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Abstract
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1. Introduction

The geometric features for analytic function is branch in complex analysis
field known as geometric function theory. An original inspiration of these idea
came from Koebe's 1907 book writings[1], Gronwall in 1914, and Bieberbach in
1916. Their work have been regarded as foundation of other advancements of
this subject, including Bieberbach's second coefficient estimate, Gronwall's Area
theorem, and Koebe's seminal publication [2]. By then, univalent function
theory had become separate field for work. Differential subordination proposed
by Petru and Sanford. Mocanu and Miller initially presented differential
subordination in their book, published in 2000 [3]. In 2003, they introduced
differential superordination concept as a complementing [4].

The normalized class for functions f satisfy conditions f(0) = f'(0) —
1 = 0, denoted by A, is represented by the following Taylor expansion:

fQ=¢+1i2q¢ (€U (1.1)

Here, A ={( € Cand |{|] <1} denotes to open unit disk in complex
plane, where C represents complex numbers, and function is analytic.

The principles of subordination are fundamental when comparing two
analytic functions F({) and #7({) in 2. Function F({) is subordinate to 7({),
denoted F({) < »({) , if there exists an analytic function t({) in U, with
t(0) = 0 and |t({)] < 1, such that F({) = #(t({)). If # is univalent in 2,
then F({) < 7({) implies F(0) = #(0) and F(A) =r (A).

Mendiratta Nagpal, and Ravichandran [5] developed subclass S; for
analytic function associated with the exponential function . Using the
subordination approach, Minda and Ma [6] created the class for starlike function
and studied classes S*(0) & G*(0) given by:

[4i¢o]
s (@)—{fecﬂ L2 <00, (e‘lI}
and
* SaCo!
G*(0) = {fecfl 1+4 8 <00, (e?l}

Mendiratta Nagpal, and Ravichandran [5] introduced the family S;:=

5*(e*) as follows:
>R _ ¢
i={fea L8 <efceul (12)

Similarly, the following class was likewise added in by use of an

Alexander-type relation in [5]:
c={fean+L8<el el (1.3)
@

The families C; and G; provided in the investigation are symmetric
about the real axis, based on those definitions.

Pommerenke [7, 8] defined the Hankel determinant 3, () for f € A of
the type (1.1) with specified parameters g,4 € N = {1,2, ...}, as follows:
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a; Qg1 Qigg
, a; [ PR a;
H, ()= 4 T2 L (g = 1) (1.4)
a/i,+q—1 a4;+¢ a/i,+24—2

The study for a theory of singularities, & power series with integral
coefficient both depends on an understanding of the Hankel determinant [9].
Readers are encouraged to read for in-depth understanding [10, 11]. The
estimated values of 3 (4) for various univalent function subfamilies have been
studied. The well-known Fekete-Szegd functional for g = 2 and 4 = 1, function
H,(1) = a3 — a3. According to [12, 13], the ,(2) second Hankel determinant,
which is given as #,(2) = aya, — a%, was examined for a bi-convex & bi-
starlike function class. A precise estimate of H,(2)for the collection of
Bazilevi¢ functions was given by Krishna and RamReddy [14]. The second
Hankel determinant estimate for bi-univalent functions using the symmetric q-
derivative operator was recently found by Srivastava and his associates [15], and
the Hankel & Toeplitz determinant of subcollections for g -starlike function
associated with general form for conic domain were discussed by the authors in
[16] for more literary works[17-21] .

The following is third Hankel determinant of function for type (1.1):

1 a, a3
_ — 2 A3 A2
H5(1) = [az a3 ay4] = —aga3 + 2a,a3a, — a3 + azas — aj.
az a4 Gg

In 2010 by Babalola [22] presented some intriguing results on H3(1) that
have motivated other scholars.

A specific subclass of starlike functions third Hankel determinant was
investigated in [23]. A third Hankel determinant is not employed in current
work, as noted ofd this work [23]. In the following section of this research, a
new definition of the fourth Hankel determinate-defined as the determinant of a
matrix is presented. The univalent starlike functions' third Hankel determinant
bound was determined by Zaprawa Obradovi¢, and Tuneski [24] .

Mendiratta Nagpal, and Ravichandran have presented a subclass S of
analytic function related to exponential function recently in [5].

