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Abstract

The aim of this paper is to generalize the paper in [7] in 4-dimensional Euclidean space.
We define and calculate the geometries of hypersurface in an Euclidean four space using
the Caputo fractional derivative. Using the fractional calculus we give the geometrics of the
considered hypersurface. We give some example using the graphs of some functions in R’.
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1. Introduction

The applications and theory of fractional calculus are important in
diverse areas of mathematical physics and engineering sciences. Standard
differentiation or integration into a random non-integer hierarchy is a
generalization. For detail see [2, 4, 5]. The ¢ —Caputo fractional derivative
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in Banach spaces is used by the authors in [5] to examine a particular type
of starting value problem for nonlinear implicit fractional differential
equations.

In the other hand the differential geometry via fractional calculus is
very interesting and has been studied by several authors. In [7], the authors
give a method to construct fractional differential geometry of curves. They
use the fractional operator to define the tangent vector of a plane curve.
They provide the fractional Frenet-Serret formulas and the expression of
the Frenet frame of curve using a simplification for the fractional derivative
of the composite function. .

In [3] the authors introduce and define the geometric operators of
plan curves and space curves using the fractional calculus and provide
some relations between them. They give the Frenet-Serret formulas of the
curve in R? and then construct the ways of determining a curve in R® in
terms of the new invariants.

In [8] the authors study the geometric structures of surfaces with
Caputo fractional derivatives. They introduce the Gauss frame with
fractional order. They define the two curvatures of the surface using
fractional calculus.

The study of hypersurfaces on a Euclidean space is a vast and very
interesting subject which allows us to better understand the geometry of
ambient space, see for example [1]. And this paper try to give the same
geometry with the Caputo fractional derivative.

Motivated by the above works, we investigate the geometries of
hypersurfaces in Euclidean four space via fractional derivative. We define
and calculate the geometries of hypersurface in an Euclidean four space
using the Caputo fractionnal derivative. The two curvatures of this
hypersurface are studied and calculated with the Capito fractional
derivative.

The paper is organised as follow: in section 2, we recall some
preliminaries results about the geometries of hypersurface in Euclidean
for space and some basic tool in Caputo fractional derivative. In the section
3, we study the differential geometries of hypersurface in R* using the
Caputo fractional derivative operator.

2. Preliminaries
2.1 Hypersurfaces in Euclidean 4-space

A hypersurface in an Euclidean 4-space can be defined by the
differential map
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¢:DcR’ >R
(x,y,2)= ex,y,2)=(9,(x,v,2),0,(x,y,2),0,(x,Y,2),0,(x,Y,2)) 1)

were D is an open domain of R®.

Let u=(u,u,,u,u,), v=(v,0,,9,,90,) and w=(w,,w, w, w,) be
three vectors in R*.

Then the inner product and the vector product are defined respectively

by:

(U,0) = w0, +U,0, + U0, +u,0, (2)

and

€1 € €3 ¢4
W Uy Uz Uy
U Uy U3 Uy
Wy Wy W3 Wy

where (e,,¢,,e,,e,) is the canonical basis in R*.

The norm of i is expressed by || i ||=+/(#, ).
The unit normal vector field, the first and second fundamental forms
of ¢
P X0, x0,

= , (4)
o, xo,xo_|

n
a

8 & &3
[gij]= 8n 8xn 8 5)
81 8n 8

and

[hz‘j] =| h,
h

hZZ h23 4 (6)
31
respectively, where the coefficients g, = (¢ _, ¢ ), h,=<(o ., n,), ¢, =

XA
0p(xy,%; ,X,) 820(xy %, ,%,) PR
e, e, = s, 4,je{0,1,2).

=
0ox, ox;x;

The formula of the shape operator of ¢ is given by
S=Is,1=1g"1-In,], 7)
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where [¢"] is the inverse matrix of [ gl
By using the equations in (5)-(7), we get the Gaussian curvature and
mean curvature of ¢

det[h, ]
K= : (8)
det[g, ]
and
3H = trace(S), )
respectively.

2.2 Caputo fractionnal derivative

In this section, we recall some definitions and preliminaries that will
be used in this work. For more details see [6].

