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Abstract

In this work, we introduced some new properties on topological group-groupoid
and topological free group-groupoid. We obtain some results related to topological group-
groupoid and topological free group-groupoid. In the end of this study, we get results
written as propositions. Between the quantity y demand and the price.
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1. Introduction

A group-groupoid I is a groupoid with a morphism of groupoids, the group
multiplication m: I'xI'—-T’, defined as (a,b)—a.b for all a,b€I yielding a group
structure internal to the category of groupoids, if the identity for the group
structure on O_T is written e, then 1 _e is the identity for the group structure on
the set of arrows. In a group-groupoid I' for a, bel’, the groupoid composition is
denoted by acb where a(a)=p(b) and the group multiplication by a.b,[3][5]. A
morphism group-groupoid h:I' 1—I" 2 is a morphism of the underling
groupoids preserving the group structure, [2][5]. In a group interchange law
hold:(aeb)(ced)=(ac)o(bd) where (ac) and (bd) are defined, [1]. Let I' be group-
groupoid, then the target, source and the object maps are morphism of groups,
the group inversion p: I'—I" defined by a—a is a morphism of groupoids. The
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groupoid inversion 6: I'—=I" is a morphism of groupoids, [5]. Let I" topological

groupoid, in case I' be additionally a topological group as well, the following

that maps are morphisms from topological groupoids next I" be referred regarded

as a topological group-groupoid:

(i) m:I'xI'->T,(a,b)—atb Total group.

(i) w: I'-TI,a—-areverse map from the group.

(i) e:(*) —I Where * be an individual groupoid, [7]. We’ve got to
interchange law (a*b)+(c*d)=(at+c)*(b+d) where the two of them were
a*b , c*d are outlined, [8]. Let (I', @) is topological group that we acquire
topological group-groupoid. I'xI" Given the object set of object I', the set of
morphisms that be defined by I'x['={(a,b):a,b€I'},[5][8]. The composition
be given by (a,b)®(c,d)=(a,d), Total group is given by (a,b)P(c,d)
=(a@c),(bPd) Since I is a topological group, all structure maps of I'xI"
become continuous since I'xI" has a product. be a topological group
groupoid [5], [8]. Let I and I be two topological group-groupoid, h:
I'—-I" a morphism on the underlying topological groupoid called covering
morphism of topological group-groupoid, [1], [7]. Let I'" a topological
group-groupoid, a subset N of I' is said to be a topological subgroup-
groupoid if N is a subgroup -groupoid and topological subgroup of I'. see
[17, [6] and [4-11].

2. Topological Free Group-Groupoid

Topological group-groupoid base f of topological group-groupoid be the
family {I;,},en of open topological period subgroup-groupoid of I' satisfy those
conditions:
(1)  {L}nen is represented essential system of neighborhood for zero in I'. [9].

(i) Npenln = {0} .

(i) [ DL DI;..

(iv) @ienl, =T if pj:T > I; be open continuous. Projective map then
ker(u;) =@zn [y and I' = Ker(uj) @ I, suchthatn > j > 1.

Group-oid topological structure I is called topological free group-groupoid
if it has topological group-groupoid base. Zero topological group-groupoid be
topological free group-groupoid and the base of topological group-groupoid be
empty set. Every group-groupoid base is topological group-groupoid base but
the opposite is not true. Every free group-groupoid base is group-groupoid base
and base of topology. Every free group -groupoid is free topology but the
opposite is not true.

Proposition 2-1: Let I’ = M @ N be topological direct summand of M and N
respectively, I' be topological free group-groupoid, then N and M be Hausdorff -
spaces.
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Proof: By every topological direct summand of topological free group-groupoid
be topological free group-groupoid thus M and N are topological free group-
groupoid and topological trivial subgroup-groupoid is represent direction of I" in
zero then M and N be Hausdorff-space.

Proposition 2-2: Let {I,},¢c; is family of topological group-groupoid, I' =
D qer I be topological free group-groupoid if and only if [, be Hausdorft-
space for all « € L.

