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Abstract

As this study, with respect to norms, we introduce the intuitionistic fuzzification of
the concept of subalgebras, ideals, implicative ideals and positive implicative ideals in BCK-
algebras and investigate many of their conditions. Next, we investigate intersection, cartesian
product and homomorphism(image and pre image) of them.
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1. Introduction

The notion of BCK -Algebra was introduced by Imai and Iseki[5].
Zadeh[26] defined the concept of fuzzy sets. Atanassov[2, 3] introduced
and investigated the concept of bifuzzy set (IFS). Many authors considered
fuzzy BCK -Algebras[6, 7, 8, 9, 10, 13, 25]. Jun and Kim obtained some
results about bifuzzy subAlgebras and ideals in BCK -Algebras[11].
Satyanarayana and Prasad investigated nifuzzy (implicative, positive
implicative, commutative) ideals in BCK -Algebras[22]. In previous
works, the author obtained many results of fuzzy Algebraic structures
with respect to norms[14-21]. In Section 2, we remember the basic concepts.
In Section 3, by using norms(T,C) we define bifuzzy subAlgebras
(IFSN(Y)), bifuzzy ideals (IFIN(Y)), bifuzzy implicative ideals (IFIIN(Y))
and bifuzzy positive implicative ideals (IFPIIN(Y)) of BCK -Algebra Y.
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Next, we characterize IFSN(Y) with subalgebras of BCK -Algebra Y and
IFIN(Y) with ideals of BCK -Algebra Y and IFIIN(Y) with implicative
ideals of BCK -Algebra Y and IFPIIN(Y) with positive implicative ideals
of BCK -Algebra Y. Also we investigate and consider relainship between
IFSN(Y), IFIN(Y), IFIIN(Y) and IFPIIN(Y) under some conditions. In
Section 4, we investigate IFSN(Y), IFIN(Y), IFIIN(Y) and IFPIIN(Y)
under intersection, cartesian product and homomorphism(image and pre
image) of BCK -Algebras Y and Y.

2. Preliminaries
In this section we give the main concepts and readers can refere to [1,

2,3,4,12,13,14, 23, 24].

Definition 2.1: We say (J#Y,x,0) is BCK-Algebra with a binary
operation x and a constant 0 if:

D) ((p, ) *(px2)) (2, *%4q,),

@) (pyx(pyxq) =4,

©) P =py

(4) p, =9, and g, Xp, imply that p, =q,,

(5) 0=p,
forall p,,q,,z, €.
A partial ordering < on Y can be defined by p, <g, if and only if
p, *q, =0. Also we have:

©) p,x0=p,,

(7) pl*qupl’

®) (P *q)*z =(p *2) %4,

) (pyx2) % (3, %x2)) 2 py %4y,

(10) p, *x(p* (p, *4,)) = p, * 4.,

(11)if p, Xq,, then p, xz, g, *z, and z, xq, Xz, *p,
inany BCK -Algebra Y and every p,,q,,z, €Y.

Definition 2.2: Assume E # < be a subset of a BCK -Algebra Y. We say E
is subalgebra of Y if pxqe€E foreach p,qeE.

Definition 2.3: Define a BCK -Algebra Y as implicative if p=p*(g+p),
for every p,geY.
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Definition 2.4: We say that a BCK -Algebra Y will be positive implicative
if (pxqg) xz =(p*z) * (gxz) which p,q,z€Y.

Definition 2.5: E#J be a subset of a BCK -Algebra Y. Define E as an
ideal of T if

(1) O€E,

(2) if mxneE and neE, then meE that m,ne.

Definition 2.6: A non-empty subset E of a BCK -Algebra Y is defined an
implicative ideal of Y if

(1) O€E,

(2) as (px(g*p))*z€E and z€E so peE suchthat p,q,z€Y.

Definition 2.7: A non-empty subset E of a BCK -Algebra Y is called a
positive implicative ideal of Y if

(1) O€E,
(2) (pxq)xz€E and gxzeE imply that pxze€E which p,q,z€Y.

Definition 2.8: We call the mapping g:Y —Y of BCK -Algebras is a
homomorphism if g(p*q) = g(p) * g(q), for each p,qe Y.

