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Introduction   
Mathematicians have developed many methods to deal with uncertainty in 

mathematics, such as "fuzzy sets," "intuitionist fuzzy sets," "vague sets," "soft 
sets," and "fuzzy soft sets" [8]. 

 Efremovic was the one who first proposed the concept of proximity space. 
Kandil et al. [9] used clearer proverbs than those found in the nearby  
region of Efremovic to present a subjective topology on the concealed set. 
Furthermore, proximity is an important consideration when dealing with 
problems that need human observation, like as image analysis [5] and facial 
recognition [7]. Two for a most crucial notion in a fixed point hypothesis are 
cyclic compression and the optimal closeness point, from which several 
conclusions have been drawn, including [6]. As of late, the ideal and soft set 
notions are the basis for a new approach to proximity structures [4] described 
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most recently by El–Monsef, Abu–Donia, and Abd–Rabou [1]. The center set 
was introduced in [2] by exploiting proximity space. 

This article introduces a notion for    -topological space. Also, the 
relation between center bi-separation axioms of      and center separation 
axioms of center topology be studied. Many authors were studied class of sets, 
see [14] and [15].    

1. Basic Definitions and Notations 
We start by recall some fundamental notions which are used throughout the 

course of our study. 

Definition 1.1: [9, 10-13] If             is a binary relation and   is 
a nonempty set, then       is a proximity space if and only if for 
all                , 
1.          iff       ; 
2.                iff        or          
3.   ̅ ̅    
4.          for each    ;   
5.          implies there exists     where      and (      ̅    ; 

It is false that       , where       . 

Definition 1.2: [2] If       is a proximity space such that    . We can 
define a center set as      〈    〉       .  

Definition 1.3: [2] If     and     is canter set over a proximity space 
     . Then   
1.     〈   〉        is called universe center set  
2.   =   is called null center set.   
3.         iff     , and 〈 ,C〉     ⟹ 〈 , C〉     . 
4.       iff         and        . 
5. Cop.   = {〈  ,   〉     : 〈  ,  〉 ∉   }   

     
6.          ={〈     〉 : 〈   〉      or 〈   〉     }. 
7.          ={〈     〉 : 〈   〉      and 〈   〉     }. 
8.       ={(〈     〉: 〈    〉       for some i   I }. 
9.       ={(〈     〉: 〈    〉       for each i   I }. 
10.         ={〈   〉 : 〈   〉      and 〈   〉 ∉   }.   
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Definition 1.4: [2] Let       be a proximity space and         such 
that      .  

Then     〈     〉  is called a center point in  .   

Definition 1.5: [7] if    is center point in       &     center set in      , then 
       iff     &          .  

Proposition 1.6: [2]  If          , {    : i   I} are center set, then 
1.        &              . 
2.          i   I            . 
3.           i   I               
4. Cop. (     )=    (Cop.    ). 
5. Cop. (      )=   (Cop.    ). 
6.       =  ,                  =  . 
7.      Cop.   =  ,       Cop.   =     

Definition 1.7: [3] if       is proximity space &            , then    is 
a center topology ( -topology) if:  
1.           
2.             ⟹               
3.           ⟹            . 

The triplet           is called a center topological space ( -topological 
space) and the members of    are said to be center open ( -open).  

Definition 1.8: [4] A  -topological space          called    -space iff 
        , center points s.t         , there is at least one center open set 
    or     s.t        ,    ∉     or        ,    ∉    .    

Definition 1.9: [4] A  -topological space          is named    -space iff 
         are center points with          there are center open set     & 
    such that         ,    ∉     &         ,    ∉    .   

Definition 1.10: [4] A  -topological space          is named    -space iff 
         , center points with         , there is center open sets     & 
    such that        ,         &            .  

Definition 1.11: [4] The   -topological space          is named  -regular 
space if and only if   

    a center closed set in           &       such 
that   ∉   

   , then there is a center open sets     &     such that    
      

         &            . 
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Definition 1.12: [4] A  -topological space is said to be    -space, if and 
only if  -regular space and an    -space. 

2. Center Bi-Topological Space: 
Our focus here is on the center bi-topological space ( BTS). We also prove 

a few theorems and examples. 

Definition 2.1: Let (              ) and (              ) be two center 
topological spaces. Then the ordered triple ( ,          ,          ) is named 
a center bi-topological space.   briefly        . 

Definition 2.2: Let (                     ) be a      . A center subset    
is said to be center bi-open provided    is the center empty set, or there is 
center a open set    in           and a center open set     in           such 
that    and    are not the center empty set.        and        . 

Definition 2.3: Let (                     ) be a      . A center subset    is 
said to be center bi-closed provided its complement   

     is center bi-open.  

Theorem 2.4: A center union for any family of center bi-open set is a center 
bi-open set. 

