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Abstract

The aim of this paper is to propose and prove some properties and theorems of
common fixed point in the function weighted b- metric spaces and its application, its space
is a generalization of the function weighted metric spaces.
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1. Introduction

Bakhtin in 1989 [1] firstly introduced b-metric space and Czerwik in 1993
utilized to the fixed point theorems of Banach contractive mappings [2]. While,
the metrizable property of b-metric space was shown by Dung in 2019 [3]. In
2020, the rectangular b-metric space was introduced by George et al. [4]. Then
in 2020, Branciari introduced the rectangular b-metric space and utilized on the
existence of points in the Banach contractive mappings and the Kannan
contractive type [5]. Khamsi in 2010 developed the rectangular metric space

* E-mail: budinurwahyuQunhas.ac.id (Corresponding Author)
" E-mail: muhammadnur@unhas.ac.id

S E-mail: newima@gmail . com

t E-mail: jusmawati@gmail.com

® E-mail: mzakir@unhas.ac.id

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2152

1582 B.NURWAHYU ET AL.

became b(n) -metric space [6]. Kamran, Samreen, and Ain introduced an
extended b-metric space for the existence of a fixed point in the Banach
contracted function [7]. Asim, Imdad, and Radenovic generalized the extended
b-metric space to the extended rectangular b-metric space for fixed point results
and an application [8]. Cobzas and Czerwik in 2020 generalized b-metric spaces
become s-relaxed b-metric space [9] and Stella Eke and Bishop in [10] proposed
and prove that there is a unique fixed point of Cg generalized contraction
mapping in metric space [10]. In 2018, Jleli and Samet introduced a function
weighted metric (& -metric) space from the generalized metric space [11].
Nurwahyu, Aris and Firman in 2023 introduced & b-metric space (function
weighted b- metric space) [13]. In this study, we showed several properties of &
b-metric space and the fixed point theorems for some generalized contraction
mappings in the § b-metric space and its application.

2. Preliminaries
Definition 1: [11]. Let [ = (0, +o) and ¢: I = R be an increasing function. If
lim;o @(t) = —o,
@ is called logarithmic-like.
Let & = {¢:] » R | ¢ is an increasing and logarithmic — like }.
If ¢ € g, it is clear that for any s > 0 and § > 0, there exists y > 0, such
that for every 0 < t <y, we have @(t) < ¢(s) — B.

1
Example 1: [11] ¢(s) = Ins, ¢(s) =s —%, @(s) =s—es , s €(0,+) are
logarithmic-like.

Definition 2: [11]LetZ # @, 9 €, 0 < B < +o0. A function 0:Z X Z - R*
is said a function weighted metric ( & —metric), if for all v,w € Z, ¢ has the
following conditions:

Cl. c(v,w)=0 Sv=w,
C2. o(v,w) =oc(w,u),
C3. Ifo(v,w) > 0 then (p(a(x, y)) < (p(Z}le a(cj, cj+1) + B,
for every {¢; = v, ¢y, €3, ..., Cp=W}C Z,n=2.
The pair (Z,0) is said a function weighted metric space (& — metric
space) .

Definition 3: [13] LetZ# 0, p €, and 0 < f < 400, s > 1. A function
1:Z X Z = RY is said a function weighted b-metric, if for all v,w € Z, and 7 has
the following conditions:

DI. t(v,w) =0 Sv=w,
D2. t(v,w) =t(w,v),
D3. Ift(v,w) > 0 then (p(T(U, W)) < (p(Z;‘;f sj‘r(c]-,c]-+1) + B,

forevery {c; = v, ¢y, ¢3, ..., cpr=w}C Z,n=>2.
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The pair (Z, 1) is called a function weighted b-metric space ( & b —metric
space) withs > 1.

Remarks: It is clear that function weighted metric is the function weighted b-
metric (if s = 1), but not vice versa. It is show in Example 2 as follows:

Example 2: Let ©(r,t) = |r — t|* with a > 2 for every r,t € R, then T is
& b —metric space but 7 is not the § —metric space.

Suppose T is a § —metric space, it means there exists a function ¢ € ¥
that satisfies C3.