Definition 2.9: Assume Y # < be an arbitrary set. We say that the function
x:Y — [0,1] is A fuzzy subset of Y and the set of all fuzzy subsets of
Y is called the [0,1]-power set of Y and is denoted [0,1]". Assume
se€[0,1], theset y ={peY : x(p)=s} will be an upper level of y and the
set y,={peY : x(p)<t} will be a lower level of .

Definition 2.10: The complex mapping A = (x,,A,): ¥ — [0,1] x [0,1]
will be defined an bifuzzy set (IFS) in Y if y, +A4, <1 such that y,:Y
— [0,1] and A,:Y — [0,1]. Also define &, (p) = (0,1)~0 and U, (p)
=(1,0)~1, as an bifuzzy empty set and an bifuzzy whole set in Y
respectively. Denote IFS(Y) for the sets of all IFSs in Y.

Definition 2.11: Assume ¢: Y — Y bea function of sets which A=(yx,,4,)
€ IFS(Y) and B = (x,,A,) € IFS(Y). we define

p(A)q) = (p(x, )@, p(A,)(@))
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:{(Sup{lA(P)IPEY,p(P)=q}, infl2,(p) | pe Y, p(p)=q)) as p” (@)%
0,1) as p(q)=¢

and p'(B) (p) = (p"(x5) (), P () () = (x5 (p(P)), A, (p(p))) for every
peY, geY.

Definition 2.12: Assume p,,q,,z, € Z =[0,1]. Then
(i) A triangular norm is a map T" : IxZ — Z, by T"(p,,1) = p,,
Tnor(pZ’ qZ) < an(pz’ qZ) < Tm)r(pz’ ZZ) lf qZ SZZ’ Tnur(pz’ qZ) =
Tm(qu pz) and Tmr(pzf me(qz’ Zz)) =T" (T’mr(pzl Q)rzz)-
(ii) A triangular conorm is a function C*":ZIxZ — Z, by C*(p,,
O)sz' Cw"(pz, qz) = Cm(pz’ Zz) if 9, SZZ’ Cm(pz, qz) = Cwn(qu
p.) and C(p,, C"(q,, 2,)) = C*(C™ (p,, 4,),2,)

We say that T"" and C*" be idempotent if for all p, e Z we have
T (pas py)=p, and C(p,, p,) =P,

Definition 2.13: Suppose A=(x,, 4,) € [FS(Y) and B=(y,, 4,) €
IFS(Y). Define

ANB=(X, A p): T>T

as 2,5(P) = T (a(p), 25(p) and 4, ;(p) = C*(A,(p), 2,(p)) for all
pe.

Definition 2.14: Assume A=(x,, A,) € IFS(Y) and B=(x,, A,) €
IFS(Y). Define the cartesian product of A and B as AxB: YxY —>7Z
with
(AxB)(p,q) = (4 A2) % (Ctp, A5))P,4)
= (X aer Aas)(P/9)
= (X (0D 2P, 9))
=(T"" (2. (P) 25(D)), C" (A, (P), A5 ()

V(p,q)e T xY.

Lemma 2.15: We have

CCOH (CCUn (p, q)/ CCO?I (w’ Z)) — CCOH (CCUn (p, w), CCOI’I (q’ Z))/

and
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Tnor (Tnor (p/ q)’ Tnor (w, Z)) — Tnor (Tnur (p, w)’ Tnor (q, Z)),

vp,q,w,zel.

3. IFSN(Y), IFIN(Y), IFIIN(Y'), IFPIIN(Y)
In this paper we assume that Y,Y will be two BCK -Algebras.

Definition 3.1: Assume A=(y,,A,) € IFS(Y). Thus A will be called as
an bifuzzy subalgebra of Y with respect to norms if Vp,qe Y,

D) 2 (px)=T" (2, (p), X, @),
(2) A, (pxq)<C™"(A,(p), A, ().

The set of all bifuzzy subalgebras of Y with respect to norms will be
denoted by IFSN(Y).

Example 3.2: Suppose Y =10,10,20,30} be a set which:

* ‘ 0 10 20 O
0|10 0 0 O
1010 0 0 10
20020 a 0 20
30130 30 30 0

Hence (Y, *,0) isa BCK -Algebra.
Assume y, :(Y,x,0)—> I which

(0)= 035 if p=0,10,30
X4 21025 if p=20

and
045 if p=0,10,30

2, =
/) {0.55 if p=20.

