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Abstract

The study uses a summability method is utilized to characterize the set (| R, p,, 61, |R,
q,» 61, for k 2 1 and any arbitrary positive sequences (p,). Advanced results have been derived
from previously established findings. This is significant because absolute summability is
crucial for assessing the Bounded Input Bounded Output (BIBO) stability of systems. By
imposing specific conditions on the main result, sufficient criteria for the summability of
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IR, p,|,and |C, 1|, have been established, reinforcing the relevance and application of this
study.
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1. Introduction

One of the most important methods of exploration in the study of the
many functions that arise in mathematical theory and its applications to
science and engineering is expansion in series. The main advantage of this
strategy is that it allows to express new and more intricate functions in
terms of simpler and more familiar ones.

In 1817, Bolzano provided a clear description of convergence, while
Cauchy independently and precisely defined it in 1821. Abel and Cauchy
highlighted the importance of distinguishing between convergent and
divergent series, expressing strong concerns and cautioning against the
use of divergent series. Due to the issues they identified, divergent series
lost favor within the mathematical community. Mathematicians have
resisted conducting systematic research on these series for about 75 years.
Abel and Cauchy were adamant in their warnings, but they weren’t quite
certain that the choice to completely ban the Divergent series was the right
one. They probably understood that even the study of divergent series
may offer possible mathematical insights and applications. Even though
convergence was the main focus, dealing with convergent series alone
posed difficulties. However, with time and developments in mathematical
analysis, scholars were able to resolve these issues and provide more
thorough explanations for diverse findings.

The study of mathematics is a dynamic field that constantly changes
as fresh ideas, methods, and viewpoints are discovered. Even though
some theories might have been dismissed or met with scepticism in the
past, they can be reviewed and reassessed as our grasp of mathematics
expands. In the study of mathematical series and sequences, convergence
and divergence continue to be fundamental ideas. They also play a
significant role in other disciplines of mathematics and its applications.

The total value of an infinite series,

Uy + U + Uy +... (1.1)
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It is common to use Cauchy’s method with the sum s of the first
n+1 terms, specifically:

S, = Uy + U U, +. U . (1.2)

The series (1.1) is said to have the sum s if the limit [im,_,..s, exists
and is equal to the finite value s.

A key objective in advancing the theory of infinite series is to establish
the fundamental rules for their operations. For instance, examine the
product of (1.1) with another series.

v, +0, 40, +...,

When both series are absolutely convergent with sums u and v
respectively, it can be easily demonstrated that the Cauchy product series

W, +w, +w, +..., (1.3)

where,

w,=u,o, + uwo, +...+ uo,

The series converges and its sum w equals uv (a similar result holds
under less stringent conditions). However, the convergence of the u-series
and the v-series is not required for the convergence of the w-series.

Cesaro summability is a technique for assigning a sum to a divergent
series by averaging its partial sums rather than directly considering them.
This method often extends the concept of convergence, enabling some
divergent series to be assigned meaningful sums.

Bohr and Riesz independently investigated the behavior of Dirichlet
series under Cesaro summability. They showed that the range where
Cesaromeans converge to a finite value can exceed the range of convergence
where the original series converges. Consequently, there are regions where
the Dirichlet series diverges, yet Cesaro means still provide a convergent
result. Although Cesaro summability was valuable for Dirichlet series,
Riesz noted its limitations and introduced a new definition based on
“typical means” [3] to address these issues while preserving some
beneficial properties of Cesaro summability. Hardy and Riesz have
extensively explored this summation method and its application to
Dirichlet series.

Many authors like Bor [1, 2], Orhan and Sarigol [5] Sarigol [6, 7, 8, 9],
Sulaiman [10, 11, 12] and Yeldiz [13, 14] worked on absolute summability
factors by different means also Mishra and Rathour [15] worked on
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Comparison of summability and Cesaro summability. Whereas this work
shows the result on absolute summability with Reisz means in new
dimensions with applications in the form of example and graph as well as
corollaries also.

2. Preliminaries

Following definitions and theorems are important to establishing the
main results of this paper.