The definition of the first and second class Chebyshev polynomials [25,
26] for a real variable +* on the interval (—1,1) is

G,(v) = cos(4 arccos 1)
and

g (’lf) _ sin[(i+1)arccos v] _ sin[(i+1)arccos v]
1 - - ]

sin(arccos v) Ji-v2

respectively
It looks at the function
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1 1
It's commonly understood that if 4 = cosy, 4 € (O, g), then

Hwd =1 +Z§°=1MZ¢ =1+ 2cosy{ + (3cos?y — sin?y){?

’ +(8cos’y — 4cosy)® + -+, { €Y,
that is
HWw ) = 1460 {+ G + G + 6" + -,
ue G 1),{ €U
where

sin[(i+1)arccos u

— 1
gi(.u) - \/1_—#2 )1 € N:

and G,;(u) are Chebyshev polynomials of the second sort. The concept of
second-class Chebyshev polynomials makes it obvious that

Gir1 (W) = 2uG, (1) — G2 ().
Getting that
G1(W) = 21, G,(u) = 4u* — 1,,G5(u) = 8> — 4y, (for each i € N).

For a function f of type (1.1), the fourth Hankel determinant[27] is as
follows.

1 a, a3 0

#,(1) = Z gj 2‘; 22 = —,C; + 05Cy — 0gCs + 0,Cyy (1.5
a, as G ay
where
IC1] = lazllasag — a&| + |azllazas — azas] — |asllazas — afl,
IC;| = lasas — aZ| — |allazag — azas| + lazllazas — afl, (1.6)
IC53] = lazag — azas| + laz|lazas — azas| — |asllazas — a3,
ICal = lazllazay — o3| — lagllas — azaz| + |as|az — a5].

In a recent study, Arif Raza, and Zaprawa [28] effectively achieved the
bound of H,(1) for the class of limited turning functions by studying the
problem of fourth Hankel determinant H,(1) for the first time. Upper bounds
for the third- and fourth-order Hankel determinants associated with certain kinds
for function with limited turning that is linked to sine function were recently
studied by Khan et al. [29].

In addition, estimates for fourth Hankel determinant's upper bound are
presented of the novel class of analytic functions formed via subordination. The
following lemmas are used to illustrate the research's original theorems.
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Lemma 1.1: [30] Let p be the class containing every p({) analytic functions of
the following:

p@)=1+3Z, 9" (1.7)
with Re p({) > 0and p(0) =1 for every { € A. Then |p,| <2, for each
(1 = 1,2,3,...). This difference is significant for every-.

Lemma 1.2: [5] If function f that belongs to Sl* is of the form(1.1), then
la] <1, |a3|<‘ |a4|< |(15|<1
The purpose of this article is to examine the estimate of |, (1)|for each of

the subclass V' (a, v, 8, 8,1, A, w)that are called in the introduction.

2. Main Results

Definition 2.1: If f € A defined as in (1.1), then its named in a subclass
N(a,v,8,B,n, A, 1) if the subsequent condition is true:

55f (9] V{Zf”(c) {f’(()"'(zf”({) 2.0 "
1-— -1
12| G 7@t rpcrng TS O+ A=A |
<HWJ, 2.1)

where(0<6<1,0<8<1y=201=201n=0),a€C\{0}and
HW ) = 1461 § +Go(WS? + G (WS + G605+, u € (5,1),0 €x

Remark 2.1: Some special cases for definition can be given as below

Ifa=1,6=0,y=0,p=0,8=0andA = 1then N(1,0,0,0,0,1, 1) is
called the class of convex function[30] .

We now report and validate the primary findings of our current study.

For functions in the class NV (a,y, 8, 8,1, A, 1), we start by estimating the
coefficients|a;| and < = 2,3,4,5,6,7,.

Theorem 2.1: Let f({) be a function defined by (1.1) that belongs to the
subclass N (a, vy, 8,8, A, 1). Then
4a 6a
= (5+2y+2p-22)° lasl < (5+3y+3B+31-31)
12a
— (8+4ay+4B+8n—41)
27a 324a
las| < (8+5y+58+127-51)° lagl < (5+6y+68+20n—61)
162a
los| < (8+7y+7B+357—-71)

laz| <

lag] <

Proof: 1If f e N(a,y,6,6,1, A4 1), then A has an analytic function 9 with
[9()| < 1.1t may write
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B1Q) | v | SO L2 e PN
+2 [ %) '@ T roesemme T A A =D 1]
=H (T ).