Lets; = z;j, fork €N,j=0,1,2, ..., k. From C3, we have

0(2(0,2)) < p(E¥y|si —sia| ) + B =T ]si — 54| -

1

s lsj=sjoal®
a 2j  2(-D|%
P((0.2)) < p(E¥_yls; — 54| + B = 0@, [Z -2 ) + 5

= (L2112~ 2G — DI + B < p( ) + . (1)
So, from (1) we get

za
0(2%) = p(r(02)) < ¢ () + 5. 2
Since ¢ has a logarithm-like property, then we have ki: - 0,as k > +oo,

a
i_l)+ﬂ — —o0, as k — +oo. This is a

then from (2) we can get (p(k

2 ) > @(2%) — B. Thus T is not a § —metric space.

ka-1

contradiction, because ¢ (

We will show that 7 is § b —metric space.
It is obvious that 7 satisfies D1 and D2.
To prove condition D3, we use a property for a = 1, it holds

|r —t]* <2 Y(|r —ul®* + |u —t]|%).
Let{c, =71, ¢y €30, cp =t} CRVEW,N= 2.
Then we have

trt)=lr—tl*=lc;—cg+ cg—c3+ c3— C4+ c4 — - Cp_qg — Cp|®
S %Mer = o+ R ey — 3l + (2713 e — cq|* + -
+ ) epoy — €nl*™)
=11 g = gl = XY (g, ga). 3)

From (3) we get

(r,t) < 137212 (¢, ¢j4q)-
Suppose (7, t) > 0, so we have

Int(r,t) <In (Z?;f(za_l)j (¢, Cj+1)) +Inl
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Hence, T is a & b —metric space with @(v) =Inv, s =2%! and B =
In1=0.

Definition 4: [12] Let X be non-empty set and Ty, T,: X — X are functions that
satisfy: If Ty x = T,x = y for an x € X, then x is called a coincidence point of T;
, T,, and y is called a point of coincidence of T; and T,.

Definition 5: [12] Let X be non-empty set and T;, T,: X — X are functions that
satisfy: for every x € X, if Tyx = T,x, it holds T,Tyx = T, T,x, then {Ty, T, }is
called a weakly compatible.

Definition 6: Let (X, p) be a function weighted b-metric space and (a, ) be a

sequence in  X.

i.  (ay)is called a convergent sequence ( & b — convergent ) to a € X, if
p(ay,a) - 0,asn — +oo,

ii. (a,)is called a Cauchy sequence ( § b —Cauchy) in X, if p(a,, a,,) = 0,
asn,m — +oo,

If every Cauchy sequence in & b —metric space is convergent in X, then
(X, p) is called a complete.

Definition 7: Let (X,p) be a function weighted b-metric and p € X, then
N, (p) = {x € X | p(x,p) < r}is called an open neighborhood of p (§ b — open
neighborhood of p) in X.

G c X is called an open set ( § b — open set) in X, if for any y € G, there
exists N,.(y), such that N,.(y) c G. Furthermore, if K is a & b — open in X, then
K€ is called § b - closed in X.

Preposition 1: [13] Let (p,B8) € F X [0,+) and (X,p) be a complete
& b — metric space.
If (a,) is a convergent in X, then limit of (a,,) is unique.

Preposition 2: [13] Let (¢,B) € F X [0,+o) and (X,p) be a complete
& b — metric space with s > 1. If (d; ) be a sequence in X which satisfies:
5
p(di, dis1) < < p(di-1, di), “4)
for 0 < § < 1, then (dy) is a Cauchy sequence in X.

3. Main Results

In this section, some prepositions are presented to support the proof of the
given fixed point theorems.

Preposition 3: Let (¢, 8) € § X [0, +0) and (X, p) be a§ b — metric space.
with s = 1. Let V.(p) ={x € Xl p(x,p) <7r},r>0. If for any sequence



COMMON FIXED POINT THEOREMS IN THE FUNCTION WEIGHTED B-METRIC SPACES 1585

(a,) € X holds a property: For any T > 0, there exists a positive integer N such
that p(ay, p) < 7, then V.(p) is closed in X.

Proof: Let (a,) be a sequence in V;.(p) that converges to a € X. We will show
that a € V,.(p).

