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Abstract

The Laplace equation, the heat equation, the wave equation, and the Helmholtz equation
in cylindrical or spherical coordinates are just a few of the numerous equations that may be
solved using Bessel’s functions in modern engineering and natural science applications. In
this paper, we present some important applications for assessing the integration as well as
the intricate Sadik integral transform of Bessel’s functions. The efficiency of the complex
Sadik integral transform and its ability to provide an accurate solution with the fewest
number of calculations are demonstrated using real-world numerical examples.
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1. Introduction

For engineers and physicists, Bessel's functions are crucial. Bessel's
function appears to be the most commonly used function in physics and
engineering science, after the trigonometric, hyperbolic, and exponential
functions. The Helmholtz equation and the Schrodinger equation in cylindrical
or spherical coordinated form are only two of the many problems that can be
solved using Bessel's functions in the modern world of engineering and natural
science.[1-2]

The Solution to the Bessel differential equation, which is named after the
German astronomer Friedrich Bessel, are known as Bessel functions [3-4].
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i.e. the second order differential equation with two linearly independent
solutions. The general solution of Bessel differential equation is provided as:

Y = AL, (6) + BY, (1)
where the two linearly independent solutions, known as the Bessel functions of
the first and second kind, respectively, of order n are denoted by J,(t) and
Y, (t). At =0, Y, (t)is not finite, while J,,(t) is. As usual, the known boundary
conditions are used to determine the arbitrary constants A and B in the general
solution.

Definition 1.1: Bessel function of first kind of order n

The Bessel’s function of order n € N, is represented as: [3-5]

tn t2 t* t6
Jn(t) = prer] 2@ T 2aGninanis) | zase@nidanin@nie) ]

(M
The infinite power series gives functions of Bessel function of zero order,
one order, two order.... etc. if we take n=0, 1, 2, ..
Bessel function of zero order: If n = 0, the infinite power series gives
Bessel function of zero order and it is represented by J, (t).

2 4 6
O =1-S+5—os+- )

43 4362
Bessel function of one order: The infinite series for Bessel function of
order one is obtained when n=1, and represented by J, (t).
t3 ts t7

t
= 2 a2 + 436 443628

)

Bessel function of two order: The Bessel function of two order denoted
by J,(t) is obtained when n=2, is represented by

)= 2% - ﬁ + 43t.6.8 B zﬁetzm )

Relation between J,(t) and J,(t)
= Jo(t) = —11(®), ()

Relation between J(t) and J,(t)
J2(©) = Jo(©) +2J" (0), (6)

Definition 1.2: From the very first, a novel Sadik integral transformation
defined as follows was introduced by researcher Sheikh in (2018) [6].

SelfO] = F(w*,p) = viﬁfowf(t)e‘”“t dt,t >0 (7)
Where v € C,a € R* and f € R.

Definition 1.3: The "Complex sadik" integral transform was firstly presented by
Turq and Kuffi in 2022 [7]. It has applications in fields including engineering,
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applied physics, and sign processing and is employed to resolve ordinary
differential equations.

The operator S${.} is used to denote the complex Sadik integral transform
and represented as:

SSLF(D] = Few, B) = J,” f(De™ ¥ dt,t = 0 (8)
Where v € C,a € R* and § € R.

A. “The Complex Sadik Integral Transform” of Some Elementary

Functions
The complex Sadik integral transform of some core functions given as [7]:
= SE[c) = a+B,v>0
. n!

L Sg[tn] = (—l)n+lm.v >0
. Clpoat] — ¢ ]

Sa [e®] = vB [(v2“+a2) (v22+a?) v>a
s CCfci -

SE[sin(at)] = vﬁ(uZa—aZ)’v > |a|
» SC¢[cos(at)] = _ ot ,v > |al

B( 2a_g2y’

[ ] Clgi = 4

S&[sinh(at)] ForararV >0
= S¢[cos h( t)]_i >0

alcosh(at)] =z v

B. Derivative Property:
The derivatives of the function f(t) have a complex Sadik transform, is as
follows [7]:

SEIf (O] = w*FC (v, B) _@
SEIF ()] = (iv®)?FC (v, B) — L2 (°> _isY©

B
v
" f (0) Waf (0) (iva)zf(o)
Sc[f ®)] = (lva)zFC(v B) B B
In general,
- 1)(0) =20
SC[f(n)(t)] — (lva)nFC(v ,3) w — _
w3  @wHny (o) _ M r(0)
— — — :

C. “The complex Sadik integral transform” convolution property [7]:
I£S¢[f (O] = Ff (%, B) and Sg[h(D)] = F (v*, B) then,
SEIF () * h(©)] = vPFf (%, B).Ff (v, B) [2].
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D. “The complex Sadik integral transform” changing of scale property
[7]:
Since,
1 o _i
SSIFD] = FE@w™, B) = 5 [, f(©)e™™  dt ,t 2 0
Thus,

SElf @] =2F¢ (%,5) .