Assume T""(a,, b)) = Tp"”r(al, b)=ab and C"(a, D)= C;”” (a,,
b)) =a, + b —ab, forevery a,b eZ thus A=(x,,A,) € IFSN(Y).

Proposition 3.3: Assume A=(x,,A,)elFS(Y) that T",C" be
idempotent. Hence the following items are equivalent.

(1) A=(x,,A,)eIFSN(Y).
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2) A,,=lpeY:A(p)o(mn)}+J is a subalgebra of Y with
m,ne[0,1].

Proof: Assume A=(yx,,4,)€IFSN(Y) with p,ge A . Then

Xap*)2T" (x,(p), x,(@) = T"" (m,m)=m

and

A (prq) <C*(A,(p), A, (9) <C™(n,m)=n

hence pxqe A,  andso A  isasubalgebraof Y forevery m,ne[0,1].

n n

Conversely, Assume A = #@ be a subalgebra of Y for every m,n €

[0,1]. Suppose m = T" (x, (p), x.(q)) and n=C* (4, (p), 4,(q)) that
p.qeA, . Since A isasubalgebraof Y so pxgeA,  and thus

Xa(pxq)z2m=T"" (x,(p), x,(@)

and
A (prq)sn=C"(4,(p),A,(4)

then A=(x,,A,)eIFSN(Y).

Proposition 3.4: If A=(x,, A,) € IFSN(Y) and T"",C*" be idempotent,
then A(0)> A(p) that peX.

Definition 3.5: Define A=(y,,4,)<€IFS(Y) is an intuitionistic fuzzy ideal
of Y with respect to norms (f-norm T"" and t-conorm C*") if :

1) x,0)= x,(p),

@) 2. 2T" (x,(p*9), 2,@),

3) 2,0)=2,(p),

4) 2, (P <C" (A, (p*q), A,(q),
forall p,ge.

IFIN(Y), will be the set of all bifuzzy ideals of Y with respect to
norms (T"" and C*").

Example 3.6: Assume Y ={0,1,2,3,4} be a set as:
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W W N O O
_ O O O Ol W
S O O O Ol

B W o = O

%MNP—‘O‘*
= W N = OO

Hence (Y,*,0) is a BCK -Algebra. Suppose A=(x,,4,) € IFS(Y)
which
if p=0,2

»={
P21 i p=1,34

and
if p=0,2

0
A =
4(P) {s if p£1,3,4

such that s,teZ and s+t<1.
Assume T™ (a',b) = T (a',b") = a'b’ and C™(a’,V’) = C;“"(a',b') =
a'+b' —a't’ forevery a',b'el so A=(x,,A,) € IFIN(Y)

Proposition 3.7: Assume A=(y,,A,) € IFS(Y) with T"",C*" be
idempotent. Then A=(y,,A,) € IFIN(Y) if and only if the

A, =lpeY:x,(p)2p. A, (p)<q}
is either empty or an ideal of Y for every p,q<€[0,1].

Proposition 3.8: Assume A=(x,,A,) € IFIN(Y) and a'xq=z. Then
va',q,zeY we will have that x,(a") > T" (x,(q), x,(z)) and A,(a') <
C™(4,(), 4,(2)).

Proof: As a'xq <z so (a'xq)xz=0 which a',4,z€ Y so
xa@) 2T (2, (0" %), 2,(@)
2T (T™ (@@ % ) % 2), 2,(2)), 24(9))
=T (T" (240, £4(2)), 2,(9)
=T"(x4(2), 2,(9)
=T (@), 24(2)

then y,(a")>=T""(x,(q), x ,(z)). Moreover
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A,(@)<C"(A,(a % q),A,(q))
<SC(C™ (A, (@ % ) % 2), A, (2)), A, ()
=C"(C"(4,(0),4,(2)), A, (@)
=C""(A,(2),4,(9)
=C"(A,(9),2,(2)

thus A4,(a")<C""(1,(9),A,(2)).

Proposition 3.9: If A=(y,,A,) € IFIN(Y) and p’'<gq, then Vp',qeY we

get A(p) 2 Aq)-
Now we prove that every IFIN(Y) is IFSN(Y).

