 1z q z p   
	 in any BCK -Algebra °  and every 1 1 1, , .p q z °∈  

Definition 2.2: Assume E ≠ ∅  be a subset of a BCK -Algebra .°  We say E 
is subalgebra of °  if p q E∈  for each , .p q E∈  

Definition 2.3: Define a BCK -Algebra °  as implicative if = ( ),p p q p   
for every , .p q °∈  
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Definition 2.4: We say that a BCK -Algebra °  will be positive implicative 
if ( )p q  z = ( )p z  ( )q z  which , , .p q z °∈  

Definition 2.5: E ≠ ∅  be a subset of a BCK -Algebra .°  Define E  as an 
ideal of °  if 

(1)	 0 ,E∈  

(2)	 if m n E∈  and ,n E∈  then m E∈  that , .m n °∈  

Definition 2.6: A non-empty subset E  of a BCK -Algebra °  is defined an 
implicative ideal of °  if 

(1)	 0 ,E∈  

(2)	 as ( ( ))p q p z E∈    and z E∈  so p E∈  such that , , .p q z °∈  

Definition 2.7: A non-empty subset E  of a BCK -Algebra °  is called a 
positive implicative ideal of °  if 

(1)	 0 ,E∈  

(2)	 ( )p q z E∈   and q z E∈  imply that p z E∈  which , , .p q z °∈  

Definition 2.8: We call the mapping :g Y° →  of BCK -Algebras is a 
homomorphism if ( )g p q = ( )g p  ( ),g q  for each , .p q °∈  

Definition 2.9: Assume ° ≠ ∅  be an arbitrary set. We say that the function 
:c ° → [0,1]  is A fuzzy subset of °  and the set of all fuzzy subsets of 

°  is called the [0,1] -power set of °  and is denoted [0,1] .°  Assume 
[0,1],s∈  the set = {s pc °∈ : ( ) }p sc ≥  will be an upper level of c  and the 

set = {t pc °∈ : ( ) }p tc ≤  will be a lower level of .c  

Definition 2.10: The complex mapping A = ( , )A Ac l : ° → [0,1] × [0,1]  
will be defined an bifuzzy set ( )IFS  in °  if 1A Ac l+ ≤  such that :Ac °
→ [0,1]  and :Al ° → [0,1].  Also define ( )p°∅ = (0,1) 0  and ( )U p°

= (1,0) 1,  as an bifuzzy empty set and an bifuzzy whole set in °  
respectively. Denote ( )IFS °  for the sets of all IFSs  in .°  

Definition 2.11: Assume : Yf ° →  be a function of sets which = ( , )A AA c l
∈ ( )IFS °  and B = ( , )B Bc l ∈ ( ).IFS Y  we define 

( )( ) ( ( )( ), ( )( ))A AA q q qr r c r l=
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1

1

( { ( )| , ( ) }, inf{ ( )| , ( ) }) as ( )
(0,1) as ( )

A ASup p p p q p p p q q
q

c r l r r f
r f

° ° −

−

 ∈ = ∈ = ≠= 
=

and 1( )Br− ( )p = 1( ( )Br c− ( ),p 1( )Br l− ( ))p = ( ( ( )),B pc r ( ( )))B pl r  for every 
,p °∈ .q Y∈  

Definition 2.12: Assume 2 2 2, , = [0,1].p q z ∈  Then 
(i)	� A triangular norm is a map norT : ×  → ,  by 2( ,1)norT p = 2 ,p  

2( ,norT p 2 )q ≤ 2( ,norT p 2 )q ≤ 2( ,norT p 2 )z  if 2 2 ,q z≤  2( ,norT p 2 )q =
2( ,norT q 2 )p  and 2( ,norT p 2( ,norT q 2 ))z = norT 2( ( ,norT p 2), ).q z  

(ii)	� A triangular conorm is a function conC : ×  → ,  by 2( ,conC p
20) = ,p  2( ,conC p 2 )q ≤ 2( ,conC p 2 )z  if 2 2 ,q z≤  2( ,conC p 2 )q = 2( ,conC q

2 )p  and 2( ,conC p 2( ,conC q 2 ))z = (con conC C 2( ,p 2 2), ).q z  

We say that norT  and conC  be idempotent if for all 2p ∈� we have 
2( ,norT p 2 2) =p p  and 2( ,conC p 2 2) = .p p

Definition 2.13: Suppose = ( ,AA c )Al ∈ ( )IFS °  and = ( ,BB c )Bl ∈
( ).IFS °  Define 

	 = ( , ) :A B A BA B c l °∩ ∩∩ → 

as ( )A B pc ∩ = ( ( ),nor
AT pc ( ))B pc  and ( )A B pl ∩ = ( ( ),con

AC pl ( ))B pl  for all 
.p °∈  

Definition 2.14: Assume = ( ,AA c )Al ∈ ( )IFS °  and = ( ,BB c )Bl ∈
( ).IFS Y  Define the cartesian product of A  and B  as A B× : Y°× →   

with

	