The Schwarz function T has the following form in accordance with the
subordination idea:

T({) = f:ll%fi‘f € 9’['
and the subsequent text is writable:

F(O) = Tig 1+2p0+2(p + 2D +2lps + P12 2 + DI +

20pa+ P35+ piB p2 + D) + 2 p1 3]0t + 2[ ps + 2 pa(ps + 2p3) +

3p1 (P13 + p3) + (21 Qpa + PO +2[ ps + pi(4 p3 + p3) +

PIBps +5p.07) + 2p1(ps + 3p2p3) + 5 + pi(p, + 6p7) +

293 4130 + . (2.2)
Given that f € A is expressed in the manner specified by (1.1), then

1[8F1Q) | Q) | S QPG | ra e PN
1250 T 70 Tiromeme TISTTO+A=DIQ) 1]

= 2[(6 + 2y + 28 — 2A)a,¢ + (8 + 3y + 36 + 30 — 3Dz + (5 + 4y +

4B+ 81— 41)a, 3+ (6 + 5y + 58 + 12n — 5)as{* + (5§ + 6y + 6 +
20n — 61)agl> + (6 + 7y + 7B + 350 — 70)a,{C+. ...]. 2.3)

contrasting the coefficients of {* for 4 = 1,2,3,4,5,6,7 using (2.2) and (2.3), we
obtain

“(6+2y+26 - 2Da,) =2 4,

~((8+3y + 3B + 30— 30)a3) = 2(p, + 1),

~((6+ 4y +4B + 81— 40)a,) = 2[ p3 + 12 p2 + PD],

~((6+5y + 58 + 120 — 50)as) = 2[ g4 + £3 + 2B p2 + pD) + 2 p1 3]
~((8 + 6y + 68 + 207 — 62)as)

=2[ps + 2 p2(ps + 297) + 3p1 (P13 + P3) + (21C2pa + pD)),
(@ +7y + 7B+ 350~ 7Da;) = 2[ pe + pi 4 p3 + D) + P

Bpa +5p:03) +2p1(ps + 3p,03) + p3 + pi(p2 + 6p37) + 2 p; pal.
By Lemma 1.1, it getting

4a

laz| < (8+2y+2p-22) (2.4)
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6a

las| < (8+3y+3B+31-32) (2.5)
12a

lag| < (5+4y+4B+87—42) (2.6)

las| < Grorrensoy @7

— (6+5y+5B+12n—-51)
324a

lag| < (5+6y+6B8+20m—-61) (2.8)

|(17| < 162a

— (8+7y+7B+35n1-71) (2.9)

This theorem has a comprehensive proof.
The estimations on |H,(1)| are found in the following theorem.

Theorem 2.2: Let f({) defined in (1.1) belongs to the subclass N (a,y,d,
B.,n, A, 1), then

|H4 ()] <

—1728a4(6+2y+2ﬁ—21)(6+5y+55+127]—51)(6+6y+6ﬁ+2()r]—6l)(6+7y+7ﬁ+35n—71)[(7(1(;4,4,0))]+

65610:3(6+2y+2[§—21)(6+6y+6ﬁ+20n—61)(67-i(7!)l/'-4:!7)ﬁ+35n—71)(6+4y+4—ﬁ+87]—4)1)2[(.’Kz(u,w))] _

10497u3(6+4y+4ﬁ+8n—4/1)2(6+5y+ﬂ+12n—7§%';g+7y+7ﬁ+35n—7/1)[(7(3(u,w))] 4

15550:“(6+3y+3ﬁ+3r]—31)(6+4y+4ﬂ?-f£(3l:]ﬁ)l)z(6+5y+5/§+12n—51)(6+6y+6‘8+207]—61)2[(764(u,w))]
K (pawr)

where

K(u,w) =250+ 3y +36+3n—302(6 + 4y + 46 + 8y — 4)*(6 + 6y
+ 68 +20n — 64)2 (6 + 2y + 28 —21)%(6 + 5y + 58
+12n =513 + 7y + 7B + 351 — 74),