Proposition 3.10: Assume A=(x,,A,) € IFIN(Y). Hence A=(x,,A,) €
IFSN(Y).
Proof: By using p*q = p and Proposition 3.9 we will have A(pxq) 2 A(p).
Xalpx D)2 0, (02T (s (px D), 2,@) 2T (O (p), 24 (@)
and
Ay (px @) <A, (p) C™ (A, (px4), 4, () < C (A, (p), A, (9))
thus A=(yx,,4,)eBFSN(Y).

Remark 3.11: Note that the converse of Proposition 3.10 is not true.
Example 3.2 give us A=(yx,, A,) € IFSN(Y) but y,(b) =025% T""
(2, (%), 2,(@) = T" (2,@), %,@) = 2,(@) = 0.35 hence A=(x,, 4,)
¢ IFIN(Y).

Now we show that under a condition every IFSN(Y) is IFIN(Y).

Proposition 3.12: Assume A=(yx,, 4,) € IFSN(Y) such that x,(p) =
T (x,(v), x,(2)) and A,(p) <C™"(A,(y), A,(z)) and pxy=2z hold
Vp,y,ze Y. Hence A=(yx,, A,) € IFIN(Y).

Proof: Using Proposition 3.4 we have A(0) 2 A(p). Since px(pxy)=<y
then

Ap) 2(T"" (x (e * y), 2, (W), C (A, (p* y), A, (¥)))-
Thus A=(yx,,A,) e IFIN(Y).

Proposition 3.13: Assume A=(y,,4,)€IFS(Y). Then
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A=(x,,L,)eFIN(Y)oC A=(y,,7,) € IFIN(Y)

and TA=(4,,1,) e IFIN(Y)
with ¥, =1-y, and )_,A =1-1,.

Definition 3.14: A=(y,,A,) € IFS(Y) is called an bifuzzy implicative ideal
of Y according norms (f-norm T"" and f-conorm C*") if Vp,y,z€Y:

(1) A(0)Supseteq A(p),
(2) A(p)Supseteq(T™" (x ,(p*(y x P)), x4 (2)), C*" (A, (p x (Y * ), A ,(2))).

Denoting IFIIN(Y) for the set of all bifuzzy implicative ideals of T
according norms (T™" and C*").

Proposition 3.15: Suppose A=(yx,,A,)€IFS(Y) with T",C*" be
idempotent. Then

A=(x,A)elFIINY) = A, ={peY:x,(p)z2mA,(p)<n}=D

and A, , bean implicative ideal of Y for every m,ne[0,1].

Definition 3.16: A=(x,,A,)eIFS(Y) will be as an bifuzzy positive
implicative ideal of Y according norms (t-norm T"” and t-conorm C*")
if Vp,y,zeX:
(1) A®) Supseteq A(p),
(2) A(px2) 2T (1, (P 1)+ 2), 2, (y % 2), C A (5 ¥) % 2),

2,y *2)).

We display IFPIIN(Y) as the set of all bifuzzy positive implicative
ideals of Y according norms (T"" and C*").

Proposition 3.17: Assume A=(y,,A,)elFS(Y) that T"",C*" be
idempotent. Thus

A=(x,,A)eIFPIINY) & A, ={peY:A(p)2(m,n)} =D

n

and A = will be a positive implicative ideal of Y which m,n e[0,1].

Proposition 3.18: Assume A=(yx,,4,) € IFIN(Y) with
ZA(plo * le) 2 Tnor(xA(((pIO * yl(])* le)* ZlO )’ ZA(Zlo))

and
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Aa(Prg * Y10) = C (A, ((Prg % Yag) * Y1) % 210), A4 (2,9))
VPiorYior % € Y- Hence A=(y,,A,)e€IFPIIN(Y).
Proof: Assume p, ,v,,,Z,, € Y. Then
((Prg % 219) % Z10) % (Y1 % 219) = (Prg % Z10) % Yag = (Prg % Y19) ¥ Z4g
and
Xa((prg % 210) % Z30) % (Y10 % 20)) 2 X, (P * Y10) % 2,)
and
Aa(((Pry * 210) % 210) % (Y30 % 230)) < A, (Prg % ¥10) % Z40)-
Aswe get y, =z, and z,, =y,  xz,, hence
Xa(Pro * 210) 2 T (4 (1 * 210) % Z10) % (Y10 % 210D XA (Y0 * 2))
and
Aa(Pro % 239) S C7(A, (1 * 239) % Z39) % (Y19 % 210))s A,y (W3 % 245))-
Then

