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Abstract
In this article, new method is proposed to study the stabilizability of a nonlinear 

dynamic control systems  ȶΔ (ϰ)=A(ϰ)ȶ(ϰ)+B(ϰ)u(ϰ)+g(ϰ,ȶ(ϰ),u(ϰ)), ϰ∈T on a time scale T. 
Based on using an appropriate Lyapunov function and the derivation of sufficint conditions 
to be this system, uniformly stabilizable and h – stabilizable. Here, A, B ∈ L(X). Further, 
different numerical examples were given as an application.
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1. Introduction 
In 1988, Stefan Hilger introduced the theory of dynamic equations on time 

scales, which combined continuous and discrete analysis into a single theory [7]. 
Developments in time scale calculus theory make it easier to gain a deeper 
understanding and improve knowledge of the superfine distinctions between 
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continuous and discrete systems, [2, 3]. In recent decades, a large number of 
researchers have been involved in studying the stability of dynamic equations at 
time scales, which has relevant applications in mechanics, physics, and 
economics, see [2, 3, 5, 6, 7, 8], the achieved results of the stability of dynamic 
equations are derived by estimating the equation’s general solutions. In [4, 5, 6] 
sufficient and necessary conditions for different kind for stability of dynamic 
equations over time scale was derived. The value and the significance of the 
achieved results that obtained by Lyapunov functions makes this subject, our 
considerable interest. Motivated by the researches cited above, this paper is 
proposed new method to study the stabilizability of a nonlinear dynamic control 
system on time scales. the stability play in real analysis, see [11] and [12].   

2. Basic Concepts 
Here ,   represent to Banach Space &    its dual ( the space of all 

continous linear functionals on  ),   is a timescale and                
 . 

Definition 2.1: A point     named: Riht-scattered if       , Riht-dense if 
       and       , & Left-dense if        and       . Where 
     forward jump operator &      backward jump operator. 

We define also    as: if   have left scatered maximum   so,      
     else       let       &         satisfy, for        a neighborhood 
  for  ,  such that  
                                                 

Then,   is saed to be (delta) differentiable at   &       named (delta) 
derivative of       [3]  

Theorem 2.2: [2] Let       and        
(1)     differentiable at    iff   continuous at    
(2)  Let    continuous at    & the graininess function                

then 

                    
       

(3)  Let   differentiable and            
           

   
         

    

(4)  If   differntiable at,    so                          

Definition 2.3: [2] A map       call rd-continuous provided its continuous 
at all right-dense point in  & has left-side limts (finit) at each left-dense point, 
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in  .     refers to the set of    continuous functions,      refers to a set for 
function which is differentiable & whos derivative was rd-continuous. 

Definition 2.4: [2] A map       regressive provided             , 
      A set for every regressive &     map will denotd as          
                     set for each positive regressive element for     

Definition 2.5: [2] We call        : 
(i)      when   defined as                is     where     continuous 

map   
(ii)    at       where                  be invertaible mapping, wher 

  is the identity functon and   on    if it is   at each        

Definition 2.6: The nonlinear dynamic control system (NLDCS): 
                      

is called stabilizable (Sz) or uniformly stabilizable (USz) If feed back control is 
present,                s.t. the system                        is 
stable (S) or uniformely stablle (US) respectively.  

 Different kinds of stability of the special control system  
                          were investigated in [1]. 

3.  Main Results 
Consider the (NLDCS) on   of the form  

                                              (1) 
 where               , and                  is acontinuous 
function. When                   yields the (LDCS)  
                                    (2) 

We now drive adequate conditions for different kinds of these systems’ 
stabilizability (Sz) using the Lyapunov theory. 

Theorem 3.1: If   a (PD) mapping                   satisfying conditions 
(c1)                                ,                    
          
(c2)             then system     is (USz) by the control           
        

Proof: assume      solution for     &                                 
     which is implies that condition (ii) of corollary (3.2) in [9]. We get  
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 By (c1) implies                  so system (2) are (USz).  
                             

For the remainder, we will assume that                   is a (PD) 
mapping that complies with one or more of, 
(C1)                               ,  
(C2)                                ,  
(C3)                                    ,  

(C4)                               
     
       

     ,  

   Where,        {          
           

Here            and          

Theorem 3.2: Let       such that   satisfies  
                             (3) 

 If   (PD) mapping                   satisfying        , then 
system     is (USz) by the control  
                 (4) 

Proof: suppose       solution for,     &                                 
The delta derivative of   is :  

                              
                                        
                                        
                                       

 From          and      we have  

                (            )                      
                                         

                                      
using     ,                . so, by corollary (3.2) in [9], system (1) is (USz).  
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Theorem 3.3: Let the inequality     is hold. If                     
satisfying           and     , then system     is h-(Sz) when      defined as 
in    .  

Proof: Let       and                 any solution for system     
correspp-onding of intial value         . put                            
so,  

                                                     
                                        

 By using           and     , we have  

                 
     
      

      

{ 
 
  
  
  

     
              

          

  
  

     
              

          
 

So,                    
              

  . Now, by integration from    to    

                            ∫     
     
              

     

By using Gronwall’s Inequality, implies  
                                            

By      &lemma (2.15) in [5], we get 
                                                    

              
    
     

  

Hence,                        
    
     

               Whre,          
Therefore system     is   (Sz).  