Definition 2.1: Suppose A=(a,) be an infinite matrix and Za, be an
infinite series with a sequence of its partial sums (s, ). Let

T =Ya,s,, n=0,1,.. (2.1)
=0
exists (i.e. the series) by u , we denote the n™ (C,1) mean of the sequence

{s,} is denoted as follows. The series Xa, is said to be summable |C,1;6|,,
where, k>1,0 >0 if

< Sk+k—1
>n |u, —u

n=1

< oo, (2.2)

n-1
Definition 2.2: Consider the sequence (p,) of positive numbers satisfying

Pnzipw%wn_)w(l)ﬂ:p—lzo’lzjl). (2.3)
=0

The transformation process,

19 (P —
t = Ha)é:o p,s,; (P =0), (2.4)
The terms of the sequence (t,) are given as the (R,p,) means of the
sequence (s,) with the coefficients defined by (p,). We define the series
Za  is said to be summable under |R,p,;8|,, provided that k>1 and

620, if

< Sk+k-1 k
Eln Tt -t <o (2.5)

If (p,)=1 for all n in (R,p,,6), summability reduces to (C,1;9),.
Additionally, when 6 =0, it further simplifies to (R,p,),.

Remark 2.1: Suppose k>1 and A=(a, ) is an infinite matrix. In order
that A e(l*,1%), required that 2 =O(1) for all n,v<0. (Sarigol [7])
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In 2022, Sarigol [7] proved results for (|C,0]) and (|R,p,|,)
summability and provided the sufficient conditions.

Theorem 2.1: For 1<k<s<o and A=(A)) is a sequence of numbers. Then,

Ae(1C,0l,IR,p,|.) if and only if

X 1/k w» 1 S
(g2nr) (2] ) o &

w |-

Theorem 2.2: Let 1<k<s<o and A=(A,) be a sequence of numbers. Then,

Ae(IR,p, |, 1C,0|) if and only if

m k k m+1 1 é
(E1e]) (Brer] =om @)

v=m-1 n=m

3. Main Result

Aresulthasbeenestablishedon |R,p, 6|, and |R,q,,6 | summability
with a minimum set of sufficient conditions. A collection (X,Y) of all
sequences such that- (X,Y) = (a=(a, ): Za o is summable by Y

whenever Za  is summable X) is used in the present work for the
IR,p,,01, summable factor, where X and Y are methods for summability.

Theorem 3.1: The |R,p, 8|, summability implies the |R,q, ,0|, k=1
summability if and only if the following conditions are satisfied:

(l) % — O(Uﬁk+k—l )/
i) 14Q,, IW,=0[ ),
(iii) QW =0(1),

1
where, W =( D i‘s’”"’l[ i ] j .
¢ \ion QiQi-1

Proof: Necessary Condition:
We say that the series is summable under | R, p, ;6|, conditions, where
k>1 and 6 >0, if
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nZ::lnak#c—l | t —t |k< 0. (3.1)

Let
an:PP mZ: w-1 (o’ (32)
ﬁ” QnQn 1wlew o’ 3

for n>1,

_ 9, P, ﬁn
7= gy SR QR o
We possess

Sy LT (3.5)

Therefore, a series that is |R,p, ;0| summable to be also |R,q, ;0]
summable if and only if A belongs to the interval (I*,1*).
We are provided with the information that

>n¥ B <o, (3.6)
n=1
whenever
Sl |<o. (3.7)
n=0

The space of sequences satisfying (3.7) qualifies as BK space if it is
normal with respect to [4]

lell= X lor, [ <on. (3.8)

We are also examining the space of sequences that satisfy (3.6), which
is identified as a BK space with respect to the norm

1B, =118, +2n 1B [}~ (3.9)

Therefore, (3.3) converts the space of sequences that satisfy (3.7) into
the space that satisfies (3.6).

Applying B-S theorem in the usual way, we find there is a constant
M>o s.t.
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IBII<Mllell (3.10)
for all sequences satisfying (3.7). Taking any @ >0 using (3.10), we get
a,,=1, a,=0, i#w+1. then (3.2) and (3.3) becomes

0 if n<w+1;

al’l =

Lobu it p> @41
P,D

ntn-1

0 ifn<w+1;
B.= Qo if p>p+1.
QnQn—l

by (3.8) and (3.9) [l||=1 and || B]|=Q,W, Now (3.10)
QW, <M. (3.11)

Now, from (3.10)

a,=la, =-1a=0iz0iz0+]. (3.12)

o+l

Also for any fixed @ >0 then we have frome (3.7) and (3.8),

0 if n<w;
Po : — -
o =5 if n=w;
TPoPr if > .
Pnpn—l
0 if n<w;
qiw i = M
B =10 if n=w;
WhQo1if > g,
QnQn—l
Thus, from (3.7) and (3.8)
2py
lorll=2Fe,

k
1Bl = (™ [g] +1AQ, | [ WH,

from (3.9), we obtain

k k
%k (%z] +|AQ, | & W(f <@2M) (%Zj '
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This hold fo any >0, we get

k k
Sk+k— 0 — (0]
oG] +10u F W =05

which gives condition (i) and (ii).