Since (a,) < V.(p), then we have p(a,,p) <r. Since r > 0 and ¢ is
logarithmic-like, then there is a § > 0 such that for any 0 < t < 6, ¢(t) <
@(r) — B. Likewise, it is true that p(aNa, p) < % for a non-negative integer Ng.

Since lim,,_,,, p(ay, a) = 0, then we have p(a,, a) < :—S < § for any
n = Ng, for a non-negative integer N.

By using D3, we have

o(pla.p) <o <S (p(a ay,) + P(“Nyp))) th<¢ (5 G+ 35_5)) +h
=o(3+3)+p=0(2)+B<0t)—B+5=00).

Since ¢ increasing, then we get p(a,p) < r, it means that a € V,.(p). It
concludes that V,.(p) is closed in X.

Preposition 4: Suppose (¢,8) EF X [0,+o) and (X,p) be a Fb—
metric space with s > 1. If lim;_ ., @(t) = 400 , then for any t > 0 there
exists M > t such that ¢ (t) < (M) — B.

Proof: Since ¢ is an increasing and unbounded, we can choose M > t such that
eM) —@(t) > B.

Theorem 1: Let (@,B) € F X [0,+o)and (X,p)be a complete Fb —
metric space with s = 1. If lim;_, ;o @(t) = +00 and (a,) X is a Cauchy
sequence, then (a,) is bounded in X.

Proof: Suppose (a,) is a Cauchy sequence in X, then there is a positive integer
N, such that p(a,, ay) < i for any n > N. Suppose ¢ € X such that p(a,,c) >
0and K = maks {sp(as, ax), sp(az, a), .., sp(ay-1,an), 7}

For p(a,, c) > 0, then using D3, we get

9(p(an, ) < ¢ (s(pan ay) + play,©))) + B
< (S(K + p(ay, c))) + B. (5)

Since lim;, o @(t) = +00 and ¢ is an increasing, using Preposition 4,
then there is M > K + sp(ay, ¢) > 0 such that ¢ ((K + sp(aN,c))) < M) -
B.

So, from (5) we get

9(p(an ) < o ((K + sp(ay, ) + B < p(M).
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Since ¢ is an increasing, we get p(a,, c) < M, for everyn = 1,2,3, ....
Thus, (a,) is bounded in X.

Theorem 2: Let (¢,B) € § X [0,+0) and let (X,p) be a complete F b —
metric space withs = 1. Let T: X — X be a function that satisfies as follows

p(TCO.T)) <2 (ape,y) + ep(y, T(w) + LEZDILLON) - (g

where 0 <a+c+d<1,andforallx,y € X.
Then T has a unique fixed point in X.

Proof: Let by € X, define a sequence (b,,) cX as follows:
bn = T(bn—l)
From (6) we get
p(by, bryr ) = p(T (bp-1),T(by))

1 dp(bn—l‘bn+1)9(bnrbn)
< s (ap(bn—li bn) + Cp(bnﬂ bn+1) + 1+p(br,br) )
1

= (ap(bn—lﬂ by) + cp(by, bn+1))

N

So, we have
p(bn' bn+1 ) < Y P(bn—p bn): (7)
a
s(1-¢)’
Since0<a+c+d<1l,ands>1,wehave 0 <y < 1.
Therefore, from (7) we get

lirnn—>+oo p(bn: bn+1 ) =0. (8)

From (8) and using Preposition 2, we get (b,,) is a Cauchy sequence in X.

Since (X, p) is a complete § b — metric space , then there exists b* € X
such that

where y =

lim;, 40 p(by, b™) = 0. ©)
Next, we show b* is the fixed point of T.
Suppose T(b*) # b*, so we have p(T(b*),b*) > 0, then from of D3, it

holds that
(o ®).6)) <o (s (H(TGITB) + T B, B))) + 8

= ¢ (s (o). TB)) + pbyss, b)) + 5.
From (6), we get

o(pT ("), b)) < ¢ (s ( (ap(b*,b,) + cplby, byyy) + LE2mDETEII)

1+p(T(b*),bn)
p(bn+1' b*))> + ﬁ
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<¢ <s (2(ap®", ba) + e byar) + dp (b, b)) + p (s, b*))) +8

= ¢(p(b*,bp) + cp(bn, bps1) + dp(b*, bny1) + 5p(bpys, b)) + B (10)
From (10) and applying (8) and (9), we have
limp_, e p(b7, by) + cp(b, byy1) +dp(b”, byy1) + sp(bpyq, b7) = 0.
By using the logarithmic-like property of ¢, we get
7111_{130 (P(P(b*' by) + cp(by, ani1) + 5p (b1, b*)) + B = —oo.
Which is a contradiction.
Thus, we have b* is a fixed point of T.
Next, we show that the fixed point is unique.