( )( , ) = (( , ) ( , ))( , )
= ( , )( , )
= ( ( , ), ( , ))
= ( ( ( ), ( )), ( ( ), ( )))

A A B B

A B A B

A B A B
nor con

A B A B

A B p q p q
p q

p q p q
T p q C p q

c l c l
c l
c l

c c l l

× ×

× ×

× ×

( , ) .p q Y°∀ ∈ ×  

Lemma 2.15: We have 

	 ( ( , ), ( , )) = ( ( , ), ( , )),con con con con con conC C p q C w z C C p w C q z
and 
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	 ( ( , ), ( , )) = ( ( , ), ( , )),nor nor nor nor nor norT T p q T w z T T p w T q z

, , , .p q w z∀ ∈  

( ), ( ), ( ), ( )IFSN IFIN IFIIN IFPIIN° ° ° °3.

In this paper we assume that ,Y°  will be two BCK -Algebras.

Definition 3.1: Assume = ( , )A AA c l ∈ ( ).IFS °  Thus A  will be called as 
an bifuzzy subalgebra of °  with respect to norms if , ,p q °∀ ∈

(1)	 ( ) ( ( ), ( )),nor
A A Ap q T p qc c c≥  

(2)	 ( ) ( ( ), ( )).con
A A Ap q C p ql l l≤  

The set of all bifuzzy subalgebras of °  with respect to norms will be 
denoted by ( ).IFSN °  

Example 3.2: Suppose = {0,10, 20, 30}°  be a set which:
0 10 20 0

0 0 0 0 0
10 10 0 0 10
20 20 0 20
30 30 30 30 0

a



Hence ( , ,0)°   is a BCK -Algebra. 
Assume : ( , ,0)Ac ° →   which 

	

0.35 if = 0,10, 30
( ) =

0.25 if = 20A

p
p

p
c





and

	

0.45 if = 0,10, 30
( ) =

0.55 if = 20.A

p
p

p
l





Assume 1( ,norT a 1)b = 1( ,nor
pT a 1)b = 1 1a b  and 1( ,conC a 1)b = 1( ,con

pC a
1)b = 1a + 1b − 1 1a b  for every 1 1,a b ∈  thus = ( , )A AA c l ∈ ( ).IFSN °  

Proposition 3.3: Assume = ( , ) ( )A AA IFSc l °∈  that ,nor conT C  be 
idempotent. Hence the following items are equivalent. 

(1)	 = ( , ) ( ).A AA IFSNc l °∈  
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(2)	�  , = { : ( ) ( , )}m nA p A p m n°∈ ⊇ ≠∅  is a subalgebra of °  with 
, [0,1].m n∈  

Proof: Assume = ( , ) ( )A AA IFSNc l °∈  with ,, .m np q A∈  Then 

	 ( ) ( ( ), ( )) ( , ) =nor nor
A A Ap q T p q T m m mc c c≥ ≥

and 

	 ( ) ( ( ), ( )) ( , ) =con con
A A Ap q C p q C n n nl l l≤ ≤

hence ,m np q A∈  and so ,m nA  is a subalgebra of °  for every , [0,1].m n∈  

Conversely, Assume ,m nA ≠ ∅  be a subalgebra of °  for every ,m n ∈
[0,1].  Suppose m = (nor

AT c ( ),p ( ))A qc  and n = (con
AC l ( ),p ( ))A ql  that 

,, .m np q A∈  Since ,m nA  is a subalgebra of °  so ,m np q A∈  and thus 

	 ( ) = ( ( ), ( ))nor
A A Ap q m T p qc c c≥

and 

	 ( ) = ( ( ), ( ))con
A A Ap q n C p ql l l≤

then = ( , ) ( ).A AA IFSNc l °∈  

Proposition 3.4: If = ( ,AA c )Al ∈ ( )IFSN °  and ,nor conT C  be idempotent, 
then (0) ( )A A p⊇  that .p °∈  

Definition 3.5: Define = ( , ) ( )A AA IFSc l °∈  is an intuitionistic fuzzy ideal 
of °  with respect to norms (t-norm norT  and t-conorm )conC  if :

(1) (0) ( ),A A pc c≥  

(2) ( ) ( ( ), ( )),nor
A A Ap T p q qc c c≥   

(3) (0) ( ),A A pl l≤  

(4) ( ) ( ( ), ( )),con
A A Ap C p q ql l l≤   

	 for all , .p q °∈  

( ),IFIN °  will be the set of all bifuzzy ideals of °  with respect to 
norms ( norT  and ).conC  

Example 3.6: Assume = {0,1, 2, 3, 4}°  be a set as:
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0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 3 4 1 0



Hence ( , ,0)°   is a BCK -Algebra. Suppose = ( , )A AA c l ∈ ( )IFS °  
which 

	

1 if = 0, 2
( ) =

if = 1, 3, 4A

p
p

t p
c





and 

	