Proof: Let (                     ) be a      . Let    be a collection of 
center bi-open subsets. Then              and     is center bi-open  . Let 
                . Suppose that for all    ,     is the center empty set. 
Then    is the center empty set, and thus    is center bi-open. So, suppose 
there is     is not the center empty set.     is center bi-open. Thus, there is a 
center set    in           and a center set     in           such that    and 
   are not the center empty set.         and         . Thus         
      and              .  

Therefore,    is center bi-open. 

Remark 2.5: The following example shown that a center intersection of two 
center bi-open sets is not necessary be center bi-open set.    

Example 2.6: If           &          be the discrete proximity 
relation       if and only if 
      ,                      ,   

   ,       ,            ,   
        

        
   , 

          ,                           ,             ,             , 
              } and   
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            }. 
Let           and           then     and    be center bi-open sets because 

               and              and              and              but          
 〈     〉 〈   〉} which is not center bi-open.    

Definition 2.7: An       (                     ) is said to be center bi-
discrete provided, if         then    is center bi-open. 

Theorem 2.8: An       (                     ) is center bi-discrete if and 
only if each of (              ) and (              ) are center bi-discrete. 

Proof: ⟹   Let (                     ) is center bi-discrete. Let    
    Since (                     ) is center bi-discrete,    is center bi-open. 
Thus, there is a center set    in           and center set    in           such 
that       and        ,        and        therefore,       and 
     . Then,              and             , thus (              ) 
and (              ) are center discrete spaces. 

  Suppose that (              ) and (              ) are center discrete 
spaces. Let       , since (              ) and (              ) are center 
discrete spaces,               and                      ,        . So    is center 
bi-open. Therefore (                     ) is a center bi-discrete     . 

3. Center Bi-Separation Axioms  
Center bi-separation axioms are presented. In addition, this concept is 

demonstrated with examples and theorems. 

Definition 3.1: A center bi-   -space is a      (                     ) 
such that, if       and      , then there is a center bi-open set    
which contains one center point and does not contain the other.  

Definition 3.2: A center bi-   -space is a     (                     ) such 
that, if        ,       and      , there are a center bi-open     with 
      &  ∉    .    

Definition 3.3: A center bi-   -space is a     (                     ), if 
      ,       &      , there is disjoint center bi-open    &     with 
      &      .  

Definition 3.4: A center bi-   -space is a     (                     ) 
where (                     ) is a center bi-   -space if       &     is 
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center bi-closed subset of    with   ∉      there is disjoint center bi-open 
   ,    with       &        .   

Definition 3.5: A center bi-   -space is a     (                     ) 
where (                     ) is a center bi-   -space , if    and     are 
disjoint bi-closed subsets of     there is disjoint center bi-open    ,     of    
such that         &        .    

Theorem 3.6: If (                     ) is a center bi-   -space and 
      , then    is center bi-closed.  

Proof: Let (                     ) be a center bi-   -space. Let        
Let          then    is not   . Since (                     ) is a 
center bi-   -space, there is a center bi-open    s.t       &   ∉    . So, 
             . Thus, for each center point    of    there is a center 
bi-open    which include    and is contained in the center complement of 
  . 

It remains to show that                         . Let     
     . Then there is a center bi-open set    such that       , which is 
contained in      . Thus                        .  

Therefore           {               }  Let             
          . Thus, there is a    such that               . So     
     . Therefore    {               }        . Hence       
   {               }  

Since each      is center bi-open set,    {               } is center 
bi-open. (By Theorem 2.4). Thus,       is center bi-open. Thus,    is center 
bi-closed. 

Theorem 3.7: If (                     ) is a center bi-   -space, then 
(                     ) is a center bi-   -space. 

Proof: Let (                     ) be a center bi-   -space. Let      . 
Let    be a center bi-closed subset of    and   ∉   . Since 
(                     ) be a center bi-   - space,  (                     ) be 
a center bi-   -space, and    is center bi-closed (by Theorem 3.6). 
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Also, there are disjoint center bi-open       , s.t        with       . 
But        implies      . So,       ,         &           , 
hence, (                     ) is a center bi-   -space. 

Theorem 3.8: If (                     ) is a center bi-   -space, then 
(                     ) is a center bi-   -space. 

Proof: Let (                     ) be a center bi-   -space. Let       and 
      such that      .  Since, (                     ) is center bi-   -
space, (                     ) is center bi-   -space. Then (by Theorem 3.6) 
   is center bi closed. Thus, there are disjoint center bi-open sets    and 
  , such that       and       . Since,              . So 
            and            . Thus, (                     ) is a 
center bi-   -space. 

Theorem 3.9: If (                     ) is a center bi-   -space, then 
(                     ) is a center bi-   -space. 

Proof: Let (                     ) be a center bi-   -space. Let       and 
      such that      . Since (                     ) is center bi-   -
space. hence, there are disjoint center bi-open    &   , s.t       , 
      . But            implies that   ∉   . Thus, there is a center bi 
open    s.t        &   ∉   . So, (                     ) is a center bi-
   -space.  