ZA(plo *ZlO) 2 Tm)r(ZA(((plo *ZlO) *ZlO) *(ylo *ZIO))’XA(le * ZlO)) 2
T’wr(%A((plo * le)* ZlO )’ %A(ylo * ZlO)))

and

}'A (plo * ZlO) = CCM(;{'A(((plo * ZlO) * ZlO) * (]/10 * ZlO))’ /IA (ym * Z10 )) =
Cm” ()‘A((plﬂ * le ) * ZlO )’ AA (ylo * ZlO ))

Thus A=(x,,A,) € IFPIIN(Y).
Proposition 3.19: Assume A=(y,,A,)€IFIN(Y). Then
A= (ZA’;]'A) € IFPIIN(Y) < A((pn * Zn) * (yn * Zn)) = A((pn * yn) * Zn)
vpll’yll’zll EY'

Proof: Suppose

XA((pll *le)*(yll *le))z ZA((pll *yll)*zll)

and
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A ((pyy *2) % (g * 2,)) S A, ((yy * Yy > 2y,)
VP, Yyy.2, € Y. Hence (p,, xz,,) % (y,, x2,,) 2 p,, *Y,, and
Koy *2) 2T (W % 200), X (P % Y1)
2Ty Yy * 20 X4 ((Pyy > 200) % (Y, * 2,,))
=T (X (g % 20) % (Yyy > 20))), X4 (Y * 24y))
2T O, ((pyy > Yyy) * 200), X4 (Y, * 2,))

and

Ay (pyy *2) SC (A, (Y % 200), A, (Pyy % yy))
SC (A, Yy *2,) A, ((pyy * 20y) % (Yyy *2)))
— o (AA ((pll * le ) * (yll * Z]] )r A«A(yll * le))
<C" (/lA((pll * yn) * le)’ A'A(y“ * ZH))'

Thus
Ha(Pry *2) 2T, Py % Y1) * 20, 2, (Y % 2,y)
and

)'A (pll * le) < Cm" (AA((pll * yll ) * le)’ /IA(yll * le))
thus A=(yx,,A,)e FPIIN(Y).

1325

Conversely, Suppose A=(y,, A,) € IFPIIN(Y)and p,,, ¥,,, Z, € Y
with a,, = p, * (y, * z,,) and b, =p,, * y,;. Thus ((p, * (y,, * 2,,)) *
(pll * yll)) j yll * (yll * le) and thus ((pll * (yll * le)) * (Pll * yll)) *
Z]] jy‘l'l * (y]] * Z]]) * Z]] :0 and ZA(((pl‘l * (]/ll * Z]])) * (pll * y]])) *
z,,) 2 x,00) and A4,(((p,, * (v, * 2,)) * (P, * ¥y,)) * 2,;) < A,(0). Then
%A((all * bll) * le) = XA((pll * (yll * le) * pll * yll) * le) 2 XA(O) and

;]’A((all * bu) * le) =x (yn * le) * Py * yll) * Zn) < }‘A(O)' Now
2Py % 2% (0 % 2,)) = 2Py, * (0 %2,) %2,
=y, (a, *z,
2 TW(ZA((QM * bll)* Z11)' XA(bll * 211))
> T (,(0), £, (b, % 2,,)
=x,(b, %z,
=Xy * Y1) % 2,y)

and
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A (P *2,) % (Y *2)) = Ay (P % (Y, % 2,)  2)
= /’LA (@, xz,
SC*(A,((ay b)) x 2,), A, (b, % 2,,)
<C(A,(0),4,(b, xz,,))
=2,(b,, *z,)
=A,((pyy * Y1) *2,)-

Thus J,((p; * 2,1) * (Y, * 2,)) 2 2,((py, * y,,) * 2,;) and )“A((Pn *
zy) * (Y, * 7)) < )'A((pn * Yy) * 2y,) forevery p,y,,2, €Y.

b,eY.

3773

Proposition 3.20: Assume A =(y,,A,) € IFPIIN(Y) and p,,y,,2,,4

(1) As ((py *y,)*y,)*a, Xb,, so
Xa(ps xY3) 2T (2,4(a3), 2, (03))

and

Aa(ps % y;) <C(A,4 (), 4, (D,))-

(2) If ((p, *y,) *xz,)xa, Xb,, then

Xa((py +2) % (Y, x2,)) 2 T™ () ,,(a5), x,,(b3))

and

A ((py *2,) * (Y, x2,)) <C™(4,(a;), A, (D,)).

b,eY.