0 if = 0, 2
( ) =

if 1, 3, 4A

p
p

s p
l




≠

such that ,s t∈  and 1.s t+ ≤
Assume norT ( , )a b′ ′ = nor

pT ( , )a b′ ′ = a b′ ′  and ( , )conC a b′ ′ = ( , )con
pC a b′ ′ =

a b′ ′+ − a b′ ′  for every ,a b′ ′∈  so = ( , )A AA c l ∈ ( )IFIN °  

Proposition 3.7: Assume = ( , )A AA c l ∈ ( )IFS °  with ,nor conT C  be 
idempotent. Then = ( , )A AA c l ∈ ( )IFIN °  if and only if the 

	 , = { : ( ) , ( ) }p q A AA p p p p qc l°∈ ≥ ≤

is either empty or an ideal of °  for every , [0,1].p q∈  

Proposition 3.8: Assume = ( , )A AA c l ∈ ( )IFIN °  and .a q z′    Then 
, ,a q z °′∀ ∈  we will have that ( )A ac ′ ≥ ( ( ),nor

AT qc ( ))A zc  and ( )A al ′ ≤
( ( ),con

AC ql ( )).A zl  

Proof: As a q z′    so ( ) = 0a q z′    which , ,a q z °′ ∈  so

	

( ) ( ( ), ( ))
( ( (( ) ), ( )), ( ))

= ( ( (0), ( )), ( ))
= ( ( ), ( ))
= ( ( ), ( ))

nor
A A A

nor nor
A A A

nor nor
A A A

nor
A A

nor
A A

a T a q q
T T a q z z q
T T z q
T z q
T q z

c c c
c c c
c c c

c c
c c

′ ′≥

′≥



 

then ( ) ( ( ), ( )).nor
A A Aa T q zc c c′ ≥  Moreover
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( ) ( ( ), ( ))
( ( (( ) ), ( )), ( ))

= ( ( (0), ( )), ( ))
= ( ( ), ( ))
= ( ( ), ( ))

con
A A A

con con
A A A

con con
A A A

con
A A

con
A A

a C a q q
C C a q z z q
C C z q
C z q
C q z

l l l
l l l
l l l

l l
l l

′ ′≤

′≤



 

thus ( ) ( ( ), ( )).con
A A Aa C q zl l l′ ≤  

Proposition 3.9: If = ( , )A AA c l ∈ ( )IFIN °  and ,p q′  then ,p q °′∀ ∈  we 
get ( ) ( ).A p A q′ ⊇  

Now we prove that every ( )IFIN °  is ( ).IFSN °

Proposition 3.10: Assume = ( , )A AA c l ∈ ( ).IFIN °  Hence = ( , )A AA c l ∈
( ).IFSN °  

Proof: By using p q p   and Proposition 3.9 we will have ( ) ( ).A p q A p⊇  

	 ( ) ( ) ( ( ), ( )) ( ( ), ( ))nor nor
A A A A A Ap q p T p q q T p qc c c c c c≥ ≥ ≥ 

and 

	 ( ) ( ) ( ( ), ( )) ( ( ), ( ))con con
A A A A A Ap q p C p q q C p ql l l l l l≤ ≤ ≤ 

thus = ( , ) ( ).A AA BFSNc l °∈  

Remark 3.11: Note that the converse of Proposition 3.10 is not true. 
Example 3.2 give us = ( ,AA c )Al ∈ ( )IFSN °  but ( )A bc = 0.25  norT
( ( ),A b ac  ( ))A ac = norT ( ( ),A ac ( ))A ac = ( )A ac = 0.35  hence = ( ,AA c )Al
∉ ( ).IFIN °  

Now we show that under a condition every ( )IFSN °  is ( ).IFIN °

Proposition 3.12: Assume = ( ,AA c )Al ∈ ( )IFSN °  such that ( )A pc ≥
( ( ),nor

AT yc ( ))A zc  and ( )A pl ≤ ( ( ),con
AC yl ( ))A zl  and p y z   hold 

, , .p y z °∀ ∈  Hence = ( ,AA c )Al ∈ ( ).IFIN °  

Proof: Using Proposition 3.4 we have (0) ( ).A A p⊇  Since ( )p p y y    
then 

	 ( ) ( ( ( ), ( )), ( ( ), ( ))).nor con
A A A AA p T p y y C p y yc c l l⊇  

Thus = ( , ) ( ).A AA IFINc l °∈  

Proposition 3.13: Assume = ( , ) ( ).A AA IFSc l °∈  Then 
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	 = ( , ) ( ) = ( , ) ( )A A A AA IFIN A IFINc l c c° °∈ ⇔ ∈

and = ( , ) ( )A AA IFINl l °∈
with = 1A Ac c−  and = 1 .A Al l−  

Definition 3.14: = ( , ) ( )A AA IFSc l °∈  is called an bifuzzy implicative ideal 
of °  according norms (t-norm norT  and t-conorm )conC  if , , :p y z °∀ ∈

(1)	 (0) ( ),A Supseteq A p  
(2)	 ( ) ( ( ( ( )), ( )), ( ( ( )), ( ))).nor con

A A A AA p Supseteq T p y p z C p y p zc c l l     

Denoting ( )IFIIN °  for the set of all bifuzzy implicative ideals of °  
according norms ( norT  and ).conC  