K, (u, w) = a3{144(6 + 5y + 58 + 12n — 51)?[108 + 81(5 + 4y + 48 +

8n—42)]—90(5 +3y+ 38 +3n—31)%(6 + 6y + 68 +20n —

61) (162(8 + 4y + 48 +8n —42)3 —96(5 + 5y + 58 + 12n — 51)2%(6 +

2y + 2B —20)) = 17206 + 2y + 2B —2) (5 + 3y + 38 + 3n — 3)(6 +

59 +58+12n —51) (6 + 6y + B +20n —6A)[1 + (6 + 4y + 4B + 8n —

4013,

K, (u,w) = a?{243(6 + 4y + 48 +8n — 41 (5 + 3y +38 +3n —3)(6 +

2y + 2B — 2)[16(8 + 5y + 58 + 127 — 51)2(8 + 3y + 38 + 3n — 31) —

15(6 + 4y + 4B +8n — 41 (6 + 6y + B + 20n — 61)] — 1296 (5 + 4y +

4B +8n—41)(6 + 3y +3B8+3n—31) (6 + 5y + 58 + 12n — 5)[6(6 +

4y +4B+8n—4A)+ (5 +3y+38+3n—31)( + 6y +68+20n—

61)] + 45(8 + 6y + B + 200 — 64)(8 + 5y + B + 121 — 50)(6 + 2y + 28 —

21)[103(8 + 4y + 4B + 8y — 41)2 — 96(8 + 3y + 38 + 3n — 31)(6 + 5y +

58 + 12 — 51)},



1050 N. H. SHEHAB AND A.R. S. JUMA

H;(u,w) = a?{324(5 +3y +38+3n—31)(5+4y + 48+ 8n —

42)(8 + 2y + 2B —22)%[6(5 + 4y + 48 + 81— 4A)(6 + 5y + 58 + 125 —
51) =5 +3y+38+3n—30)(6 +6y+p+20n—61)] +5184a(s +
3y+38+3n—-31)2( +5y+ L +12n —51) (8 + 4y + 4B + 8y — 41) —
3240a(5 + 3y + 38 +3n —31) (5 + 6y + 68 + 20 —64)(6 + 2y + 28 —
20) — 720a(6 + 6y + 6B +20n — 61)(6 + 2y + 2B —24)(6 + 5y + 58 +
12n —=5)[4(6 +3y +38+3n =312 +3([6 +2y + 28 —22)(5 + 4y +
4p +8n— 4]}

Ho(u,w) = a?{96(65 + 2y + 28 —21)(6 + 4y + 48 + 8n — 4)(5 + 5y +
B+12n —51)[3(6 +2y + 28 —22) — (6 + 4y + 4B + 8n — 41)] —
1446 + 2y + 28 —20) (6 + 5y + 58 + 12n = 5)[(6 + 2y + 28 — 21) (6 +
3y+38+3n—31)+2a(6+4y + 4B +8n—41)] + 54(6 + 4y + 4B +
8n — 42)2[3(6 + 2y + 28 — 21) — 8a(6 + 3y + 38 + 3n — 3D}

Proof: Fourth Hankel determinant may be expressed as follows using (1.1):

[H4 (D] = |—asCy + a5C; — a6C3 + a;C4],
where
|C1] = lazllazas — a?;l + lazllazag — azas| — agllazas — af],
[C2] = lasas — a§| — lazllazag — azas] + |asllazas — af],
IC3] = lazag — agas| + |azllazas — azas| — |agllaza, — af],
[C4] = lazllayay — o3| — |aylla, — azas] + |as||az — a3].
When we insert (2.4) - (2.9) in (1.6), we obtain

12035, (uwr)
G| = —2——, 2.10
6, = eale 2.10)

274K, ()
C,| =—————, 2.11
[C| B Gia0) (2.11)

324a3 K5 (uw)
C,| = =32 2.12
1G5 Batara) (2.12)

162a3 X4 (uw)
Cy| =—————, 2.13
6, = LRl 2.13)

where

B;(u,w) =5 +2y+28 -2 +4y+ 48 +8n—41)3(5 + 6y + 68 +
20n — 61) (6 + 5y + 58 + 12n — 51)%(6 + 3y + 3B + 3n — 31)2,

B,(u,w) =5(6 +4y + 4B +8n — 41)?(§ + 6y + 68 + 20n — 61) (§ + 57 +
56+ 12n —51)%(5 + 3y + 38 + 3n — 31)%(5 + 2y + 28 — 24),

By(u,w) =5(6+3y+38+3n—310)%(6 +4y + 48 +8n — 41)?*(§ + 6y +
68 +20n — 61) (6 + 2y + 28 — 2A)%(6 + 5y + 58 + 12n — 51),
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By(w)= (6+2y +28 -2 +4y +4B +8n— 41?5 +3y + 38 +
3n =30 +5y+B+12n—-52).