Proof: Assume A=(yx,,A,)eIFPIIN(Y) and p,,v,,z,,4,,b,
(1) Let ((p, * y5) x y,) x a, 2b, thus x,((p, * v,) * y;) = T""(x,(a,),
24(b,)) and A, ((p, * v,) * y,) < C"(4,(a,), A,(b,)). Hence
X3 xY5) 2T (P *Y3) > Y3) X4 (Y5 % 15))
=T (2, ((ps *Y3) * Y3), 2,(0))
=2X.(ps *y3) % y5)

2T (x4(a,), %,(b3))

and
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Ay (py xy3) SCT(A, (P * Y3) % ¥3), A, (Y, * 13))
=C"(A,((p, xy5) * y,), 4,(0))

=A,((p; *xy3)* ;)
<C™(A,(ay),A,(b,))
then
X4(Ps *x¥:) 2T (1 (a5), x4(by))
and

A, (3 % y;) <C™(A4(a,), 4, (D,))-

(2) Let ((p, *y,)* z,)*xa, = b,, so from Proposition 3.8 we get that
Xa((py +2) % (Y, £ 2,)) 2 2, ((P5 % Y3) x 2,) 2 T (,(a5), 1, (b5))

and

A (g *2) * (Y, x2,)) S A, ((py % y,) % 2,) <C™(A,(ay), A, (by)).

Proposition 3.21: Suppose A=(x,, A,) € IFS(Y) with ((p, x y,) * y,) *
a, =b, that p,, y,, a,, b, eY. If Alp, xy,) < (T" (x,(a,), x,(,)), C"
(A,(a), A, (b)), then A=(x,,A,) € IFPIIN(Y).

Proof: Firstly, we prove that A=(yx,, 4,) € IFIN(Y). Assume p,, y,,
z, €Y which p, x y, < z,. Hence ((p, * 0) x 0) x y, = (p, * v,) *» z, =0
thus ((px0) x 0) x y, Xz,. Put y, =0, a,=y,, b, =z, in hypothesis then
200D = 2 (0% 0 = T (2,(,), 2,(z)) and 2,(p,) = A,(p, * 0) <
C" (A,(y,), 4,(z,)). Thus from Proposition 3.12 we get that A=(yx,, 4,)
€ IFIN(Y). As (((p, x y,) x y,) » ((p, *y,) *y,)) x0=0 so ((p, * v,)
*y,) *((p, xy,) xy,) =0 for all p, y, €Y. As hypothesis x,(p, x
V) = T (G (P % 1) * 1) 2,00 = 2,((p, * ) % v,) and 4, (p, *
y) < C(A, ((py * y,) * Yy, 4,000 = 4,((p, * y,) * y,). Then A=(x,,
A,) IFPIIN(Y).

Proposition 3.22: Assume A=(y,, 4,) € IFS(Y) and ((p, * v,) * z;)
*xa; 2b, that p,, vy, z,a;,b,eYX. If Al(ps * y5) x (ys x z5)) =2 (T

(x.(ay), x,(b5)), C (A,(ay), A,(by))), then A=(x,, A,) € IFPIIN(Y).
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b. €Y. Then

57 75

Proof: Let ((p; * y,) * z,) * a; <b, such that p,, v,, z,, a
(((ps * y5) * z5) * a,) x by =0. Now

Xa(Ps *xY5) =2, ((p5 % y5) ¥ 0)= 1, ((p5 * y5) * (v5 * y5) 2 T (x4 (a5), %, (s))
and
Aa(ps *Y5) =, ((ps * Y5) x 0)= A, ((p5 * ¥5) * (Y5 x ¥5)) < C* (A, (a5), A, (b))
hence A=(y,,A,) e IFPIIN(Y).
Proposition3.23:[f A=(x,,A,) € IFPIIN(Y), then AA=(x,, % ,) € IFPIIN(Y).
Proof: Suppose p,,y,,z, €Y. As A=(x,,A,)eIFPIIN(Y) so

240)2 x,(p,) 1)
and then 1-y,(0)<1-y,(p,) thus

72,0 < x,,(p,)- )

Moreover
Xa(Pg % 2) 2T (0, (g % Y) % 26) X4 (Y * 2)) ®)
thus
T=2,(ps +2) <T=T™ (2, ((Pg * Y ) * 2): X4 (Y % %))
then
Xa Py x2g) S C (1= 20, ((Pg % Ye) * 24), 1= 2,4 (Y % 24)))
then
Xa(Pe x2e) < C (2, (g x Y) % 2), X5 (Y % 25))- )
Now (1)-(4) give us that AA=(yx,,x,) € IFPIIN(Y).