Proof: — Let for all I, be Hausdorff -space thus for all I}, have topological
group-groupoid base denoted by 8, that f =@ ¢, B, be represent topological
group-groupoid base then I’ be topological free group-groupoid by topological
group-groupoid be topological free group-groupoid if it has topological group-
groupoid base.

« The second part suppose I" be topological free to show I, is Hausdorff-
space for all @ € L, topological group-groupoid base f§ of topological group-
groupoid be the family {I;,},,ey of open topological period subgroup-groupoid of
I’ satisfy those conditions:

(1)  {I.}nen is represented essential system of neighborhood for zero in T

(i) Npenln = {0}

(i) [ oL OI;..

(iv) @izn [, =T if uj:T" > [; be open continuous. Projective map then
Ker(u;) =@®jzn [pand I' = Ker(,uj) @ I, such thatn > j > 1then I' has
topological group-groupoid base denoted by f, where f is topological
direct summand of open topological period sub group-groupoid from I’
that mean I =@,cy [,- Now, we obtain I =@, [, then I'=
Doer [ =D ren I, and by definition of topological direct summand, thus
I, be Hausdorff since @4, I, = {e} where I, subset of I' {e} closed set.

Proposition 2-3: Let {I,},c; is family of topological group-groupoid, I' =
D eL I Lfor all @ € L be Hausdorff space if and only if for all I}, is topological
free group groupoid.

Proof: < Let for all I' be Hausdorff -space thus for all I" have topological
group-groupoid base denoted by S be represent topological group-groupoid base
then I be topological free group-groupoid by topological group-groupoid be
topological free group-groupoid if it has topological group-groupoid base.

—The second part suppose [, for all @ € L be topological free to show I' is
Hausdorff-space, topological group-groupoid base S, that f =@ e, B, of
topological group-groupoid be the family {I;,},cy of open topological period
subgroup-groupoid of I satisfy those conditions:

(1)  {L.}nen is represented essential system of neighborhood for zero in T
(i) Npenln = {0}.
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(i) DL DOI;..

(iv) @iznln =T if p;:I' > I; be open continuous. Projective map then
Ker(u;) =@®zn [ and I' = Ker(uj) @ I, such thatn > j > 1then I has
topological group-groupoid base denoted by f, where f is topological
direct summand of open topological period sub group-groupoid from I’
that mean I =Z@,cn [,- Now, we obtain I Z@,er [, then I'=
Doer [y =D@ren I, and by definition of topological direct summand, thus
I' be Hausdorff since @ ¢, I, = {e} where I, subset of I' {e} closed set.

Proposition 2-4: Let ' = M @ N is topological direct summand of M and N
respectively, M is topological free group-groupoid then I'/N be topological free
group-groupoid too.

Proof: By the following diagram:

M
i
h /{/
e
/N
/,,’ }13'/_,-"" J n
D 1, B

and i: M - I'/N be homeomorphism and i~*:I"/N — M such that B and D be
topological group-groupoid, i:M = I'/N be topological group-groupoid
homeomorphism and h,:D — B be surjective topological group-groupoid
homeomorphism, since N is topological group-groupoid, there exist h*: M — D
is topological group-groupoid homeomorphism such that:
h, o h* = hy o i. Now we define
hs:I'/N — D by the form
hy=h*oi™?!
We prove that h, o h; = h; by the formally
hyohs =hyo(h*oi 1)
= (hyoh")o it
=(hjoi)oi™?t
=hyo(iei™)
= h; thus I'/N be topological free group-groupoid.

Proposition 2-5: Let I' = N @ M is topological direct summand of N and M
respectively, N is topological free group-groupoid topological free group-
groupoid, then I'/M be topological free group-groupoid topological free group-
groupoid too.
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Proof: By proposition (2-4) and the diagram:
N

e,

o - I/M

h,
i:N->T/Mandi~*:I'/M - N
Proposition 2-6: Let I'/N and I'/M are topological group groupoid, I'/N be a
topological free group-groupoid, then I'/M be topological free group-groupoid

too.