From (2.10) to (2.13) in (1.5), can obtain

[H, (D] <
—1728a4(6+2y+2ﬂ—2/1)(6+5y+5,8+12n—5/1)(5+6y+6ﬁ+20n—6/1)(6+7y+7[3+35n—7/1)[(7(1(;4,w))]+

K (pwr)
6561a3(5+2y+2f—21)(6+6y+6B+20n—61)(8§+7y+7B+350—72) (8+4y+4B+8n—41)%[(K2 (uw))] _

K (pw)
104970(3(6+4y+4,8+87]—4—/1)2(5+5y+5ﬁ+1271—5/1)2(6+7y+7ﬁ+35‘q—7)1)[(7(3(/4,4”))]+

K (nw)
1555a*(8+3y+3B+37—31) (5 +4y+4L+8n—421)% (5 +5y+58+12n—51) (5 +6y+68+20n—61) 2 [(K4(pw))]
K (uw) i

where

K(u,w) =255+ 3y +36+3n—31)2(6 + 4y + 46 + 8y — 4)*(6 + 6y
+ 68 +20n —61)2 (5 +2y +28 —21)%(6 + 5y + 58
+12n =513 + 7y + 78 + 35 — 74),
Ky (u,w) = a3{144(6 + 5y + 58 + 12n — 51)%[108 + 81(5 + 4y + 48 +
8n —41)] —90(6 + 3y + 38 + 3n — 31)%(6 + 6y + 68 + 20n —
61) (162(6 + 4y + 48 +8n —42)2 —96(6 + 5y + 58 + 12n — 51)%(5 +
2y + 28 —20)) — 17206 + 2y + 28 —21)(6 + 3y + 38 + 3n —3)(6 +
S5y +58+12n —51)(+ 6y +B+20n—6A)[1+ (6 +4y +48+8n —
40213
o (u,w) = a?{243(6 +4y + 48+ 81— 41 (6 + 3y + 38 +3n —3)(6 +
2y + 2B —2)[16(6 + 5y + 58 + 12n — 51)2(§ + 3y + 38 + 3n — 31) —
15(6 + 4y + 4B + 8n —4A)(6 + 6y + 68 + 20n — 61)] — 1296a(6 + 4y +
48 +8n —4A) (6 +3y +3B8+3n -3 (6 + 5y + 58 + 12n — 5)[6(5 +
4y +4B+8n—41) + (6 +3y+3B+3n—31) (6 + 6y + 68+ 20n —
64)] +45(5 + 6y + 68 + 20 — 6A)(6 + 5y + 58 + 12n —51)(6 + 2y +
2B — 22)[103(6 + 4y + 4B + 87 — 42)? — 96(6 + 3y + 3B + 30 — 31) (6 +
5y + 58 + 12n — 51)},
Ky(u,w) = a*{324(6 +3y +38+3n—30)(6 +4y + 4B + 8y —
40 (6 + 2y + 2B —21)*[6(6 + 4y +4B +8n —4A)(6 + 5y + 58 + 12n —
51) =5 +3y+38+3n—30)( +6y+6B+20n—61)] +5184a(s +
3¥y+38+3n—30)2(5+5y +58 +12n — 50 (5 + 4y + 48 + 8n — 44) —
3240a(§ + 3y + 38 +3n—30)(6 + 6y + 6B +20n —61)(6 + 2y + 28 —
21) —720a(6 + 6y + 68 + 20n — 61)(6 + 2y + 28 — 21)(6 + 5y + 58 +
120 —5)[4(6 +3y +38+3n =312 +3(6 +2y + 28 —2)(6 + 4y +
4B +8n — 4]},
Ho(u, w) = a?{96(5 + 2y + 28 —2A1)(6 + 4y + 48 + 8n — 42)(5 + 5y +
5+ 12n —5A)[3(§ + 2y + 28 —22) — (6 + 4y + 4B + 8n — 41)] —
1445 + 2y + 2B —20) (6 + 5y + B+ 12n —5A)[(6 + 2y + 2B —24) (6 +
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3y +38+3n—30) +2a(6 +4y + 48 +8n — 41)] + 54(6 + 4y + 48 +
8n — 40)?[3(6 + 2y + 28 — 21) —8a(d + 3y + 35 + 3n — 3]}

The following Corollary results when § = 0.