Proposition 3.24: If A=(y,,A,)elFPIIN(Y), then VA= (IA,Z,A) €
IFPIIN(Y).

Proof: Let p,,,y,5,z,€Y. As A=(x,,A,)€IFPIIN(Y) so
A, 0)<4,(ps) 1)

and then 1-4,(0)>1-4,(p,;) then
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2,002 2,(p,,)- )
Also
Ay (Pis % 215) SC (A ((Prs * Yis) * Z45)s Ay (Y5 % Z45) 3)
thus
1-2,(pys *x2,5) 2 1=C (A, ((Py5 * Y15) * Z5), A, (Y15 % Z,5))
then
Ay (P 205) 2T (1= 2, ((Prs % ¥15) $ 235), 1= A, (4,5 % 2,5)))
then
Ay (Prs % 2,) 2T (R, (s % Y35) % 2,5), Ay (115 % 2,5))- @)
As (1)-(4) so VA=(x,,7,) € IFPIIN(Y).

Proposition 3.5: A=(yx,,A,)€IFPIIN(Y) if and only if AA = (x,,%,) €
IFPIIN(Y) and VA = (,,A,) € IFPIIN(Y).

4, IFSN(Y),IFIN(Y),IFIIN(Y),IFPIIN(Y) under intersection, cartesian
product and homomorphism

Proposition 4.1: Assume A=(yx,,A,)eIFSN(Y) and B = (x, 4,) €
IFSN(Y). Then AnBeIFSN(Y).

Proof: Let p,,y, € Y. Then

XacsPr % Y:) =T (X4 (P % Y,), 25 (P, % Y,))
2T (T (XA P2 24D T (P, X5 ()
=T (T™ (2, (P, 25 T (4 (Y5), X5(Y,)))
= TWOV(ZAHB(p7 ), X acs (y7 )

thus
Xars P % Y7) 2 T (X pris P71 X 05 (Y7))-

Also
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ZepesPr % Y;) = C (A, (P, % ¥,), Ag(p; % 1))
SC(C™ (A, () Ay (1)), C (A5 (p), Ay (1))
=C(C™ (A, (p,), 25 (P, ), C (A, (y,), A5 (y,)))
=C" (s (P A (¥))

then
A s (07 % Y,) SC (A 5 (0) Ay 5 (V)

Thus ANB=(y, ;,A, )€ FSN(Y).

AnB

Proposition 4.2: Assume A=(y,, A,) € IFIN(Y) and B = (yx,, 4,) €
IFIN(Y). Hence AN BeIFIN(Y).

Proposition 4.3: Suppose A = (x,, A,) € IFIIN(Y) and B = (x,, 4,) €
IFIIN(Y). Therefore ANB e IFIIN(Y).

Proposition 4.4: If A= (yx,,A,)e€IFPIIN(Y) and B=(x, 4,)c€
IFPIIN(Y), then AnB e IFPIIN(Y).

Proposition 4.5: As A = (y,,A,) € IFSN(Y) and B=(y,, A,) € IFSN(Y)
so AxBeIFSN(YxY).
Proof: Let (a,,y,),(a,,y,) € YxY. Then

() (@9 % (0,900 = (2,00, %8,,9, 5 1,)
=T" (1,0, % 3,), £, (Y, % 1)
=T (T (ZA ((711 ), Xa (az))r T”W(ZB(% ), ZB(yz)))
=T (T (@), W) T (2,4(@,), 2 (Y,))
=T" (ZAXB (al 'Ya )’ leB (a2’y2 ))

thus
ZAXB((al’yl) * (aZ’yZ)) 2 Tnor(%AxB(al’yl)’XAxB (HZ’yZ))'

Also
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(;I'AXB)((al’yl) * (azfyz)) = (A’AxB)(al * 0y, Yy x yz)
=C"(A,(a, xa,), 4, (y, * ¥,))
SC(C™ (A, (a), A, (a,)), C (Ay(y), A5 (1))
=C"(C™"(A,(a,), Ay (y,)), C" (A, (a,), A4 (Y,)))
=" (AAXB (al 'Yi ), AAXB (le 'Y, )
then
A (@, y,) % (ay,y,)) SC™(A, 5 (a,y,), A5, 1,))-
Therefore
AxB= ()(AxB,leﬂ) e I[FSN(YxY).