Proposition 3.15: Suppose = ( , ) ( )A AA IFSc l °∈  with ,nor conT C  be 
idempotent. Then 

	 ,= ( , ) ( ) = { : ( ) , ( ) }A A m n A AA IFIIN A p p m p nc l c l° °∈ ⇔ ∈ ≥ ≤ ≠∅

and ,m nA  be an implicative ideal of °  for every , [0,1].m n∈  

Definition 3.16: = ( , ) ( )A AA IFSc l °∈  will be as an bifuzzy positive 
implicative ideal of °  according norms (t-norm norT  and t-conorm )conC  
if , , :p y z °∀ ∈
(1) (0) ( ),
(2) ( ) ( ( (( ) ), ( )), ( (( ) ),

( ))).

nor con
A A A

A

A Supseteq A p
A p z T p y z y z C p y z

y z
c c l

l
⊇     



We display ( )IFPIIN °  as the set of all bifuzzy positive implicative 
ideals of °  according norms ( norT  and ).conC  

Proposition 3.17: Assume = ( , ) ( )A AA IFSc l °∈  that ,nor conT C  be 
idempotent. Thus 

	 ,= ( , ) ( ) = { : ( ) ( , )}A A m nA IFPIIN A p A p m nc l ° °∈ ⇔ ∈ ⊇ ≠∅

and ,m nA  will be a positive implicative ideal of °  which , [0,1].m n∈  

Proposition 3.18: Assume = ( , ) ( )A AA IFINc l °∈  with 

	 10 10 10 10 10 10 10( ) ( ((( ) ) ), ( ))nor
A A Ap y T p y y z zc c c≥   

and 
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	 10 10 10 10 10 10 10( ) ( ((( ) ) ), ( ))con
A A Ap y C p y y z zl l l≤   

10 10 10, , .p y z °∀ ∈  Hence = ( , ) ( ).A AA IFPIINc l °∈  

Proof: Assume 10 10 10, , .p y z °∈  Then 

	 10 10 10 10 10 10 10 10 10 10 10(( ) ) ( ) ( ) = ( )p z z y z p z y p y z       

and 

	 10 10 10 10 10 10 10 10((( ) ) ( )) (( ) )A Ap z z y z p y zc c≥     

and 

	 10 10 10 10 10 10 10 10((( ) ) ( )) (( ) ).A Ap z z y z p y zl l≤     

As we get 10 10=y z  and 10 10 10=z y z  hence 

	 10 10 10 10 10 10 10 10 10( ) ( ((( ) ) ( )), ( ))nor
A A Ap z T p z z y z y zc c c≥     

and 

	 10 10 10 10 10 10 10 10 10( ) ( ((( ) ) ( )), ( )).con
A A Ap z C p z z y z y zl l l≤     

Then 

10 10 10 10 10 10 10 10 10

10 10 10 10 10

( ) ( ((( ) ) ( )), ( ))
( (( ) ), ( )))

nor
A A A

nor
A A

p z T p z z y z y z
T p y z y z

c c c
c c

≥ ≥     

  

and 

10 10 10 10 10 10 10 10 10

10 10 10 10 10

( ) ( ((( ) ) ( )), ( ))
( (( ) ), ( ))).

con
A A A

con
A A

p z C p z z y z y z
C p y z y z

l l l
l l

≤ ≤     

  

Thus = ( , ) ( ).A AA IFPIINc l °∈  

Proposition 3.19: Assume = ( , ) ( ).A AA IFINc l °∈  Then 

11 11 11 11 11 11 11= ( , ) ( ) (( ) ( )) (( ) )A AA IFPIIN A p z y z A p y zc l °∈ ⇔ ⊇    

11 11 11, , .p y z °∀ ∈  

Proof: Suppose 

	 11 11 11 11 11 11 11(( ) ( )) (( ) )A Ap z y z p y zc c≥    

and 
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	 11 11 11 11 11 11 11(( ) ( )) (( ) )A Ap z y z p y zl l≤    

11 11 11, , .p y z °∀ ∈  Hence 11 11 11 11 11 11( ) ( )p z y z p y     and

	

11 11 11 11 11 11

11 11 11 11 11 11

11 11 11 11 11 11

11 11 11 11 11

( ) ( ( ), ( ))
( ( ), (( ) ( )))

= ( (( ) ( )), ( ))
( (( ) ), ( ))

nor
A A A

nor
A A

nor
A A

nor
A A

p z T y z p y
T y z p z y z
T p z y z y z
T p y z y z

c c c
c c
c c
c c

≥

≥

≥

  

   

   

  

and

	

11 11 11 11 11 11

11 11 11 11 11 11

11 11 11 11 11 11

11 11 11 11 11

( ) ( ( ), ( ))
( ( ), (( ) ( )))

= ( (( ) ( )), ( ))
( (( ) ), ( )).

con
A A A

con
A A

con
A A

con
A A

p z C y z p y
C y z p z y z
C p z y z y z
C p y z y z

l l l
l l
l l
l l

≤

≤

≤

  