Proof: By the following diagram

r/N
e l i 3 i1
o /M
P = @ Ry
5
p & B

h,

such that B and D be topological group-groupoid where I'/N =x+ N,
I'/M = x + M be conjugate class for all x € T, In algebra I'/N = I'/M , that’s
mean there exist map i:I'/N = I'/M for all x+ I'/M # I'/M and for all
x,ye%,x=x1+N,y=y1 + N xq, EF,x+%¢y+% for all class of
%,there exist class of% thus% = %i:]‘/M - I'/N be homeomorphism and
i~r'/N - I’ /Mbetopological group-groupoid homeomorphism and h,:D - B
be surjective topological group-groupoid homeomorphism, since N is
topological group-groupoid, there exist h*:I'/M — D is topological group-
groupoid homeomorphism such that:

h, o h* = hy o i. Now we define I'/N

h3:T' /N — D by the form

hy =h*oi™!

We prove that h, o h; = h, by the formally

hyohy =hyo(h*oi™)
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= (hZ o h*) oj 1

= (hl o l) o1

=hyo(ioi™)

= h,; thus I'/M be topological free group-groupoid

Proposition 2-7: Let I'/M = Im h; @ ker h, is direct summand of Im h, and
ker h, respectively, Im h; is topological free group-groupoid then % /ker h, be
topological free group-groupoid too where ' =N @ M. Let h: N - I'/M
h, = % - N.

Proof: By the following the diagram:

Dy --- 5

that B and D be topological group-groupoid where Im h; = {h,(x) € % , hi(x)=
x + M, x €N} and kerh, ={z+ M:h,(z+ M) = e in N for all z€EN,

=L
I'/M = x + M be conjugate class for all x € I, In algebra Im h, ;T":hz, that’s
mean there exist map i:Imh; > T'/M [ker h, forall x + M # y+ M) +
(z+ M) and forall x,y E M,x =x; + N,y =y, + N x{,y; EI",x+%¢y+

% for all class of %,there exist class of I'/M thus Imh, =T /M /ker h,
r

L %hz — Im h, be topologicalgroup-groupoid

that be homeomorphism and i~

homeomorphism and h,:D — B be surjective topological group-groupoid
homeomorphism, since N is topological group-groupoid, there exist h*: Im h; —
D is topological group-groupoid homeomorphism such that
hy o h* = hy o i. Now we definel’/M /ker h,
h3:I'/M [ker h, — D by the form
hy =h*oi™!
We prove that h, o h; = h; by the formally
hyohy =hyo(h*oi™) = (hyoh*)oi™?!
=(h1°i)°i_1=h1°(i°i_1)
= h,; thusI'/M /ker h, be topological free group-groupoid

Proposition 2-8: Let {I},},c; be family of topological group-groupoid then
I' =@ ¢, I, be topological free group-groupoid if and only if for all [}, is not
totally disconnected for all @ € L.
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Proof: Let for all I}, is not totally disconnected Va € L the space is not totally
disconnected if the direct of space is contain one point only for all element in the
space. Then every direct in zero, [}, contains every topological group-groupoid
in zero thus the topological group-groupoid is open, this base denoted by B,
then B =@ ¢, By, is represent topological group-groupoid base of I', that means
I" be topological group-groupoid.

Let I be topological free group-groupoid thus I has topological group-
groupoid base denoted by B then B be topological direct sum of open
topological period subgroup- groupoid from I', that’s mean I' =@ ¢, [;,, wWe
obtain I =@, [, then =@ e [, =T =@y I,, by definition of
topological direct sum. We have topological free group-groupoid.

3. Conclusion

In this paper, we study topological group-groupoid and topological free
group-groupoid. We give a new result have been obtained about topological
group-groupoid and topological free group-groupoid were written in the form of
new pronositions.
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