Suppose b*, ¢* € X as the fixed point of T and b* # c*.
From (6) we have

p*,c?) = p(T(b),T(c")))

1 - . . dp(b*T(c))p(T(a").c*)
< ;(ap(b ,C) + cp(b ,T(b )) + T B )

< %(ap(b*’c*) + CP(b*,T(b*)) + dp(b*,T(c*)))

a+d

= %(ap(b*, c*)+cp(b*, b*) + dp(b*, c*)) = Tp(b*, c) < p*c*). (A1)

Since s=1and 0 <a+c+d <1, we have 0<aJSr—d<1 . Thus, from
(11), we get

* * +d * * * *
pla’,c) < ==p(a’,c’) < p(a’,c?).

Which is a contradiction.
The following is the corollary of Theorem 3 regarding to the fixed point in
the Banach contraction principle in & b-metric space.

Corollary 1: Suppose (@,B) € § X [0,4+) and let (X,p) be a complete
& b — metric space withs = 1. Let T: X = X be a function that satisfies

p(T(), T()) < Zp(x,y),

where 0 < % <1, andforall x,y € X.
Then T has a unique fixed point in X.

Proof: The proof can be obtained directly from Theorem 1, by taking ¢ = 0 and
d=0.

Theorem 3: Suppose “(¢,B) € § X [0,+) and let (X,p) be a complete
& b — metric space with s > 1. Let ¢, € X,7 > 0,N,(cy) = {x € X | p(x,¢co) <
r}

Let T: N,.(cy) = X be a function that satisfies as follows
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p(T(),T»)) < 5p(x),

where 0 < 6 < 1and x,y € N,(cp).

If p(T(cy), co) < (1;_;5)r’ then T has a unique fixed point in N,.(cg).

Proof: Firstly, we will show that T(N,-(a,)) < N, (co).

Let y € T(N,(ay)), it means there is x, € N,.(ao) such that y = T (x,).

Since x, € N,(cy), then p(xg,co) < 7. If T(xy) = ¢y, it is clear that
y =T(xo) = ¢o € Ny(co).

If T(x,) # c, so we have p(T(x,), co) > 0. By using D3, we have

Do) c0)) < 9 (5 (TG (o)) + (T (o), ) ) +
<o(s@G+EE)+p=0()+s

SZ
Since ¢ € §, and r > 0, then there exists y > 0 such that ¢ (g) <o) -
B, for 0 < E < y. Therefore, then we get

P(p(T(x0),¢0)) < p(r) =B+ B = ().

Since ¢ is increasing, then we get p(T(x,),co) < 7. Thus, y = T(x,) €
N,(co), so we have T(N,(cy)) € N,.(co).

Using Preposition 3, we have N,.(c;) is § —closed in X.

Since (X, p) is § —complete, then N(c,) is complete.

By using Corollary 1, it can be concluded that T has a unique fixed point
in N,-(¢cg).

Theorem 4: Suppose (@,B) € F X [0,4+0) and let (X,p) be a complete
& b — metric space with s > 1. Let m,w:X — X be the functions, such that
(X)) € w(X), and w(X) is closed, and for all x,y € X, satisfy as follows

p(r(), () <

(pp(0@),0) + ap(r0), 0 ) + p(0(), 7)) LED2D), - (12)
foranyp,q,vr>0,0<p+qg+r<L

Then m and w have a unique coincidence point in X.

Proof: Let xy € X , since m(X) S w(X), we define sequence {x,} and {y,} in X,
such that y, = w(x,) = w(xXp4q), forn =012,

If ¥, = Y41 for some n € N, then w(Xp41) = Vi = Va1 = T(Xppq). It
means 77, w have a coincidence point.