   

   

  

Thus 

	 11 11 11 11 11 11 11( ) ( (( ) ), ( ))nor
A A Ap z T p y z y zc c c≥   

and 

	 11 11 11 11 11 11 11( ) ( (( ) ), ( ))con
A A Ap z C p y z y zl l l≤   

thus = ( , ) ( ).A AA IFPIINc l °∈  
Conversely, Suppose = ( ,AA c )Al ∈ ( )IFPIIN ° and 11 ,p 11 ,y 11z ∈ °  

with 11a = 11p  11(y  11)z  and 11 11=b p  11.y  Thus 11((p  11(y  11))z 

11(p  11))y  11y  11(y  11)z  and thus 11((p  11(y  11))z  11(p  11))y 

11 11z y  11(y  11)z  11 = 0z  and 11(((A pc  11(y  11))z  11(p  11))y 

11)z ≥ (0)Ac  and 11(((A pl  11(y  11))z  11(p  11))y  11)z ≤ (0).Al  Then 
11((A ac  11)b  11)z = 11((A pc  11(y  11)z  11p  11)y  11)z ≥ (0)Ac  and 
11((A al  11)b  11)z =  11(y  11)z  11p  11)y  11)z ≤ (0).Al  Now

11 11 11 11 11 11 11 11

11 11

11 11 11 11 11

11 11

11 11

11 11 11

(( ) ( )) = ( ( ) )
= ( )

( (( ) ), ( ))
( (0), ( ))

= ( )
= (( ) )

A A

A
nor

A A
nor

A A

A

A

p z y z p y z z
a z

T a b z b z
T b z

b z
p y z

c c
c

c c
c c

c
c

≥

≥

     


  



 

and
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11 11 11 11 11 11 11

11 11

11 11 11 11 11

11 11

11 11

11 11 11

(( ) ( )) = ( ( ) )
= ( )

( (( ) ), ( ))
( (0), ( ))

= ( )
= (( ) ).

A A

A
con

A A
con

A A

A

A

p z y z p y z z
a z

C a b z b z
C b z

b z
p y z

l l
l

l l
l l

l
l

≤

≤

     


  



 

Thus 11((A pc  11)z  11(y  11))z ≥ 11((A pc  11)y  11)z  and 11((A pl 

11)z  11(y  11))z ≤ 11((A pl  11)y  11)z  for every 11 11 11, , .p y z °∈  

Proposition 3.20: Assume = ( , ) ( )A AA IFPIINc l °∈  and 3 3 3 3 3, , , , .p y z a b °∈  

(1)	 As 3 3 3 3 3(( ) ) ,p y y a b     so 

	 3 3 3 3( ) ( ( ), ( ))nor
A A Ap y T a bc c c≥

	 and 

	 3 3 3 3( ) ( ( ), ( )).con
A A Ap y C a bl l l≤

(2)	 If 3 3 3 3 3(( ) ) ,p y z a b     then 

	 3 3 3 3 3 3(( ) ( )) ( ( ), ( ))nor
A A Ap z y z T a bc c c≥  

	 and 

	 3 3 3 3 3 3(( ) ( )) ( ( ), ( )).con
A A Ap z y z C a bl l l≤  

Proof: Assume = ( , ) ( )A AA IFPIINc l °∈  and 3 3 3 3 3, , , , .p y z a b °∈  

(1)	� Let 3((p  3 )y  3 )y  3 3a b  thus 3((A pc  3 )y  3 )y ≥ 3( ( ),nor
AT ac

3( ))A bc  and 3((A pl  3 )y  3 )y ≤ 3( ( ),con
AC al 3( )).A bl  Hence

	

3 3 3 3 3 3 3

3 3 3

3 3 3

3 3

( ) ( (( ) ), ( ))
= ( (( ) ), (0))
= (( ) )

( ( ), ( ))

nor
A A A

nor
A A

A
nor

A A

p y T p y y y y
T p y y

p y y
T a b

c c c
c c

c
c c

≥

≥

   

 
 

	 and
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3 3 3 3 3 3 3

3 3 3

3 3 3

3 3

( ) ( (( ) ), ( ))
= ( (( ) ), (0))
= (( ) )

( ( ), ( ))

con
A A A

con
A A

A
con

A A

p y C p y y y y
C p y y

p y y
C a b

l l l
l l

l
l l

≤

≤

   

 
 

	 then 

	 3 3 3 3( ) ( ( ), ( ))≥ nor
A A Ap y T a bχ χ χ

	 and 

	 3 3 3 3( ) ( ( ), ( )).con
A A Ap y C a bl l l≤

(2)	 Let 3 3 3 3 3(( ) ) ,p y z a b     so from Proposition 3.8 we get that 

	 3 3 3 3 3 3 3 3 3(( ) ( )) (( ) ) ( ( ), ( ))nor
A A A Ap z y z p y z T a bc c c c≥ ≥    

	 and 

	 3 3 3 3 3 3 3 3 3(( ) ( )) (( ) ) ( ( ), ( )).con
A A A Ap z y z p y z C a bl l l l≤ ≤    