Definition 2.1: The Riemann-Liouville integral of order o >0 for a
continuous function ¢ € L' ((0,1],R) is given by:

IP(1) = g it =7 p(D)dz, Vi (0,1] (10)
with T'(a) = e "u®"du.

Definition 2.2: If ¢eC"([0,1],R) and n-1<a<n, then, the Caputo
fractional derivative is given by:

a _ n—ai
Dp(t)=1 o ((£)

1

“To-a) Jo(t =5)" " 9" (s)ds. (11)

For example the Caputo fractional derivative of order 0 < <1 for ¢
is given by
d
D(t)=1"" —(q(t
() (9

= ﬁjé(t —8)“¢'(s)ds. (12)

The Leibniz formula via the Caputo fractional derivative is given by
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o k f o—k _
(D f2)(t) = ZCa PR F(l

f 0)(0).  (13)

By using relation (13), the fractional derivative of composite function

f(t(s)) is given by

o fH6) = fHO) o, 2 A AGO),
(D” f)((s)) = -0 +kzlcar(k iD dt (14)

3. Geometries of hypersurfaces in R* via Caputo fractional derivative
3.1 First and second fondamental forms

Let us consider a smooth hypersurface ¢ =¢(x,y,z) in a Euclidean
4-space R*:

o(x,y,2)=(0'(x,y,2),9°(x,y,2), 0’ (¥,y,2), 9*(x,1,2)), (15)

where x y and z are the coordinates on D ¢ R®. In the fractional case,
we consider the case where only the Gaussian basis of the hypersurface S
is defined using the fractional derivative of Caputo and the other

derivatives are the classical ones. In this case, the vectors of this basis are
defined as:

(“D{9,“D;o,"Dio,n,}, (16)

where n_ is the normal vector of the hypersurface ¢, given by
CDaq)XCDa(pXCDa(p

a<€]0,1 17
= HCD“WCD“WCD%II <ol a7

Now we put (x,y,z)=(x',x*,x°) Using the basis vectors in (16), the
induce metric of the hypersurface ¢ = ¢(x') is given by

89 = (D%, D), (18)

where « €]0,1] is the order of the Caputo fractionnal derivative of the
componentsof ¢.
The classical derivative of the first fundamental form is given by:
og ogy g o
IR - =—("D%p,°D", +— D", D%¢)———(D%p, D"
o o or 8x< 29, D5o) ("D 9,“DS0) < @, D)

(19)
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Using the fractionnal case, the Christoffel symbols of the first type is
defined by:

o o 8 o
ngj) = <CDXk(P,§(CDX,(P)>- (20)

And the Christoffel symbols of the second type is defined by:
(@k _ (@K@
Fij =8 Filj ’ (21)
where g(a)kl is the matrix inverse of g\

The torsion is given by T,” =T ~T'7). Then, the equation (19)

ikj ikj
becomes
ag(_l)_t) ag(q) ag(af)
k ki
- + - = - T + T =T+ T (22)
X X X
Because, since (19) we have
ag(fl) ag(a) ag(a)
, " i
. T+ 6fi - S=D AT+ T + T T — T
X X X
—_ (T _1(@)y_ () _ () () ()
- (iji Fikj) (F;'ik Fki/ )+Fi]‘k +rkij
_ _m(o) _ () (o) ()
- Tjki Tjik +Fijk +rkij (23)

and that give the result. Now we introduce the following expression

a o o)n o
G, =a_(CDx,go)—F<z,j>’ D% . (24)

i

Proposition 3.1: The vector G, is orthogonal to D, ¢.
Proof: With an easy computation, we have

o a o o)h o o
<Gi,‘/Cka §0> = <5(CDX,(P) - r(i]‘)] CDXIX(P/CDk §0>

xh

0 o o a)h o a
= <§(CDX/(/))/CDXJ(¢> - rf] 4 <CD (P/Cka (P>

o a o o)h a
= <CDXA»(P/§(CDX;(P)>_FE " g(hk)

=T -_re

ikj ikj

=0



GEOMETRY OF HYPERSURFACES IN EUCLIDEAN 4-SPACE 1373

Theorem 3.2: The fractional Gauss equation of the hypersurface ¢ is given by

%(CD"] @)=T""DSo+hn, (25)
x X

where h(i;”)na is called the fractional second fundamental form of .

