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Abstract
This article investigates the fourth Hankel determinant for N(α, γ, δ, β, η, λ, μ), the novel 

subclass for analytic function characterized by subordination. Estimates on a coefficients |ai| 
with i = 2, 3, 4, 5, 6 and 7  are provided for the functions in this recently described class, as 
well as an upper limit on fourth Hankel determinant. Authors asserted and demonstrated 
through the constructing of a new subclass of upper limits for fourth Hankel determinant 
of subclass for analytic function. A corollaries for main theorems provide some interesting 
insights, and the accompanying paper highlights the importance of the findings. These 
results can be used in various applications in mathematics and engineering sciences. For 
example, system identification, orthogonal polynomials, signal processing, approximation 
Theory, and this study contributes to the ability to expand our knowledge and understanding 
for analytical function for unit and its interactive higher relation. These findings are believed 
to open the doors to explorations and many future applications, not only in mathematics but 
also in computer science and engineering.        
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1. Introduction  
The geometric features for analytic function is branch in complex analysis 

field known as geometric function theory. An original inspiration of these idea 
came from Koebe's 1907 book writings[1], Gronwall in 1914, and Bieberbach in 
1916. Their work have been regarded as foundation of other advancements of 
this subject, including Bieberbach's second coefficient estimate, Gronwall's Area 
theorem, and Koebe's seminal publication [2]. By then, univalent function 
theory had become separate field for work. Differential subordination proposed 
by Petru and Sanford. Mocanu and Miller initially presented differential 
subordination in their book, published in 2000 [3]. In 2003, they introduced 
differential superordination concept as a complementing [4].  

The normalized class for functions   satisfy conditions  ( )    ( )  
   , denoted by  , is represented by the following Taylor expansion: 
   ( )    ∑      

          (1.1)
Here,   *        | |    + denotes to open unit disk in complex 

plane, where   represents complex numbers, and function is analytic. 
The principles of subordination are fundamental when comparing two 

analytic functions  ( ) and  ( ) in  . Function  ( ) is subordinate to  ( ), 
denoted  ( )   ( ) , if there exists an analytic function  ( ) in  , with 
 ( )    and | ( )|    , such that  ( )     ( ( )). If   is univalent in  , 
then  ( )   ( ) implies  ( )    ( ) and  ( )   ( ).  

 Mendiratta Nagpal, and Ravichandran [5] developed subclass      for 
analytic function associated with the exponential function . Using the 
subordination approach, Minda and Ma [6] created the class for starlike function 
and studied classes   ( ) &   ( ) given by: 

    ( )  {       
 ( )

 ( )   ( )    } 
and 

    ( )  {          ( )
 ( )   ( )    }  

Mendiratta Nagpal, and Ravichandran [5] introduced the family      
  (  ) as follows: 

      {        ( )
 ( )        }   (1.2) 

Similarly, the following class was likewise added in by use of an 
Alexander-type relation in [5]: 

    
  {          ( )

 ( )        }   (1.3) 

The families   
  and   

  provided in the investigation are symmetric 
about the real axis, based on those definitions. 

Pommerenke [7, 8] defined the Hankel determinant   ( ) for       of 
the type (1.1) with specified parameters        *     +  as follows: 
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    ( )  |
             

    
 

     
 

    
 

                  

|  (    )   (1.4) 

The study for a theory of singularities, & power series with integral 
coefficient both depends on an understanding of the Hankel determinant [9]. 
Readers are encouraged to read for in-depth understanding [10, 11]. The 
estimated values of   ( ) for various univalent function subfamilies have been 
studied. The well-known Fekete-Szegő functional for     and    , function 
  ( )        . According to [12, 13], the   ( ) second Hankel determinant, 
which is given as   ( )          , was examined for a bi-convex & bi-
starlike function class. A precise estimate of   ( )for the collection of 
Bazilevič functions was given by Krishna and RamReddy [14]. The second 
Hankel determinant estimate for bi-univalent functions using the symmetric q-
derivative operator was recently found by Srivastava and his associates [15], and 
the Hankel & Toeplitz determinant of subcollections for   -starlike function 
associated with general form for conic domain were discussed by the authors in 
[16] for more literary works[17-21] .  

The following is third Hankel determinant of function for type (1.1): 

  ( )  |
     
      
      

|                               

In 2010 by Babalola [22] presented some intriguing results on    ( ) that 
have motivated other scholars. 

A specific subclass of starlike functions third Hankel determinant was 
investigated in [23]. A third Hankel determinant is not employed in current 
work, as noted ofd this work [23]. In the following section of this research, a 
new definition of the fourth Hankel determinate-defined as the determinant of a 
matrix is presented. The univalent starlike functions' third Hankel determinant 
bound was determined by Zaprawa Obradović, and Tuneski [24] . 