Proposition 3.21: Suppose = ( ,AA c )Al ∈ ( )IFS °  with 4((p  4 )y  4 )y 

4 4a b  that 4 ,p 4 ,y 4 ,a 4 .b °∈  If 4(A p  4 )y ⊆ ( norT 4( ( ),A ac 4( )),A bc conC
( ( ),A al Al 4( ))),b  then = ( , )A AA c l ∈ ( ).IFPIIN °  

Proof: Firstly, we prove that = ( ,AA c )Al ∈ ( ).IFIN °  Assume 4 ,p 4 ,y

4z °∈  which 4p  4y  4 .z  Hence 4((p  0)  0)  4y = 4(p  4 )y  4 = 0z  
thus (( 0)p   0)  4 4 .y z  Put 4 = 0,y 4 4= ,a y 4 4=b z  in hypothesis then 

4( )A pc = Ac 4(p  0) ≥ norT 4( ( ),A yc 4( ))A zc  and 4( )A pl = 4(A pl  0) ≤
conC 4( ( ),A yl 4( )).A zl  Thus from Proposition 3.12 we get that = ( ,AA c )Al

∈ ( ).IFIN °  As 4(((p  4 )y  4 )y  4((p  4 )y  4 ))y  0 = 0  so 4(((p  4 )y
 4 )y  4((p  4 )y  4 ))y  0  for all 4 ,p 4 .y °∈  As hypothesis 4(A pc 

4 )y ≥ (nor
AT c 4((p  4 )y  4 ),y (0))Ac = 4((A pc  4 )y  4 )y  and 4(A pl 

4 )y ≤ (con
AC l 4((p  4 )y  4 ),y (0))Al = 4((A pl  4 )y  4 ).y  Then = ( ,AA c

)Al ( ).IFPIIN °  

Proposition 3.22: Assume = ( ,AA c )Al ∈ ( )IFS °  and 5((p  5 )y  5 )z
 5 5a b  that 5 ,p 5 ,y 5 ,z 5 ,a 5 .b °∈  If 5((A p  5 )y  5(y  5 ))z ⊇ ( norT

5( ( ),A ac 5( )),A bc conC 5( ( ),A al 5( ))),A bl  then = ( ,AA c )Al ∈ ( ).IFPIIN °  
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Proof: Let 5((p  5 )y  5 )z  5 5a b  such that 5 ,p 5 ,y 5 ,z 5 ,a 5 .b °∈  Then 
5(((p  5 )y  5 )z  5 )a  5 = 0.b  Now 

5 5 5 5 5 5 5 5 5 5( ) = (( ) 0) = (( ) ( )) ( ( ), ( ))nor
A A A A Ap y p y p y y y T a bc c c c c≥     

and 

5 5 5 5 5 5 5 5 5 5( ) = (( ) 0) = (( ) ( )) ( ( ), ( ))con
A A A A Ap y p y p y y y C a bl l l l l≤     

hence = ( , ) ( ).A AA IFPIINc l °∈  

Proposition 3.23: If = ( , ) ( ),A AA IFPIINc l °∈  then = ( , ) ( ).A AA IFPIINc c °∆ ∈  

Proof: Suppose 6 6 6, , .p y z °∈  As = ( , ) ( )A AA IFPIINc l °∈  so 

6(0) ( ) (1)A A pc c≥

and then 61 (0) 1 ( )A A pc c− ≤ −  thus 

	 6(0) ( ). (2)A A pc c≤

Moreover 

6 6 6 6 6 6 6( ) ( (( ) ), ( )) (3)nor
A A Ap z T p y z y zc c c≥   

thus 

	 6 6 6 6 6 6 61 ( ) 1 ( (( ) ), ( ))nor
A A Ap z T p y z y zc c c− ≤ −   

then 

	 6 6 6 6 6 6 6( ) (1 (( ) ),1 ( )))con
A A Ap z C p y z y zc c c≤ − −   

then 

6 6 6 6 6 6 6( ) ( (( ) ), ( )). (4)con
A A Ap z C p y z y zc c c≤   

Now (1)-(4) give us that = ( , ) ( ).A AA IFPIINc c °∆ ∈  

Proposition 3.24: If = ( , ) ( ),A AA IFPIINc l °∈  then = ( , ) ( ).A AA IFPIINl l °∇ ∈
= ( , ) ( ).A AA IFPIINl l °∇ ∈  

Proof: Let 15 15 15, , .p y z °∈  As = ( , ) ( )A AA IFPIINc l °∈  so 

15(0) ( ) (1)A A pl l≤

and then 151 (0) 1 ( )A A pl l− ≥ −  then 
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15(0) ( ). (2)A A pl l≥