Proof: Using the proposition 3.1, we have (Gl.j.,CD;’k @) =0; so there exists a
coefficient hfj"’) such that

G = h;ﬂl)na — i(Csz]q)) l—‘(a)h CDa 0,
i '] axl X
where 1 is the fractional second fundamental form o defined by
(o) _ a Cryo
1 =(- (D), (26)
! ox'

We remark that the second fundamental form is also asymmetric
because of the fractional non-local derivative h(lf;) # h(]‘.’?. Gauss’s formula
(25) and the vectors of the frame (CDZ ¢,n,)=0 are orthogonal, expressing
the second basic form as

W = _<CD; (p,%>. (27)

Because we have (CD:, ¢,n)=0 and differentiating the vector of the
basis x' we get

0
ﬂ(CD"j(p,nJ:i,(CD“](p,naH ‘D%p, e
! x ox' x ol ox!

ox
o . on,
= hl(j ) +<CDXf(p/_i>
ox

_ h(d) h(a)

> =0.
So there exists a coeff1c1ent L" such that the derlvatlve of the normal vector

is expressed as

0
L L' D% . (28)
ox

If replace (28) in (27), the coefficient L’j is given by :
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W =~L(“D% g, Dt g) =~ L3} (29)

That is ' = "1 = —[*. Thus the fractional Weingarten is given
by:
on

e —H* D% . (30)

3.2 Condition of Integrability and curvatures

Here we study conditions for integrating the hypersurface into the
fractional basis. First, the non-commutativity of the classical derivative of
the basis vectors is related to the asymmetry of Christoffel symbols of type
2 and to the second fundamental form. And then we have

0

;(C )= ( D)= =T 7)) Do+ () ~h))n,. 31
Moreover, we consider the commutativity of the following integer
derivatives:
a a C o 6 6 Cryo
—| = =—/|—(D 32
P {a -("D co)} pw L%ck x,(p)} (32)

By (25) and (30), the left term in (32) is given by

0| 0 o

)

_ a (o)l Cya (o)

_J[FU Dio+h; na]

0 r‘(a)l CDocl(p+1—*(a)l 0 (CD(II(p)_i__h n, +h(a)
"o ox* 8xk

=%r§;>l ‘Dip+T\ a—i(CD;<p)+yh§f)na +h (-1 DS )

0

ax

C
:[%rw + Tl — h@h,{“”j D°§<p+(ih€“> +T( Wj
ax if ij X axk [} ij o

S T@ D+ T (M °D g+ hen )+a%h@n ~HO D%

ij a

(33)
With the same methode we obtain the second fundamental form on
the right term of (32):
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C
0 0 e - 0 (o)l (a)m(e)! (o) ()] o 0 (@) () 7, (@)
g{%( DX,(D):|—(§FH +ij rz‘m _hkj hi Dx’(p+ &hkj +ij hz‘l n,.

(34)
Thus we obtain the fractional differential equations of Gauss-

Mainardi-Codazzi by the following expression:

or’ or
S A T DT (R ) =0, (35)
on'?) on')
i ()1, ()] ()l (o) _
T e T TN =0 &2

With the equation (35), and using the Christoffel of second type, we

get
or” or
RO = a—‘;_a—’jw(io‘;mr% - (37)
X X

Because, since (35) we get

or'’ ary
i KL plemp@! _penp@l _ pp@l _ pep el
v_v_'_rij rkm_rkj | I _hz'jhk _hkjhi .
If we put RW' = h'® ' — 1 B we get the result. And the
Ju 1] ] 1
; (@) _ ol
relation R = g0 R

(o)ym

o« become, by using the non-symmetry of the

second form fundamental:

R(a)m — h(a)h(a)m _h(a)h(a)m
jik ij "k kj'ti

_ (o) pla)myp (o) _ qg,(0) j(e)lmp (o)

_hij 8 hkl hkj 8 hil

— (K@, (@) (@)1, (@) \ ()im
_(hij hkl _hk]‘ hz’l )g :

And by putting Rf) = Bl —h@h{, we get: R, = g\ R

jlik ml™ " jik
Theorem 3.3: The fractional Gauss curvature of the hypersurface ¢ is given by

deth®
(o) _ U
(a) 7
detg;