Mendiratta Nagpal, and Ravichandran have presented a subclass      of 
analytic function related to exponential function recently in [5].  

The definition of the first and second class Chebyshev polynomials [25, 
26] for a real variable   on the interval (    ) is 

  ( )     (          ) 
and 

    ( )     [(   )        ]
   (        )     [(   )        ]

√      
respectively 

It looks at the function 
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   (   )   
          (    )       

It's commonly understood that if          (    ), then  

  (   )    ∑    [(   ) ]
    

 
               (            )   

  (            )          
that is  
  (   )       ( )     ( )     ( )     ( )      

     (    )      

where  

    ( )     [(   )        ]
√          

and   ( ) are Chebyshev polynomials of the second sort. The concept of 
second-class Chebyshev polynomials makes it obvious that 

    ( )      ( )      ( )  
Getting that  
  ( )       ( )           ( )         (            )  
For a function   of type (1.1), the fourth Hankel determinant[27] is as 

follows. 

    ( )  |
       
  
  

  
  

  
  

  
  

        
|                         (1.5) 

where 
  |  |  |  ||        |  |  ||         |  |  ||        |, 
  |  |  |        |  |  ||         |  |  ||        |,  (1.6) 
  |  |  |         |  |  ||         |  |  ||        |,  
  |  |  |  ||        |  |  ||       |  |  ||      |. 

In a recent study, Arif Raza, and Zaprawa [28] effectively achieved the 
bound of   ( ) for the class of limited turning functions by studying the 
problem of fourth Hankel determinant   ( ) for the first time. Upper bounds 
for the third- and fourth-order Hankel determinants associated with certain kinds 
for function with limited turning that is linked to sine function were recently 
studied by Khan et al. [29]. 

In addition, estimates for fourth Hankel determinant's upper bound are 
presented of the novel class of analytic functions formed via subordination. The 
following lemmas are used to illustrate the research's original theorems. 
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Lemma 1.1: [30] Let   be the class containing every  ( ) analytic functions of 
the following: 
   ( )    ∑      

      (1.7) 
with     ( )         ( )    for every    . Then |  |   , for each 
(         ). This difference is significant for every . 

Lemma 1.2: [5] If function                       is of the form(   )  then 

  |  |    |  |  
 
  |  |  

  
   |  |     

The purpose of this article is to examine the estimate of |  ( )|for each of 
the subclass  (             )that are called in the introduction. 

2. Main Results  
Definition 2.1: If     defined as in (   ), then its named in a subclass 
 (             ) if the subsequent condition is true:  

    
 0

    ( )
 ( )        ( )

 ( )     ( )      ( )
   ( )       (         ( )  (   )    ( )   1  

   (   )    (2.1) 
where (                        ),     * + and 

 (   )       ( )     ( )     ( )     ( )       .    /        

Remark 2.1: Some special cases for definition can be given as below 
If                                then  (             ) is 

called the class of convex function[30] . 
We now report and validate the primary findings of our current study. 
For functions in the class  (             )  we start by estimating the 

coefficients|  | and              ,. 

Theorem 2.1: Let  ( ) be a function defined by (   ) that belongs to the 
subclass  (           ). Then  

  |  |  
  

(          )  |  |  
  

(             )   

   |  |  
   

(             )  

  |  |  
   

(              )  |  |  
    

(              )   

   |  |  
    

(              )   

Proof: If    (             )  then   has an analytic function   with 
| ( )|     It may write 
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 0

    ( )
 ( )        ( )

 ( )     ( )      ( )
   ( )       (         ( )  (   )    ( )   1 

  (   ( ))  
The Schwarz function   has the following form in accordance with the 

subordination idea: 
   ( )  ∑   

 
            

and the subsequent text is writable: 

  ( )     ( )
   ( )           (      

 )    ,      (       
 )-    

  ,      
    

 (       
 )         -    ,        (       

 )   
    (       

 )  (  (      
 ))-    ,      

 (       
 )   

   
 (         

 )     (        )    
    

 (       
 )   

        -       (2.2) 
Given that     is expressed in the manner specified by (1.1), then 

    
 0

    ( )
 ( )        ( )

 ( )     ( )      ( )
   ( )       (         ( )  (   )    ( )   1 

   
 ,(          )    (             )     (      

         )     (              )     (         
       )     (              )       -  (2.3) 
contrasting the coefficients of    for               ,  using (2.2) and (2.3), we 
obtain 

  
 ((          )  )        

  
 ((             )  )   (      

 )   

  
 ((             )  )   ,      (       

 )-  
  
 ((              )  )   ,      

    
 (       

 )         -  

  
 ((              )  ) 

   [        (       
 )     (       

 )  (  (      
 ))]  

  
 ((              )  )   ,      

 (       
 )    

  

 (         
 )     (        )    

    
 (       

 )         -  
By Lemma    , it getting  

  |  |  
  

(          )   (2.4) 
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  |  |  
  

(             )   (2.5) 

  |  |  
   

(             )   (2.6) 

  |  |  
   

(              )   (2.7) 

  |  |  
    

(              )   (2.8) 

  |  |  
    

(              )   (2.9) 

This theorem has a comprehensive proof. 
The estimations on |  ( )| are found in the following theorem. 