Corollary 2.1: Let f defined by (1.1) belongs to the subclass N (a,y,0,p,
n, A, 1), then

|7, (V)] <

—-1728a*(2y+28-21)(5y+58+12n—51)(6y+6+20n—61)(7y+75+351-7) (K1 (nw))] N
K(pw)

6561032y +2B-22)(6y+6B+20n-6A)(7y+7B+351—72) (4y +4B+8n-4D)2[ (Ko (ww))]
K (uwr)

10497 a3 (4y+4B+8n—421)2(5y+5B+12n—51)2(7y+7B+35n-71) [(3 (Lw))] n

K (uw)

1555a*(3y+38+3n—-31)(4y+4B+8n—41)?(5y+58+12n—-51)(6y+B+20n—61)2[(Ks ()]

K (pw)

where

H(u,w) =25By +38+3n—31)24y + 48 +8n—41)*(6y + B + 207
—60)2 2y + 2B — 20)2(5y + 58 + 12n = 51)3(7y + 7B
+35n—71),

K, (u,w) = a{144(5y + 58 + 12n — 51)%[108 + 81(4y + 4B + 8n —
42)] — 903y + 3B + 31 — 3)2(6y + 6f + 201 — 61) (162(4y + 4f + 8n —
40)3 — 96(5y + B + 12n — 5022y + 28 — 24)) — 17202y + 28 —
2D+ 3y +38+3n =305y +58+12n —51)(6y + B+ 20n — 61)[1 +
(4y + 4B + 81 — 41?1},

I, (u, w) = a?{243(4y + 48 +8n — 4By + 38 +3n — 312y + 28 —
2)[16(5y + 58 + 12n — 52?3y + 38 + 3n — 31) — 15(4y + 4B + 8n —
42)(6y + 6B + 20 — 64)] — 1296a(4y + 48 + 8n —41)(3y + 38 + 3n —
305y +58 +12n —50)[6(4y + 48 +8n—40) + By + 38 + 3n —
306y + B +20n — 61)] + 45(6y + 68 + 20n — 64)(5y + 58 + 12n —
50)(2y + 28 — 2)[103(4y + 4B + 87 — 4)* — 96(3y + 3B + 31 —
35y + B + 125 — 51)},

3 (u, w) = a?{324(By + 38 + 3n —30)(4y + 45 + 8n — 41)(2y + 28 —
22)%[6(4y + 4B +8n — 41)(5y + 58 + 12n —51) =53y + 38 + 3n —
30)(6y + 6B + 20n — 64)] + 5184a(3y + 36 + 3n —31)%(5y + 58 +

12n — 51)(4y + 48 +8n —42) — 3240a(3y + 38 + 3n — 31)(6y + 68 +
20m — 6A)(2y + 2B — 24) — 720a(6y + 6 + 20 — 6)(2y + 2 —
2DGY + 6+ 12n = 50)[4(By + 38 +3n —31)%2 + 3Ry + 28 — 20)(4y +
4B + 8n — 4]},

Fo(u, w) = a?{96(2y + 2B —2)(4y + 4B + 8n — 4)(5y + f + 12n —
SA)[3(2y + 28 — 22) — (4y + 46 + 8n — 42)] — 144(2y + 28 — 20) (5y +
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58 +12n —5)[Q2y + 28 — 2By + 38 +3n —34) + 2a(4y + 48 + 8n —
4] + 54(4y + 4B + 8n — 40)?[32y + 28 — 24) — 8a(By + 38 + 3n —
3D}

Incase § = 1,a = 1, we obtain the subsequent Corollary.