E. “The Inverse Complex Sadik Integral Transform” of Some Basic
Functions:
If SS{f(t)} =FC(v) is the sadik integral transform, then g(t) =
(STLFC(v) ] is inverse of the complex sadik transform. The inverse of
several simple functions' complex sadik integral transform is provided
as:[7]

. (S6)1 [(_i)n+1 ,,n+(‘a+ﬁ)] — ¢

o 60 [+ ]| = e
. (591 [Wj_az)] = sin(at)

= (SO [WZ(;Z)] = cos(at)

" ) |spmeas) = sinh(at)

= (SO [i = cosh(at).

vB 2% +a2)

Many researchers have tried to solve Bessel's function of the first sort by
using different types of integral transformations. [§—-11] We have tried to
ascertain the solution of Bessel's function of the first sort in light of their
discoveries. The universal solution of Bessel's function of first kind using the
complex Sadik integral transform is shown in section 2. To demonstrate the
efficacy and efficiency of the complex Sadik integral transform, section 3
presents numerical issues in context.

2. Results and Proofs

In this section, the complex sadik integral transform of Bessel’s function is
presented and determined the value of definite integrals which contains Bessel’s
functions in the integrand.

2.1 When f(t) = J,(t)

Apply “The Complex Sadik Transform” on both sides of equation (2), we
get
1
2242

SE(t*} — 555 SEESY + - (9)

224262

SEUs(6)} = SE{1} — 5 SE(E?} +
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_ - 3 2! 1 N5 4!
— patB T 32 (( 0 l,zaz+(az+B)) + 2242 ((_l) v4a+(a+ﬁ)) -

1 N7 6
224262 ((_l) v6a+(a+/3)) e

Seto(®} = T/T (10)

2.2 When f(t) = J,(t)
The complex Sadik transform" on both sides of equation (3) and utilizing
the derivative property, we get

SEUL(O} = = [wesEPo(0)} - 2F (11)
By utilizing equation (10) and (11),

va

SEU(0) = 35 ~ r ey (12)

2.3 When f(t) = J,(t):
Apply Complex Sadik transform on equation (3), we get
Se U2} = Sg{lo(O)} + 2555 (0} (13)
Using the equation (10) and (13), we can apply property Complex Sadik
transform of derivatives for f(T)

- . Jo® _ w%jo(®)
SEU2(03 = o + 2 [ 2SEU @) — 22 - 50 (14)
By using the property of Complex Sadik transform of derivatives and
equation (10) and (14), we have

c _ —i42i(w®2-2iv% [ (v¥)2-1
Silh (0} == oy (15)

241F f(t) = Jo(at):
Since, the complex Sadik integral transform of Jo(t) is given by

c
S, {]O (t)} W
By applying the Complex Sadik transform’s change of scale property, we
obtain

Sg{Jo(at)} = W (16)

2.5 When f(t) = J,(at):
The Complex Sadik transform of J; (ax) is given by
c =1 _ LAN
SO} = 35— s
By applying change of scale property for Complex Sadik transform

SEUsat)} = 258 {102
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SEUL@D) = 5521~ o] (7
26 IE £ (£) = J,(at):

From equation (15), the Complex Sadik transform of J,(x) is given as
SEUL®) = —i42i0 22 O
a2 vB[(v®)2-1

Thus, by applying change of scale property of Complex Sadik transform,
we get

SEan} = 25§ {1 (0;%})
SEU,(at)} = — ['i“2+2i(”a)2_2wam] (18)

vPa? vB[(w®)2-qZ

3. Numerical Applications:

This section offers a couple of examples of applications in order to show
how the SEJI integral transform impacts evaluating Bessel functions.

Examples 2.1: Evaluate the integral
1) = f,_oJo@Jo(t —wdu (19)

Solution: Applying the complex Sadik Integral transform on both side of
equation (19) and using convolution theorem, we get:
-1
IRCRE
Taking inverse Complex Sadik transform of equation, we get

I1(t) = sin(t).

Example 2.2: Evaluate the integral:
¢
1) = [, JoJ1 (t — wdu (20)

Solution: Applying complex Sadik transform on both sides of equation (20) and
using convolution theorem, we get:
—i iv?®

= vBJ(v%)2Z-1 + vB((v*)2-1)

Take inverse of Complex Sadik transform, we get
1(t) = Jo(t) — cost.

Conclusion

In this paper, authors successfully determined the complex Sadik integral
transform of Bessel’s functions with application for evaluating definite integrals.
Additionally, the examples provided demonstrate the benefit of using the
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complex Sadik integral transform of Bessel's functions to determine the integral
containing Bessel's function. This ability may be utilized as a benchmark for
future applications of complex Sadik integral transform to the general problem
of solving Bessel’s function of first kind in Engineering Mathematics.
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