Let y,, # Yn4q foreveryn = 0,1,2, ---. From (6), we have
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p(yn' yn+1) = p(n(xn)'n(xn+1)) <
%(pp(w(xn), w(xn+1)) + qp(n(xn+1): w(xn+1)) +

_Pran)0bns)
1+p(m(xpn).w(xn+1))

7P (@ (%), (X0 41)) ) = 2 (PP, Yn) + AP Y +

)
TP Cn-1, X 1) T )
1
= < (PP Wn-1, %) + AP Wns1, ¥n))- (13)
From (13) we get
PO Yns1) < 75 pWnot, Y)- (14)

sincesz1,p,q,r>0and0<p+q+r<1,thenwehaveo<£<
1. So from (14), we get

limy 400 PV Yne1) = 0. (15)
Using Preposition 2, () is a Cauchy sequence in X.
Since (X, p) is complete, there exists y* € X such that

limy 10 PO, ¥™) = 0. (16)
Since w(X) is closed, then y* € w(X).
Let w(x*) = y* foran x* € X.
We will show that T(x*) = w(x™).
Suppose w(x*) # w(x*), then p(m(x*), w(x*)) > 0. By using of D3, we
can get

@ (p(ﬂ(x*). a)(x*))) =¢ (SP(”(x*)'"(an)) +5%p(T(Xn41) @ (Xnyr)) +
szp(w(xn+1),w (x*))) + B
< (p(S(pp(TL'(x*), 7T(xn+1)) + qp(n(xn+1)' a)(xn+1)) +7p(w(x7), (Xn41))

O ) 4 52pGr, ) + 52 (0 Ckns2), 0 (x*))) +

1+p(m(x*),w(xn41))

p(m(x*),yn) ) +

=@ (s (pp(y*.yn) +apWnr1, yn) + 1P, Ynaa) TS

S2p V1Y) + szp(yn,y*)) +B

<¢ (S(pp(y*,yn) + apWns1, Yn) + 70" Yne1)) + 520 Wnsr, Yn) +

Szp(yn,y*)) +p. (17
From (15) and (16), then we get

limy, 100 (S(pp(y*,yn) +apWns1, ¥n) + 100" Yns1)) + 52 Wnrr, ) +

s2p(my")) = 0. (18)
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From (17), (18) and since ¢ € &, we get
1im ¢ (s(op"3) + A Gns1, ) + 70" Yni1)) + 2P G, )
+52p(my")) + B = —o.
Which is a contradiction. So, we have m(x*) = w(x*) = y*. Thus x* is a

coincidence point of 7 and w.

We will show uniqueness of coincidence point of 7 and w.

Suppose u* € X is another coincidence point of m and w, such that
m(u*) = o) =v* forav*' € X.

Suppose v* # y*, then by using (12), we have

p(y*,v*) = p(r(x),m(u"))
< f(pp(w(x*), o) + gp(nw?), ww?)) + rp(wix), 1w)) 7125,’25‘(2;‘;,’5’“;23)))

p(y v") )
1+p(y*v*)

= (pp",v) + ap(v",v") +1p(", v")
<=(pp",v") +1p(y",v")
=2 (oG, v7). (18)
From (18) we get p(y*, v*) < psi (p(y",v").
Sinces=>1land0<p+qg+7r< 1,WehaveO<psi< 1. Thus, we get
pG"v) < T (o v)) < p(y7 v,
Which is a contradiction.
Theorem 5: Suppose (@,B) € F X [0,+) and let (X,p) be a complete

& b — metric space with s > 1. Let m,y : X = X be the functions, such that
(X)) € y(X),y(X) be closed, and for all x,y € X, satisfy as follows

p(n(x),n(y)) <
i(pp(y(x).y(y)) +ap(n ),y ) +rp(y (), (»))

foranyp,q,r >0and0<p+qg+r<1.
If {m, v} is weakly compatible, then ™ and y have a unique common fixed
point in X.

p(m(),y®) )
1+p(r(),y»))’

(19)

Proof: From Theorem 4,  and y have a point of coincidence in X.

Let u* be a point of coincidence of  and y, so we have m(v*) = y(v*) =
u*, for v* € X.

Since {mr,y} is weakly compatible, then yr(v*) = ny(v*) = n(u*) =
y@w").

We will show u* is a common fixed point of 7 and y.