Corollary 2.2: Let f defined by (1.1) belongs to the subclass NV (1,y,1,p,
n, A, u) then

|#H, (D] <

—1728(1+2y+2—-21)(1+5y+B+12n—-51) (1+6y +6+20n—-61) (1+7y+7B+35n—7)[(¥1 (n.w))] n

6561(6+2y+2,8—21)(5+6y+6,8+20n—61)(63—67(5::;+35n—71)(6+4—y+4—ﬁ+8n—41)2[(Kz(u,w))]
X () B
10497(1+4y+4ﬁ+8n—4a)2(1+5y+55+12n—5/1)2(1+7y+7ﬁ+35n—71)[(763 (ww))]
K (nw) +
1555(1+3y+38+317—31) (1+4y +4B+81n—41)?(1+5y+58+12n—51) (1+6y+68+201—61) 2 [(K4(u,w))]
K (nw)

where

K(u,w) =251+3y +38+3n—31)%(1 +4y + 48 + 8y — 4)*(1 + 6y
+ 68 +20n—61)% (1+2y + 28 —20)*(1 + 5y + 58
+12n —51)3(1 + 7y + 78 + 35n — 74),

¥y (p,w) = {144(1 + 5y + 58 + 127 — 51)?[108 + 81(1 + 4y + 4p + 8 —
4] —90(1 +3y +38 +3n— 3121 + 6y + 68 + 200 — 61) (162(1 +
4y + 48 +8n —42)3 —96(1 + 5y + 58 + 12n — 51)?(1 + 2y + 28 —
20))— 17201 + 2y + 28 —22)(1 + 3y + 3B +3n—3)(1 + 5y + 58 +
127 = 5)(1 + 6y + 6B + 20 — 6)[1 + (1 + 4y + 4B + 8y — 41)?]},
H,(u,w) ={243(1 + 4y + 4B +8n— 411 +3y + 38 +3n—31)(1 +
2y + 28 —2)[16(1 + 5y + 58 + 12n — 51)?(1 + 3y + 38 + 3n — 31) —
15(1 + 4y + 48 + 8y — 41)(1 + 6y + 68 + 20n — 6A)] — 1296(1 + 4y +
48 +8n—40)(1+3y + 38 +3n—31)(1 + 5y + 56 + 12n — 51)[6(1 +
4y +48+8n—40)+ (1 +3y+38+3n—-31)(A+ 6y + 68+ 20n—
6] +45(1 + 6y + 68 +20n —6A)(1+ 5y + 56+ 12n —51)(1 + 2y +
26 —21)[103(1 + 4y + 4B +8n —41)? —96(1 + 3y + 38+ 3n —3)(1 +
5y + 58 + 12n — 51)},

I (u,w) = {324(1 +3y+38+3n—-31)(1 +4y + 48 +8n —

A1+ 2y + 2B — 22)%[6(1 + 4y + 4B + 87 — 4A)(1 + 5y + 58 + 125 —
50) =51 +3y+38+3n—30)(1+6y+68+20n—61)]+ 5184(1 +
3y+3ﬁ+317—3/1)2(1+5y+53+12n—5/1)(1+4y+4[3+8n—41)—

3240(1 + 3y + 3B + 37— 30)(1 + 6y + 68 + 207 — 60)(1 + 2y + 2 —
22) — 720(1 + 6y + 68 + 207 — 60)(1 + 2y + 28 — 2A)(1 + 5y + 58 +
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127 =S4 +3y + 38 +3n =302 +3(1 4+ 2y + 28 —2)(1 + 4y +
48 +8n — 411},

H,(u,w) ={96(1+ 2y + 28 —20)(1 + 4y + 48 + 8n —41)(1 + 5y +
5+ 12n —5)B3(1+2y+28—-20)— (1 +4y+4B8+8n—41)] —
1441+ 2y + 28 —20)(1 + 5y + 58 + 12n = 5A)[(1 + 2y + 28 — 2)(1 +
3y+38+3n—31)+2(1+4y+4B+8n—40)] +54(1 + 4y + 48 +

8n — 41?2 [3(1 + 2y + 28 —21) —8(1 + 3y + 38 + 3n — 3]}

Incasea = 1,5 = 1and f§ = 0 we obtain the subsequent Corollary.