Also 

15 15 15 15 15 15 15( ) ( (( ) ), ( )) (3)con
A A Ap z C p y z y zl l l≤   

thus 

	 15 15 15 15 15 15 151 ( ) 1 ( (( ) ), ( ))con
A A Ap z C p y z y zl l l− ≥ −   

then 

	 15 15 15 15 15 15 15( ) (1 (( ) ),1 ( )))nor
A A Ap z T p y z y zl l l≥ − −   

then 

15 15 15 15 15 15 15( ) ( (( ) ), ( )). (4)nor
A A Ap z T p y z y zl l l≥   

As (1)-(4) so = ( , ) ( ).A AA IFPIINc c °∇ ∈  

Proposition 3.5: = ( , ) ( )A AA IFPIINc l °∈  if and only if A∆ = ( , )A Ac c ∈

( )IFPIIN °  and A∇ = ( , )A Al l ∈ ( ).IFPIIN °  

4. � ( ), ( ), ( ), ( )IFSN IFIN IFIIN IFPIIN° ° ° °  under intersection, cartesian 
product and homomorphism

Proposition 4.1: Assume = ( , ) ( )A AA IFSNc l °∈  and B = ( ,Bc )Bl ∈

( ).IFSN °  Then ( ).A B IFSN °∩ ∈  

Proof: Let 7 7, .p y °∈  Then

	

7 7 7 7 7 7

7 7 7 7

7 7 7 7

7 7

( ) = ( ( ), ( ))
( ( ( ), ( )), ( ( ), ( )))

= ( ( ( ), ( )), ( ( ), ( )))
= ( ( ), ( ))

nor
A B A B

nor nor nor
A A B B

nor nor nor
A B A B

nor
A B A B

p y T p y p y
T T p y T p y
T T p p T y y
T p y

c c c
c c c c
c c c c

c c

∩

∩ ∩

≥

  

thus 

	 7 7 7 7( ) ( ( ), ( )).nor
A B A B A Bp y T p yc c c∩ ∩ ∩≥

Also
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7 7 7 7 7 7

7 7 7 7

7 7 7 7

7 7

( ) = ( ( ), ( ))
( ( ( ), ( )), ( ( ), ( )))

= ( ( ( ), ( )), ( ( ), ( )))
= ( ( ), ( ))

con
A B A B

con con con
A A B B

con con con
A B A B

con
A B A B

p y C p y p y
C C p y C p y
C C p p C y y
C p y

l l l
l l l l
l l l l

l l

∩

∩ ∩

≤

  

then 
	 7 7 7 7( ) ( ( ), ( )).con

A B A B A Bp y C p yl l l∩ ∩ ∩≤

Thus = ( , ) ( ).A B A BA B IFSNc l °∩ ∩∩ ∈  

Proposition 4.2: Assume = ( ,AA c )Al ∈ ( )IFIN °  and B = ( ,Bc )Bl ∈

( ).IFIN °  Hence ( ).A B IFIN °∩ ∈  

Proposition 4.3: Suppose A = ( ,Ac )Al ∈ ( )IFIIN °  and B = ( ,Bc )Bl ∈

( ).IFIIN °  Therefore A B∩ ∈ ( ).IFIIN °  

Proposition 4.4: If A = ( , )A Ac l ∈ ( )IFPIIN °  and = ( ,BB c )Bl ∈

( ),IFPIIN °  then ( ).A B IFPIIN °∩ ∈  

Proposition 4.5: As A = ( , )A Ac l ∈ ( )IFSN °  and = ( ,BB c )Bl ∈ ( )IFSN Y  

so ( ).A B IFSN Y°× ∈ ×  

Proof: Let 1 1 2 2( , ),( , ) .a y a y Y°∈ ×  Then

1 1 2 2 1 2 1 2

1 2 1 2

1 2 1 2

1 1 2 2

1 1 2 2

( )(( , ) ( , )) = ( )( , )
= ( ( ), ( ))

( ( ( ), ( )), ( ( ), ( )))
= ( ( ( ), ( )), ( ( ), ( )))
= ( ( , ), ( , ))

A B A B
nor

A B
nor nor nor

A A B B
nor nor nor

A B A B
nor

A B A B

a y a y a a y y
T a a y y
T T a a T y y
T T a y T a y
T a y a y

c c
c c

c c c c
c c c c

c c

× ×

× ×

≥

  

 

thus 

	 1 1 2 2 1 1 2 2(( , ) ( , )) ( ( , ), ( , )).nor
A B A B A Ba y a y T a y a yc c c× × ×≥

Also
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1 1 2 2 1 2 1 2

1 2 1 2

1 2 1 2

1 1 2 2

1 1 2 2

( )(( , ) ( , )) = ( )( , )
= ( ( ), ( ))

( ( ( ), ( )), ( ( ), ( )))
= ( ( ( ), ( )), ( ( ), ( )))
= ( ( , ), ( , ))

A B A B
con

A B
con con con

A A B B
con con con

A B A B
con

A B A B

a y a y a a y y
C a a y y
C C a a C y y
C C a y C a y
C a y a y

l l
l l

l l l l
l l l l

l l

× ×

× ×

≤

  

 

then 

	 1 1 2 2 1 1 2 2(( , ) ( , )) ( ( , ), ( , )).con
A B A B A Ba y a y C a y a yl l l× × ×≤