Theorem 2.2: Let  ( ) defined in (   ) belongs to the subclass  (        
       )  then 
|  ( )|  
       (          )(              )(              )(              )[(  (   ))]

 (   )  
      (          )(              )(              )(             ) [(  (   ))]

 (   )  
       (             ) (             ) (              ),(  (   ))-

 (   )  
      (             )(             ) (              )(              ) ,(  (   ))-

 (   )   

where  
 (   )     (             ) (             ) (    

          )  (          ) (       
       ) (              )  

  (   )    *   (              ) ,      (        
     )-    (             ) (            
  ) 〈   (             )    (              ) (  
        )〉      (          )(             )(  
            )(             ),  (           
  ) -+   
  (   )    *   (             )(             )(  
        ),  (              ) (             )  
  (             )(             )-       (     
        )(             )(              ), (  
           )  (             )(            
  )-    (             )(             )(        
  ),   (             )    (             )(     
         )+   
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  (   )    *   (             )(           
  )(          ) , (             )(            
  )   (             )(             )-       (  
           ) (             )(             )  
     (             )(              )(        
  )      (              )(          )(        
      ), (             )   (          )(     
        )-+   
  (   )    *  (          )(             )(     
        ), (          )  (             )-  
   (          )(              ),(          )(  
           )    (             )-    (        
     ) , (          )    (             )-+   

Proof: Fourth Hankel determinant may be expressed as follows using (1.1): 
|  ( )|  |                    |  

where 
|  |  |  ||        |  |  ||         |  |  ||        |  
|  |  |        |  |  ||         |  |  ||        |  
|  |  |         |  |  ||         |  |  ||        |  
|  |  |  ||        |  |  ||       |  |  ||      |  

When we insert (2.4) - (2.9) in (1.6), we obtain  

  |  |  
      (   )
  (   )

   (2.10) 

  |  |  
      (   )
  (   )

   (2.11) 

  |  |  
       (   )

  (   )
   (2.12) 

  |  |  
       (   )

  (   )
   (2.13) 

where  
  (   )   (          )(             ) (        
      ) (              ) (             ) , 
  (   ) =  (             ) (              ) (     
         ) (             ) (          ),  
  (   )   (             ) (             ) (     
         ) (          ) (              ), 
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  (   )   (          ) (             ) (        
     )(             ) . 

From (2.10) to (2.13) in (1.5), can obtain  
|  ( )|  
       (          )(              )(              )(              )[(  (   ))]

 (   )  
      (          )(              )(              )(             ) [(  (   ))]

 (   )  
       (             ) (              ) (              ),(  (   ))-

 (   )  
      (             )(             ) (              )(              ) ,(  (   ))-

 (   ) , 

where  
 (   )     (             ) (             ) (    

          )  (          ) (       
       ) (              )  

  (   )    *   (              ) ,      (        
     )-    (             ) (            
  ) 〈   (             )    (              ) (  
        )〉      (          )(             )(  
            )(             ),  (           
  ) -+   
  (   )    *   (             )(             )(  
        ),  (              ) (             )  
  (             )(              )-       (     
        )(             )(              ), (  
           )  (             )(            
  )-    (              )(              )(     
     ),   (             )    (             )(  
            )+   
  (   )    *   (             )(           
  )(          ) , (             )(            
  )   (             )(              )-       (  
           ) (              )(             )  
     (             )(              )(        
  )      (              )(          )(        
      ), (             )   (          )(     
        )-+   
  (   )    *  (          )(             )(     
         ), (          )  (             )-  
   (          )(             ),(          )(  
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           )    (             )-    (        
     ) , (          )    (             )-+   

The following Corollary results when    . 