Theorem 3.10: If (                     ) is a center bi-   -space, then 
(                     ) is a center bi-   -space.  

Proof:  Let (                     ) be a center bi-   -space. Let       & 
      s.t      . Since, (                     ) is center bi-   -space. 
Thus, there is a center bi-open set   , s.t       &   ∉   . So, 
(                     ) is center bi-   -space.  

Remark 3.11: The converse is not generally true, as the following example 
demonstrates. 

Example 3.12:  Let           and          be the discrete proximity 
relation             ,                       ,    

   ,            , 
   

        
   ,            ,                             } and                     

       
   }. Then, (                     ) is a center bi-   -space and is not a 

center bi-   -space. Because the collection of all center bi open sets is  
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      . Thus, (                     ) is 

a center bi-   -space. But there is no center bi-open sets containing      and 
not containing     . Hence, (                     ) is not a center bi-   -
space. 

Remark 3.13: The converse of (Theorem 3.11.) is not true in general as the 
following example show. 

Example 3.14: Let           and          be the discrete proximity 
relation             ,                       ,   

   ,            , 
   
          

   ,         
                        

                
           ,            , 

                                 
                                 

                           } 
and                        ,   

   ,     ,    
             

                     
  
                             

             ,             ,   
             }. 

 Then, (                     ) is a center bi-   -space and is not a center 
bi-   -space. Because the collection of all center bi open sets is           
       

                    
        

               
      . Thus, (                     ) is a 

center bi-   -space. But (                     ) is not a center bi-   -space. 
Hence, there are not disjoint center bi-open    ,    s.t         &          

Theorem 3.15: If (              ) and (              ) are center    -
spaces, then (                     ) is a center bi-   -space. 

Proof: Let (              ) and (              ) be center bi-   -spaces. 
Let       and       such that        Since (              ) is 
center bi-   -space, there is a center open set    in           such that 
      and   ∉   , also there is a center open set    in           such that 
      and   ∉   . Since             and            ,        
is center bi-open such that           and   ∉       . Thus, 
(                     ) is a center bi-   -space.  

Remark 3.16: The converse of (Theorem 3.15) is not true in general as the 
following example show.  

Example 3.17: Let             and          be the discrete 
proximity relation             ,                       ,   

   , 

          
             

   ,                  
                

           ,            , 
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                           } and                       ,   
           

             
   
                  

                    ,   
                          ,   

                        
      ,   

                              ,   
                                ,   

                  
                 ,   

                  }. 
Then, (                     ) is a center bi-   -space and neither center 

topological space is a center    -space. Because the family for every center bi 
open sets is                 

                    
        

                
                 

          
           

       ,            
                   

           Thus, (                     ) is a 
center bi-   -space. But (              ) is not a center    -space. Since, there 
is no center open set containing      and not contining     . 
Also, (              ) is not a center    -space. Since, there is no center open 
set containing      and not contining     . 

Theorem 3.18: If (              ) and (              ) are center    -
spaces, then (                     ) is a center bi-   -space.  

Proof: It is evident.  

Remark 3.19: The following example demonstrates that the opposite of 
Theorem 3.18. is not true in general.  

Example 3.20: Let             and          be the discrete 
proximity relation             ,                          

   ,          
  
               

     ,        
   ,            ,   

           ,         ,   
                   

            
                 ,                   

                                   
   
                                    

                              
                              

   
                               

             } and,                          
          

   
             

                 ,   
                          

        ,                ,  
  
                               ,   

                                      
                 }. 

Then, (                     ) is a center bi-   -space and neither center 
topological space is a center    -space.  Because the collection of all center 
bi open sets is                

           
                    

        
               

  
                 

                    
       ,           

                   
                

  
               

         Thus, (                     ) is a center bi-   -space. 
But (              ) is not a center    -space. Since, there are not disjoint 
center open sets    and    such that         and        . 
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Also, (              ) is not a center    -space. Since, there are not disjoint 
center open sets    and    such that         and        .   

Theorem 3.21: If   is finite set, and if each of (              ) and 
(              ) are center    -spaces, then (                     ) is a 
center bi-   -space.  

Proof: Let   be finite set, (              ) and (              ) be center 
bi-   -spaces. Since (              ) and (              ) are center finite 
center    -spaces. Then (              ) and (              ) are center 
discrete spaces. Thus (by Theorem 2.8), (                     ) is a center 
bi-discrete space. Let    and    be disjoint center bi-closed center sub sets of 
  . Since, (                     ) is a center bi-discrete space,    and    are 
also center bi-open sub sets. But        and        and           . 
Hence, (                     ) is a center bi-   -space. 

Collaray 3.22: If   is finite set, and if each of (              ) and 
(              ) are center    -spaces, then (                     ) is a 
center bi-   -space.  For i=1,2,3,4. 
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