Corollary 2.3: Let f(() is defined by (1.1) belongs to the subclass N'(1,y,1,

A, W), then
17, ()] < —1728(1+2y—22)(1+5y+1217—SA)(1;—((5(];+M2/())n—62)(1+7y++35n—7A)[(7€1(u,w))] n
6561(6+2y+—2/1)(6+6y+2017—61)(6+7y+35n—71)(6+;1y++8n—4/1)2[(Kz(u,w))]
K () B
10497(1+4y+8n—4)1)2(1+5y+12n—5/1)2(1+7y+35n—7/1)[(3<3(u,w))]
K (uw) +
1555(1+3y+31n—31) (1+4y+4L8+8n—42)% (1+5y+12n—52) (1+6y+201—61)2 [(F4 (n,w))]
K (pwr) ’

where
K(u,w) =251+ 3y +3n—31)%(1 + 4y + 8n — 4)*(1 + 6y + 207

—6A)2 (1 +2y =221+ 5y + B+ 12n —51)3(1 + 7y
+ 351 —71),

¥ (n,w) = {144(1 + 5y + 121 — 51)?[108 + 81(1 + 4y + 8n — 41)] —

90(1 + 3y + 37 — 30)2(1 + 6y + 201 — 61) (162(1 + 4y + 8y — 42)3 —

96(1 + 5y + 127 — 5)2(1 + 2y — 22)) — 1720(1 + 2y — 2)(1 + 3y +

3n=3)A+5y+12n -51) (A + 6y +20n —6A)[1 + (1 + 4y +8n —

404},

H,(u,w) = {2431 + 4y + +8n —4A) (1 + 3y + +3n —31)(1 + 2y —

2)[16(1 + 5y +12n —51)?(1 + 3y +3n —31) —15(1 + 4y + 8y —

4)(1 + 6y20n — 61)] — 1296(1 + 4y + 8y —4A)(1 + 3y + 37 — 3)(1 +

S5y +12n—-50)[6(1+4y+48+8n—4)+ (1 +3y+3n -3 +6y+

20n — 6A)] +45(1 + 6y +20n —6A)(1 + 5y + 12n — 51)(1 + 2y —

2)[103(1 + 4y + 81 — 40)2 — 96(1 + 3y + 37 — 3A)(1 + 5y + 125 — 51)},

Ky (u, wr) = {324(1 +3y 430 =301 +4y + 8y — 40 (1 + 2y —
20)?%[6(1+4y +8n—4A)(1+ 5y +12p —51) —5(1 + 3y + 3n — 3)(1 +

6y +20n — 64)] + 5184(1 + 3y + 35 — 3/1)2(1 + 5y +12n — 51)(1 + 4y +
8n — 41) — 3240(1 + 3y + 37 — 30 (1 + 6y + 20 — 64)(1 + 2y + —21) —
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720(1 + 6y + 201 — 62) (1 + 2y — 2A)(1 + 5y + 127 — 5)[4(1 + 3y +
31— 30)% + 3(1 + 2y — 2A)(1 + 4y + 8n — 4,1)]},

o (u,w) ={96(1 + 2y —21)(1 + 4y + 8n — 4A)(1 + 5y + 12n —
SAHBA+2y—21) -1 +4y+8np—40)] —144(1 + 2y —2) (A + 5y +
12n =51+ 2y =20+ 3y +3n—30) + 2(1 + 4y + +8n — 4] +
54(1 + 4y + 8y — 41)?[3(1 + 2y — 22) — 8(1 + 3y + +3n — 3]}

In case a=1,=1,y=0,1=0=1aidn=0 we obtain the
subsequent Corollary.

Corollary 2.3: Let f({) is defined by (1.1) be in a class N (1,0,1,0,0,0, i), then
|7¢,(1)| < 1480789.56

3. Conclusion

The fourth Hankel determinant was given a new form, a notion for
subordination is used to establish a new subclass N(a,y,6,8,n, A4, u).
Coefficient estimates are provided, the class is analyzed, upper bound for
recently proposed fourth Hankel determinant for this subclass is found. Since we
are utilizing a new, very hard subclass, the findings shown here are better than
those in previous studies. Moreover, these results have applications that go
outside mathematics and help disciplines like computer science, data analytics,
and engineering. Improved knowledge of the fourth Hankel determinant and its
applications can help in approximation theory, signal processing, orthogonal
polynomials, system identification, and other related fields. The acquired
discoveries not only broaden our understanding but also provide new avenues
for investigation and useful applications across several scientific fields.
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