(38)

where
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(] — _ (@) (@) (@) (@) g(@) g(@) | (o) (@) () _ (@) p(@) o) _
det[gzj ]_ ng gZZ g?)l +g12 g23 g31 +g13 ng g32 gll g23 32
(@) o (@) (@) (@) H(@) 5(@)
g12 ng g33 +g11 gZZ gSS °
and

()] _ _1,(a) (), () (o) 1,() 1,(ex) (), (o)1, (0) _ (o), (@)1, ()
det[hi]’ ]_ h13 hzz h31 +h12 h23 h31 +h13 h21 hsz hll h23 haz

(@)1, () g, () (@)1, (), ()
hlz h21 h33 +hu hzz haa .

Using the relation in (7) the expression of the inverse of [ gi';.‘] is given

by:
() (@) (@) o) () () () () () () () ()
1 82 8% ~8:58n S138n "&8128:m 8128k ~&i38xn
(@)ijy _ (a) j () _ (@) () (a) j () _ (@) 5 () (o) j () _ (@) j(a)
[g 1= det[g(“)] 8238 T82183m 818k 8138 8138xu T8 8z
ij (@) () (&) (o) () () (@) (o) () () (@) ()
! 81 8xn T8x2 8 8128xn T81'8n 81'8n T8 &xn
(39)
The mean curvature of S via the fractional way is given by the relation
(o) _ (a)if ()
3H =trace([g ]-[hl,], 1. (40)
Since (3.2) we have
(@) (@) _ (@) (@) (@) (@) _ (o) (@) (@) (@) _ (@) (@) (@)  p(@) (@)
8283 ~8k8n 8138n "8128n 81n&xn ~8i38n hn hlz h13
(@) (@) _ (@) (o) (o) pla) _ (o) (o) (@) () _ (@) (@) (@) @) @)
trace|| 85783 — 8 8n &1 8w —&1a xS & &1 8xn || By My My
(o) (@) _ (@) p(@) (0 o(@) _ (@) p(@) (@) gl@) _ (@) (o) (@) @ @)
H® = gz(; g;ﬁ _gzz ga? glg gs‘f _glllx gs(; gllf 85 _gl‘; gzlf hs(f hs(; hs(;

3det[g§].‘”]

(41)

Theorem 3.4: The fractional mean curvature of the hypersurface ¢ is given by:
(@) ( (@) () (@) (@) (@) ( () () (@) 5 (@) (@) ( o(@) 5 (@) (@) 5 (@)
hn (gzz 83 83 8x )+h21 (g13 83 ~812 83 )+h13 (glz 83 813 8&x» )
(@) ( o(@) o (@) (@) 5 (@) (@) ( o(@) 5(@) (@) 5 (@) (@) ( o(@) 5 (@) (@) 5 (@)
+h12 (gzs 831 ~8xn & )+h22 (gn 83" 813 & )+h32 (g13 821 ~8n 82 )
(@) ( 5(@) 5 (@) (@) 5 (@) (@) ( o(@) 5 () (@) 5 (@) (@) ( (@) o (@) () 5 (@)
+h1 (g 8n ~8xn &xn )+h23 (glz 8x 81 &=x )+h33 (gll 8» ~812'8x )

3 21

(@) 5 (&) () () (@) 5 () (@) 5 () ()
81582 831 T8128%'83 1813 81 &
(@) 5 (@) () (&) (&) () () 5 (@) 5 (@)
811823 8 ~812821'83 T8 8» &

(42)

Example 3.5: Let the function f given by
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f:UcR® - R (43)
(x,v,2) > (x,y,z2)=x>+y*+z°  where UcR’.