Suppose w(u*) #= u”, from (19) we get
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p(r?),u) = p(rw),n(v")))
< i(pp(y(u*), Y@9) + gp(r@?), ¥y @) + rp(y (W), n(v")) —15;;%);;3(?3)))

= H(ppar@),u) + apu,u) +rply (w),u) 2 )

1+p(m(u*),u*)
<= (pp(r@),w) + rprw),u)) < B p(y (), u). (20)

Since {m, y} is weakly compatible and 0 < % < 1, then from (20) we get

* * + * * + * * * *
pr),u) <F2p(yw),u’) = =pE@),u’) < p(),u”).
Which is a contradiction. Hence, u* is a fixed point of 7. Since m(u*) =
y(u*),then u* is a common fixed point of 7 and y.
We will show that u* is a unique common fixed point of 7w and y.

Suppose there exists another common fixed point of m and y, namely
t* € X. So, from (19) we have

p*,u’) = p(m(t),m(u"))

< i(pp(y(t*), y@?) + qp(r@”),y@?)) + rp(y(t?), m(w")) 71:)5;:(?;;?23)))

< H(pp(e",u) + qp(u’,u) + (', u)).

Since 0 < pT-H" < 1, then we get

Pt u) < B p(ew) < p(euw).

Which is a contradiction.

4. The application
The application of Theorem 5 is shown below in Theorem 6.

Theorem 6: Let n > 2 be an even natural number and s, x = 1. The equation
M —Dx"—n3x"+n3x—n3+1=0 21
3 —Dx™— (3 +8s2—Dx"+2n3x—2n3+4s2 =0
has a unique common real solution.

Proof: Let X = [1,+) and p(r,t) = |r — t|% From Example 2, (X,p) is a
& b —metric space and complete. From (21) we can get
xM-1
m, and
M3 —1Dx™—(n3+8s2—Dx"+2n3x—2n*+4s2=0ox=1+
4s52(2x™-1)
(n3-1)xm"+2n3

M —1Dx™—n3x"+n3x—n*+1=0x=1+

X =[1,4) Define a function m,y: X = X with s>1,n>2and n is
even natural number.
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_ (x™-1)
mx =1+ (n3-1)x"+n3
yx=1+ 4s52(2x™-1)

(n3-1)x™+2n3

n_
If y € m(X), then there exist x € X such that y =1 +( i) Now,

n3-1)x"+n3’
2522z +1)
(n3-1)z"+2n3"

we will find z € X such thaty = 1 + So, we have

(x"-1) _ 4s?(2z"-1)
(n3-Dx"+n3 ~ (n3-1)z"+2n3
_2(m3+2(n3-1)sH)x"+2n3(2s2-1)

n L _
So, we get z" = B DI DreE i) 0, and it implies y = 1 +

€ [1, +o0). It shows that w(X) € y(X). It is clear that y(X) is

252(2z™+1)
(n3-1)z"+2n3
closed.

We will show that hypothesis (12) is satisfied. From (12) and choose

1
p=q=r=_

= (p(y(x). y) +p(r),yM)) + p(y (), 7)) %) =

> = (pp(r.7 ) + ap ()Y )) =

2 2

1

_4-s

452(2x™-1) 452(2y™-1)

(n3-1)x"+2n3  (n3-1)y"+2n3

+|(4sz(2y”—1) __ "D

n3-1)y"+2n3  (n3-1)y"+n3

Since x,y,s = 1 then we have
2

1 1| 4s?(2x™-1) »"-1)
~ (pp(y @,y ®) + ap(r (), Y1) = = e R ey
1| as’@-) ooy |
8s I(n3-1)x"+2n3  (n3-1)y™+n3
16s% | sGx"-1)  @"-1) 2>2 | GV N it VO
— 8s lm3-Dx"+2n3  (n3-1)y"+ndl T s M3-Dx"+n3  (n3-1)y"+n3
s(x"-1) o"-n P (-1 on-n |

T I@mE-Dx+n3 m3-Dymn3l T I@m3-Da+nd (n3-1)y"+n3

= p(n(), n(»)).
Hence, hypothesis (12) is satisfied forp = q =r = i.
Therefore, by using Theorem 5, then (21) has a unique common real

solution.
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