Theorem 3.4: Let     is hold. If                     satisfying         
and                 s.t.             , then system     is  -(USz) by 
   .  

Proof: If      solution for system     &                            
Analogously to the demonstration for Theorem    , observe that 
               . Since        , then by Theorem     in [9, 10], system 
    is  -(USz). 

4. Numerical Examples 
Let the (NLDCS)     s.t. 

    (      
      )           
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       (         
         

)                    (
 
         
 
        

)  

put           & 

      
                               

            
 
      

 
         

 
      

 
     

 
    

The matrix 

        (
 
              
  

             
) 

is a (PD) and holds (C1), (C2), and (C4) with            . Therefore this 
system is h-(Sz) 

 
References  

[1] Z. Bartosiewicz and 
E. Pawuszewicz, Realizations of linear control systems on time scales, Control 
& Cybernetics, vol. 35, no. 4, pp.769–786, 2006.  

[2] M. Bohner and 
Allan Peterson, Dynamic equations on time scales, An introduction with 
Applications, Birkhäuser, Boston Inc., Boston, MA, 2001.  

[3] M. Bohner and 
Allan Peterson, Advances in Dynamic Equations on Time Scales, Birkhäuser 
Boston, Massachusetts, 2003.  

[4] S. Boyd, L. El 
Ghaoui, Eric Feron, and V. Balakrishnan, Linear Matrix Inequalities in System 
And Control Theory, vol. 15 of SIAM Studies in Applied Mathematics, Society 
for Industrial and Applied Mathematics (SIAM), Philadelphia, Pa, USA, 1994.  

[5] S. K. Choi, N. J. 
Koo, and D. M. Im, h-stability for linear dynamic equations on time scales, 
Journal of Mathematical Analysis and Applications, vol. 324, no. 1, pp.707–720, 
2006. 

[6] J. J. Da. Cunha, 
Stability for time varying linear dynamic systems on time scales, Journal of 
Computational and Applied Mathematics, vol. 176, no. 2, pp.381–410, 2005.  

[7] S. Hilger, Analysis 
on measure chains - a unified approach to continuous and discrete calculus, 
Results Math. no. 18, pp.18-56, 1990.  

[8] K. U. Kristiansen, A 
Review of Multiple-Time-Scale Dynamics: Fundamental Phenomena and 

References 

	 [1]	 Z. Bartosiewicz and E. Pawuszewicz, Realizations of linear control 
systems on time scales, Control & Cybernetics, vol. 35, no. 4, pp.769–
786 (2006). 

	 [2]	 M. Bohner and Allan Peterson, Dynamic equations on time scales, An 
introduction with Applications, Birkhäuser, Boston Inc., Boston, MA 
(2001). 

	 [3]	 M. Bohner and Allan Peterson, Advances in Dynamic Equations on 
Time Scales, Birkhäuser Boston, Massachusetts (2003). 

	 [4]	 S. Boyd, L. El Ghaoui, Eric Feron, and V. Balakrishnan, Linear Matrix 
Inequalities in System And Control Theory, vol. 15 of SIAM Studies 
in Applied Mathematics, Society for Industrial and Applied Math-
ematics (SIAM), Philadelphia, Pa, USA (1994). 

	 [5]	 S. K. Choi, N. J. Koo, and D. M. Im, h-stability for linear dynamic 
equations on time scales, Journal of Mathematical Analysis and Applica-
tions, vol. 324, no. 1, pp.707–720 (2006).

	 [6]	 J. J. Da. Cunha, Stability for time varying linear dynamic systems on 
time scales, Journal of Computational and Applied Mathematics, vol. 176, 
no. 2, pp.381–410 (2005). 

	 [7]	 S. Hilger, Analysis on measure chains - a unified approach to con-
tinuous and discrete calculus, Results Math. no. 18, pp.18-56 (1990). 



STABILIZABILITY OF NON-LINEAR DYNAMIC CONTROL SYSTEMS� 1079

	 [8]	 K. U. Kristiansen, A Review of Multiple-Time-Scale Dynamics: Fun-
damental Phenomena and Mathematical Methods, In Mathematics 
Online First Collections (pp. 1-55). Springer. (2023). 

	 [9]	 Nada A. Laabi and Azhar A. Sangoor,  “A study of stability for non-
linear differential equations in Banach spaces on time scales,” Inter-
national Journal of Innovative Science Engineering and Technology, Vol. 
11, Issue 01, January (2024).

[10]	 M. M. Abbood, H. H. Ebrahim, A. Al-Fayadh, and A. J. Obaid, “Mea-
sure defined on Γ-algebra and some of their generalizations,” Journal 
of Interdisciplinary Mathematics, vol. 26, no. 5, pp. 821–827 (2023), doi: 
10.47974/JIM-1502.

[11]	  I. S. Ahmed, H. H. Ebrahim, and A. Al-Fayadh, “γ– algebra of Sets 
and Some of its Properties,” Iraqi J. Sci., vol. 63, no. 11, pp. 4918–4927 
(2022), doi: 10.24996/ijs.2022.63.11.28.

[12]	 A. S. Mohammed, S. H. Asaad, and I. S. Ahmed, “New properties of 
strongly regular left almost semi-group,” J. Discret. Math. Sci. Cryptogr., 
vol. 25, no. 2, pp. 615–622 (2022), doi: 10.1080/09720529.2021.1982491.

		  Received October, 2024