Sufficient Condition

By (3.2)
Pw Pw—z — — —
awzpimaw_pwil &, P,=P,=0,a,=0. (3.13)
By (3.2), (3.3) and (3.13),
B.= QnQn 1 mle“’ Vo’ (314
- T3 Pog _Poa
QnQna mle“H (P %o Po- 10%4} (3.15)
aw qn n
QnQn 1 wZ:(Qw o Qw o= 1) o QnPn an‘ (316)
Let

K, =nOHEB >,

n

Then, we have

n(Gkek=D/k__An { O AQ,- 1+QMJ ifl<w<n-1;

QnQn 1
a, = 1 Ok+k=1)/k gn n ifo=n;
npn
0, ifow>n.

Hence, Xa, is said to be summable by |R,q,,61,, k=1, when Za_is
IR,p,,6|, if and only if 2|k, [‘<o, whenever Z|o |<o and
sup,Zla,, [ <.

By the definition of A=(a,,), we have

5 la,, =05 ) 11 TaaQ, +0, I W,
n=m Q(Dpll)

From conditions (i), (ii) and (iii)
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3 la,, ['=0(1),0 > .

Hence the proof completed.

Example 3.1: Let (p,) and (q,) defined by pwzg and g, =(w+1)"
where x>1 and o >-1.

_ x(l_xw+l)
o " (x+1)(1-x)’

Po X %l and W, = O(1/ w+1),

X ~ Yo
Po x-17T0 o

one can now see that condition (i)-(iii) hold.

4. Graphical Representation of Riesz Summable Factor

The Riesz summable factor has been applied to an infinite series, in
order to obtain the summable points. The details of the investigation are as
follows:

Riesz summable factor has been used for finding sum of an infinite
series which is given by

1,1
a, —1—§+§—...
and a summable point has been determined. The behavior of the sequences
{a,}, {s,} and {t } has been observed and the variation is demonstrated in
Figure 1.
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Figure 1
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It has been observed that the values of terms of sequence {a }
oscillates and decreases continuously approaching to zero and do not
approach towards the summable point (0.785398163). An impression of
the summable point can be obtained by calculating the values of terms of
the sequence of partial sum {s }, which still oscillates but approaches
toward the summable point.

The values of the sequence of Riesz means {t,} have been calculated
using the Riesz summability method, which helps in determining a
sequence approaching towards the summable point.

The sequence p, of the Riesz means is as follows: p =2,1,2,1,....
The typical values of the terms of the series {a,}, {s }, {p,}, {P,} and {t }

have been reported in

Typical values of the terms of the series {1 }, {s }, {p,}, {P,} and {¢ }

an sn pn P I
1 1 1 2 2 1
2 -0333333333 0.666666667 1 3 0.888889
3 0.200000000 0.866666667 2 5 0.88
& 4 -0.142857143 0.723809524 1 6 0.853968
g 5 0111111111 0.834920635 2 8 0.849206
E 6 -0.090909091 0.744011544 1 9 0.837518
-g i 0.076923077 0.820934621 2 11 0.834503
; 8 -0.066666667 0.754267954 1 12 0.827817
9 0.058823529 0.813091484 2 14 0.825713
10 -0.052631579 0.760459905 1 15 0.821363

Corollary 4.1: If we set 6 =0 and q, =p, for all n, then |R,q, | summable, it
implies the |R,p, |,, k=1 summability which will not be Riesz summable for
k>1, Consequently, La whichis |R,p, | summable but not |R,p, |, k>1.

Corollary 4.2: Let us take 6=0, then |R,p,,0| summability reduces to
IR,p, |, summability and this implies the |C,1|,, k=1 summability if and only
if

Lo _ 1/k
. O(w™").
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