Therefore 

	 = ( , ) ( ).A B A BA B IFSN Yc l °× ×× ∈ ×

Proposition 4.6: Assume = ( ,AA c )Al ∈ ( )IFIN °  and = ( ,BB c )Bl ∈
( ).IFIN Y  Then ( ).A B IFIN Y°× ∈ ×  

Proposition 4.7: Suppose = ( ,AA c )Al ∈ ( )IFIIN °  and = ( ,BB c )Bl ∈
( ).IFIIN Y  Then ( ).A B IFIIN Y°× ∈ ×  

Proposition 4.8: Assume = ( ,AA c )Al ∈ ( )IFPIIN °  and = ( ,BB c )Bl ∈
( ).IFPIIN Y  Then ( ).A B IFPIIN Y°× ∈ ×  

Proposition 4.9: If = ( ,AA c )Al ∈ ( )IFSN °  and : Yr ° →  be a 
homomorphism of BCK -Algebras, then ( ) ( ).A IFSN Yr ∈  
Proof: Let 1 2,y y Y∈  and 1 2,a a °∈  such that 1 1( ) =a yr  and 2 2( ) = .a yr  Then 

	 1 2 1 2 1 2 1 1 2 2( )( ) = sup{ ( )| , , ( ) = , ( ) = }A Ay y a a a a a y a yr c c r r°∈ 

	 1 2 1 2 1 1 2 2sup{ ( ( ), ( )| , , ( ) = , ( ) = }nor
A AT a a a a a y a yc c r r°≥ ∈

	 1 1 1 1 2 2 2 2= (sup{ ( )| , ( ) = },sup{ ( )| , ( ) = })nor
A AT a a a y a a a yc r c r° °∈ ∈

	 1 2= ( ( )( ), ( )( ))nor
A AT y yr c f c

thus 

	 1 2 1 2( )( ) ( ( )( ), ( )( )).nor
A A Ay y T y yr c r c f c≥

Also 

	 1 2 1 2 1 2 1 1 2 2( )( ) = inf{ ( )| , , ( ) = , ( ) = }A Ay y a a a a a y a yr l l r r°∈ 
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	 1 2 1 2 1 1 2 2inf{ ( ( ), ( )| , , ( ) = , ( ) = }con
A AC a a a a a y a yl l r r°≤ ∈

	 1 1 1 1 2 2 2 2= (inf{ ( )| , ( ) = }, inf{ ( )| , ( ) = })con
A AC a a a y a a a yc r l r° °∈ ∈

	 1 2= ( ( )( ), ( )( ))con
A AC y yr l f c

so 

	 1 2 1 2( )( ) ( ( )( ), ( )( )).con
A A Ay y C y yr l r l f l≤

Then ( ) = ( ( ), ( )) ( ).A AA IFSN Yr r c f l ∈  

Proposition 4.10: If = ( , ) ( )B BB IFSN Yc l ∈  and : Yh ° →  be a 
homomorphism of BCK -Algebras, then 1( ) ( ).B IFSNh °− ∈  

Proof: Let 1 2, .a a °∈  Then

	

1
1 2 1 2

1 2

1 2
1 1

1 2

( )( ) = ( ( ))
= ( ( ) ( ))

( ( ( )), ( ( )))
= ( ( )( ), ( )( ))

B B

B
nor

B B
nor

B B

a a a a
a a

T a a
T a a

h c c h
c h h

c h c h
h c h c

−

− −

≥

 


thus 

	
1 1 1

1 2 1 2( )( ) ( ( )( ), ( )( )).nor
B B Ba a T a ah c h c h c− − −≥

Also

	

1
1 2 1 2

1 2

1 2
1 1

1 2

( )( ) = ( ( ))
= ( ( ) ( ))

( ( ( )), ( ( )))
= ( ( )( ), ( )( ))

B B

B
con

B B
con

B B

a a a a
a a

C a a
C a a

h l l h
l h h

l h l h
h l h l

−

− −

≤

 


then 

	
1 1 1

1 2 1 2( )( ) ( ( )( ), ( )( )).con
B B Ba a C a ah l h l h l− − −≤

Therefore 1 1 1( ) = ( ( ), ( )) ( ).B BB IFSNh h c h l °− − − ∈  

Proposition 4.11: Let : Yj ° →  be a homomorphism of BCK -Algebras 
such that = ( , ) ( )A AA IFSc l °∈  and = ( , ) ( ).B BB IFS Yc l ∈  

(1)	 If ( ),A IFIN °∈  then ( ) ( ).A IFIN Yj ∈  
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(2)	 If ( ),B IFIN Y∈  then 1( ) ( ).B IFINj °− ∈  
(3)	 If ( ),A IFIIN °∈  then ( ) ( ).A IFIIN Yj ∈  
(4)	 If ( ),B IFIIN Y∈  then 1( ) ( ).B IFIINj °− ∈  
(5)	 If ( ),A IFPIIN °∈  then ( ) ( ).A IFPIIN Yj ∈  
(6)	 If ( ),B IFPIIN Y∈  then 1( ) ( ).B IFPIINj °− ∈  
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