Proposition 4.6: Assume A=(y,, A,) € IFIN(Y) and B=(x, 4,)€
IFIN(Y). Then AxBeIFIN(YxY).

Proposition 4.7: Suppose A=(x,, A,) € IFIIN(Y) and B=(x,, A,) €
IFIIN(Y). Then AxBeIFIIN(YxY).

Proposition 4.8: Assume A=(yx,, A,) € IFPIIN(Y) and B=(yx,, 4,) €
IFPIIN(Y). Then AxB e IFPIIN(YxY).

Proposition 4.9: If A=(x,, A,) € IFSN(Y) and p:Y—>Y be a
homomorphism of BCK -Algebras, then p(A)e IFSN(Y).
Proof: Let y,,y, €Y and a,,a, € Y such that p(a,)=y, and p(a,)=y,. Then

p(ZA)(yl *y2)=suP{ZA(”1 *az)lallaz € Y’p(al): yl’p(az): ]/2}
ZSup{T”ar()(A(ﬂl),)(A(ﬂz)|ulra2 eer(a1): y]’p(az):yz}
— Tnor(sup{%A(al)lal I= T/p(gl):yl},sup{ZA(az)laz ET/p(uz):yz})

=T"" (p(x, )W), ¥ (x,)(Y,))

thus
P )W, *y,) 2T (p(x) W), (X, )(Y,))-

Also
P(A )y, xy,)=inf{A, (a, xa,)|a,,a, €Y, p(a,)=y,, p(a,)=1y,}
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<inf{C*"(A,(a,), A, (a,)|a,,a, € X, p(a,) = ,, p(a,) = y,}
=Ccon(inf{ZA(a1)|a1 c T/p(gl)=y1},inf{ﬂ-A(ﬂ2)|a2 S Y,p(ﬂz)zyz})

= C (p(A,)(¥,), 9(x,)(¥,))
50
P, * 1)< C (p(A,)(¥,), (A, ) (,).
Then p(A)=(p(%,),9(A,) € IFSN(Y).

Proposition 4.10: If B=(y,,A4,)€IFSN(Y) and n:Y—Y be a
homomorphism of BCK -Algebras, then n7'(B) € IFSN(Y).

Proof: Let a,,a, € Y. Then
n ()@, xa,) = x,(na, xa,))
= x5(na,) x n(a,))
2T (25 ((@,)), 25(n(a,)))
=T"" (" ()(@,), 1 (2,)(a,))

thus
17 ()@, % a,) =T (7 () (a,), 17 (2,)(@,)).
Also
7 (&)@, xa,) = 25 (1(a, xa,))

= A, (n(a,)*n(a,))
<C(Ay(n(a,)), A5 (n(a,)))
=C (M (A)(a,), 1 (A,)(a,))

then

' (A)a, *a,) <C (7 (A4,)(a,),n7 (A,)(a,)).
Therefore n7'(B)=(n"(x;),n"'(4,)) € IFSN(Y).

Proposition 4.11: Let ¢:Y —Y be a homomorphism of BCK -Algebras
such that A=(y,,A,)eIFS(Y) and B=(yx,,4,)<IFS(Y).

(1) If AeIFIN(Y), then @(A)e IFIN(Y).
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(2) If BeIFIN(Y), then ¢ '(B)e IFIN(Y).

(3) If AeIFIIN(Y), then @(A)e IFIIN(Y).

(4

If BeIFTIIN(Y), then ¢ '(B) e IFIIN(Y).

(5) If AelIFPIIN(Y), then @(A)e IFPIIN(Y).

)
)
)
)
)

(6) If BeIFPIIN(Y), then ¢ '(B) < IFPIIN(Y).
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