Now let M be the graph parametrized by ¢ = (¢', ¢, ¢°, ¢*) = (x,
¥, z, f(x, y, z)). The fractional vectors of the frame of the tangent space

TM are:

D% = 1 J‘" 1

P Ay —py
1 [ e
B I'l-o) l-o |
xl—a xl—a

“d-or(-0) TC-a)

CD::(pZ — 0[
CD?(pS - O
and
c - 0 = 1 J'x 2t . it
I'l-a)’ r(x-t)
With an easy computation we get
CDa(p4 — zxz_a .
* I'G-ow)
Then we get
l-a
‘Drp=—2 1,0,0,-2%|. (44)
* Ire-o) 3-«a
The same computation gives
l1-a
pro=—Y [0,1,0-2L (45)
v Ire-o) 3-«a
and
l-a
Drp=—2 " [0,01,-2|. (46)
r2-o) 3-«a

Using the vector product formula, we get
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l-o, 1-a 1-a 2x 2 ZZ
Drpx“DipxDip="—2 = I 47
PR PP r’e-a) (3-a 3-a'3-o 47

The norm is

l-a, -0 1-o 2 2 2 2
I°DrgxDripxDrp| =X Y = | 2 &Y, 4z 4
ST [-a) (-0 (-a)

2
O‘] } . 48)
Finaly the fractional normal vector is

1
22
na=[x2+]/2+22+[3;a] ] (x/ylzlagsJ- (49)

the coefficients of the first fundamental form via fractional calculus are

le—ayl—azl—a 3 _

81 =(‘Djo,Dip) = sz_m T . (50)
re-ol  G-o)

8% =(‘Dyo, D) = Fzy(;_z_aa) 1+ (34_3/;)2 (51)

8% =("Dlo, D) = Ff(z;_aa) 1+ (;fz;)z (52)

8 =85 =("D{9, Do) = % (53)

O e (54

g\ = g4 =(‘Diop, D)= % (55)

By using the normal n_, the coefficients of the second fundamental
form via fractional way, are
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1o =(Lcpeg)n, Y=(LoBEfq oo 2@ )
ox 7 “ re-o) 1-o)(3-a)
1
2|2
o] | franes?)
1
1-o 212
W = - X Xyt +2+ 3-a
re-o) 2
ne (2 eprgyn, )= (LoD [y g0 2C-0 |
oy VY “ r2-o) (1-a)3-a)
1
22
rorerfi ons)
1
1-a 2 (2
h(z(;):_ y x2+y2+zz+ 3-a
re-o) 2
1o =2 prgyn Y= (AR g0, 22—z
oz ° ¢ Ire-o) 1-a)B3-a)
1
2|2
[xz +y*+2° +[3;a] } (x,y,z,—a;3j>h(3‘;)
1
1-o 212
= Xyt + 3-a
r2-a) 2

WY =01 =0;h =0;h =0;h =0eth =0.

Thus, for the fractional Gauss curvature, we have

det

e
0
0

0
iy

0

0
0
y

K@ =

det

8y

&)

()

_8 31

g
g%

g%

gy

8%

8 |

1379

(56)

(57)

(58)

(59)

(60)
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where

" e (e ]—ayl—a 1-o 3 2|2
det[hfj )] = I’l§1 )h;2)h;3) = —3( ) x2 + yz + Z2 +
and

(@] = _ (@) (@) (@) 4 5(0) (@) (@) 4 (@) 5(0) (@) _ (@) (@) p(@) _
det[gl/ ]_ gl3 g22 g31 +812 g23 g31 +g13 ng g32 gll g23 g32

(@) 5 () (@) (@) 5(a) ()
812 8183 T 811 8283

2 2 2
3—o)t |12 |12 [1: 4z 1y
( ) [ (B-a)? (B-a)? (B-a)?
2—2ay2—2a22—2a

X 2
== 7 = 1128x°y*2* -16(3 -« szzz[l 4y ]—
r‘G-ou) Y (3-a) "Goap

472 452
(16(3 —a)*(x*y’ {1+(3_a)2 ] +y°z° [1+(3_w)2 D

So we obtain

3
1 1 0-1| .2 2 2 3— 212
—x* My N Pyt 4z +(—2aj

K@ = _ (61)
Goa) |1, 4 |q, 4 |q, 42 |,
r’*E-a) (3-a)? (3-a)? (B-a)?
128 2,22 16 2,2 4y _
1"3(47a)x ¥z r4-o)r?3-a) { (3—a)2]
16 2.2 472 2.2 4x>
- |x 1+ +y°z7| 1+
_F(4—a)l“2(3—a)( Y [ (311)2] Y { (3a)ZD_
For the fractional mean curvature, we have
o (8585 — 8585 )+ I (21785 — 81785 ) + i (8178 ~ 815857
3det g
ij
[ -0 —o 2 2
a a) (o a) (o —xyroegr o (1+ = J[l_'_ = J
hil)(ggz)gés) _ggs)géz)) = s r4(27a)L -0’ G-a)®

1“(2—05)\/9(2 A —

,7T2(3—a>

—o0,2-0 2-a _y*“[“ (1+ 4’ 1+ 42?
-y r‘e-a)l (G-a)? G-a)?