Corollary 2.1: Let   defined by (   ) belongs to the subclass  (           
     )  then 
|  ( )|  
       (        )(            )(            )(            )[(  (   ))]

 (   )  
      (        )(            )(            )(           ) [(  (   ))]

 (   )  
       (           ) (            ) (            ),(  (   ))-

 (   )  
      (           )(           ) (            )(           ) ,(  (   ))-

 (   )   

where  
 (   )     (           ) (           ) (        

   )  (        ) (            ) (     
       )  

  (   )    *   (            ) ,      (         
  )-    (           ) (            ) 〈   (         
  )    (           ) (        )〉      (      
  )(             )(            )(           ),  
(           ) -+   
  (   )    *   (           )(           )(      
  ),  (            ) (           )    (         
  )(            )-       (           )(         
  )(            ), (           )  (         
  )(           )-    (            )(          
  )(        ),   (           )    (         
  )(           )+   
  (   )    *   (           )(           )(      
  ) , (           )(            )   (         
  )(            )-       (           ) (      
      )(           )       (           )(      
      )(        )      (            )(      
  )(           ), (           )   (        )(   
        )-+   
  (   )    *  (        )(           )(         
  ), (        )  (           )-     (        )(   
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         ),(        )(           )    (         
  )-    (           ) , (        )    (         
  )-+   

In case            we obtain the subsequent Corollary. 

Corollary 2.2: Let   defined by (   ) belongs to the subclass  (         
     ) then 
|  ( )|  
     (          )(             )(              )(              )[(  (   ))]

 (   )  
    (          )(              )(              )(             ) [(  (   ))]

 (   )  
     (             ) (              ) (              ),(  (   ))-

 (   )  
    (             )(             ) (              )(              ) ,(  (   ))-

 (   )   

where  
 (   )     (             ) (             ) (    

          )  (          ) (       
       ) (              )  

  (   )  {   (              ) ,      (           
  )-    (             ) (              ) 〈   (  
           )    (              ) (        
  )〉      (          )(             )(        
      )(              ),  (             ) -}   
  (   )  *   (             )(             )(  
        ),  (              ) (             )  
  (             )(              )-      (     
        )(             )(              ), (  
           )  (             )(            
  )-    (              )(              )(     
     ),   (             )    (             )(  
            )+   
  (   )  2   (             )(           
  )(          ) , (             )(            
  )   (             )(              )-      (  
           ) (              )(             )  
    (             )(              )(        
  )     (              )(          )(        
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      ), (             )   (          )(     
        )-3   
  (   )  *  (          )(             )(     
         ), (          )  (             )-  
   (          )(              ),(          )(  
           )   (             )-    (        
     ) , (          )   (             )-+   

In case                  we obtain the subsequent Corollary. 

Corollary 2.3: Let  ( ) is defined by (1.1) belongs to the subclass  (         
   )  then 

|  ( )|  
     (       )(           )(           )(            )[(  (   ))]

 (   )  
    (        )(           )(           )(           ) [(  (   ))]

 (   )  
     (          ) (           ) (           ),(  (   ))-

 (   )  
    (          )(             ) (           )(           ) ,(  (   ))-

 (   )  ,  

where  
 (   )     (          ) (          ) (        

   )  (       ) (             ) (    
       )  

  (   )  {   (           ) ,      (          )-  
  (          ) (           ) 〈   (          )  
  (           ) (       )〉      (       )(     
     )(           )(           ),  (        
  ) -}   
  (   )  *   (           )(           )(     
  ),  (           ) (          )    (        
  )(          )-      (          )(          )(  
         ), (             )  (          )(     
      )-    (           )(           )(     
  ),   (          )    (          )(           )+   
  (   )  2   (          )(          )(     
  ) , (          )(           )   (          )(  
         )-      (          ) (           )(     
     )      (          )(           )(        )  
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   (           )(       )(           ), (     
     )   (       )(          )-3   
  (   )  *  (       )(          )(         
  ), (       )  (          )-     (       )(     
      ),(       )(          )   (           )-  
  (          ) , (       )   (           )-+   

In case                              we obtain the 
subsequent Corollary. 

Corollary 2.3: Let  ( ) is defined by (1.1) be in a class  (             ), then 
|  ( )|             

3. Conclusion  
The fourth Hankel determinant was given a new form, a notion for 

subordination is used to establish a new subclass  (              ). 
Coefficient estimates are provided, the class is analyzed, upper bound for 
recently proposed fourth Hankel determinant for this subclass is found. Since we 
are utilizing a new, very hard subclass, the findings shown here are better than 
those in previous studies. Moreover, these results have applications that go 
outside mathematics and help disciplines like computer science, data analytics, 
and engineering. Improved knowledge of the fourth Hankel determinant and its 
applications can help in approximation theory, signal processing, orthogonal 
polynomials, system identification, and other related fields. The acquired 
discoveries not only broaden our understanding but also provide new avenues 
for investigation and useful applications across several scientific fields. 
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