1"(2—0()\/x2 +y*+z7 |- 8
| T2G-a)

(@) ( 5(@) 5 () (@) 5 () _
hzz (gll 83 ~ 813 & )_
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a 20 2a 1, 1+ %
H(g )= -z Yy r*@-o) (3a)2J[ G-a)?
811 gzz glz g21 > ’
F(Z—a)\/x +y*+z7 |8
rG-o)

Then we obtain

i -0~ 2 2
_l-o 20 2-a y : (1+ H 2 I+ = 2
L Ireea) eGP | Ga? )|,

T'(2-a) x2+y2+z2 8
| T2G-a)
y - ( 4x? 47*
—yl'“‘xz'azz_a 40— a)L I+ (3- a)2]£1+(3—a)2]
TQ-apwx2+y?+22|__ 8
r’G-a)

x—ay—zx (1+ 4x2 1+ 4]/2
22 It o) G- | (G-a)?
Ir2-o) x2+yz+z2 8
o L | I’(3-a)

— (62)
G-a) (1, 4 ][1+ 47 ][1+ 422 ]Jr
(

r’e-ol  G-0? ) G-a? 3-a)?

2
128 Py 16 22140
(3 o)

r*(d-a) l"(4foc)l"2 - (B-a)?
S L R | T 1+ 4
F(4—a)1"2(3—a)[x Y [ (3—a) ] vz [ @G-a)))|

Example 3.6: We give another example of graph where the function fis a
constant defined by

f:UcCR® > R(x,y,z)> f(x,y,z2)=K  avec Uun ouvert deR’  (63)

where k = constante non zero constant. The parametrization of the graph
is: o=(¢', 0>, ¢°, 0*) = (x, y, z, f(x, y, z)) Since the Caputo derivative
of a constant is zero, we have ‘D% = CDy‘]‘(p =D’ = 0.

Using (44), (45) et (46), we get

1-o

Ire-o)

Crya

D¢ =

(1,0,0,0), (64)

1-o

pro=—Y _(0,1,0,0 65
= e @100 (65)
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and
c Zl—a
D¢ = 0,0,1,0). 66
0= ey OO (66)
The vector product is
‘D x“D*px“D%p = w? (67)
WPOE P r’'e-a) -
and its norm is
c c c xl—ayl—azl—a
Dlox"Deox"Di¢p||=—"— 68
[FDYex"Djex"Dig| Feo (68)
which gives the fractional normal vector of ¢ by
n,=(0,0,0,1). (69)
The fractional components of the first fundamental form are:
& =("D,D{p)
2-2a
Y (70)
re-o)
8% =(“Di9, D)
2-2a
Y 7D
re-o)
8% =("D, D p)
2-2a
-— 72)
re-oa)
&' =8 =085 =gy’ =0et g7 =g = 0. (73)

the coefficients of the second fundamental form via fractional way, are

o a o
ne =<§(CDX (p,na)>

=0; (74)
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a a o
WY = <_(ch (p,na)>

oy
=0; (75)
o 6 o
so-{Zcoron)
=0; (76)
o a o
WY = <§(6Dy 0, na)>
=0; (77)

h = <%(CD§‘¢, na)>
=0; (78)

o 0 o
WY = <6_x(CDZ 0, na)>
=0

; (79)
o a o
i-{Zceron)
=0; (80)
o a o
h(23) = <@(Cl)Z Q, Tla)>
=0 (81)
and
o a o
HY = <a_z(ch o,n, )>
=0. (82)

Then det[hzf].")] =0 andso K =0 and H“ =0.

Corollary 3.7: If the function f is a non zero constant then the hypersurface
defined by the graph of f is flat and minimal.
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