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In this study, we present and study        -closed soft sets in a soft 
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1. Introduction  
The notion of soft set theory was first developed by D. Molodtsov in [1] 

and has gained tremendous attention since. Molodtsov provided the essential 
principles of the new theory and effectively applied it in numerous domains, 
such as smoothness of functions, game theory, operations research. Recent years 
have been characterized by rapid advances in research into soft set theory and its 
applications in a variety of domains. Following the development of soft set 
operations [7, 5], the characteristics and applications of soft set theory have 
received increased attention [2, 20].  

Recently, the horizon of soft set theory has broadened with the introduction 
of fuzzy set concepts [9, 18]. Building upon the foundational principles of soft 
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set theory, researchers have refined the operational definitions and developed a 
cohesive decision-making process leveraging these redefined operations [3, 6]. 
It obtained some stability only after the introduction of soft topology [9] in 
2011. Kandil et al. [10] established soft operations such semi-open, pre-open, 
and α-open. Kandil et al. [4, 14, 21, 23] were the first to introduce the concept of 
a soft ideal. They also discussed the concept of soft local functions. Kandil et al. 
investigated applications in many sectors [19, 12, 17]. El-Sheikh and Abd el-
Latif [4] introduced the concept of b−open soft sets, which has since been used 
to support soft topological spaces [13]. The new weak soft open sets that have 
been reached and study are used in many applications, for example [10,16]. 

2.  Preliminary  
Definition 2.1: [1] Assume   is an initial universe,      and   is a set of 
          . Let were      the collection subsets of   and     such 
that           (Briefly  K) is a soft set over   whenever   is a function such 
that          . So,                               The            
of all soft sets (briefly      K). 

Definition 2.2: [18] Assume                   K. Then       continuing the 
soft set         and denoted by       ̃      , if        ̃     , for all         . 
Now       is a soft subset of       and       is a soft super set of      . 

Definition 2.3: [16] The relative complement of       (briefly        ) 
                           is a function where,             , for all  
    and    is called a soft complement of  . 

Definition 2.4: [18] The difference for any two soft sets (F, ) and ( ,  ) over 
the common universe X, denoted by (F, ) - ( ,  ) is the soft set ( ,  ) were for 
all       ,        = F(  ) −  (  ). 

Definition 2.5: [15] Let       be a soft over X and      If        for 
each     , then   ̃        

Definition 2.6: [18]        is a NULL soft set denoted by    ̃or  K whenever   
           =   . 

Definition 2.7: [18]  F    is an absolute soft set denoted by   ̃ or X K 
whenever                 . 

Definition 2.8: [24] Let      ,        ŞŞ(X),              ̃       where 
      and     , 

      =  {
                  
                  

                   
 



WEAK OPEN SET IN SOFT TOPOLOGICAL SPACE� 1279

Definition 2.9: [22] Let                                 ̃     , where 
       and for each                                

Definition 2.10: [8,11] Assume that   is a collection of soft sets over X with the 
same  , then   is called a soft topology on X if the following condition is 
satisfied;  
i.    ̃ ,  ̃  ̃     
ii.                ̃    whenever,        ̃        Ʌ , 
iii.   ((   )   ̃(   ))   ̃      for each                ̃    .  

The soft topological space is denoted by        . 

Definition 2.11: [18] Let        be a soft topological space.       is called a 
soft closed set whenever         ̃  . The family of all soft closed subsets is 
denoted by      . 

Definition 2.12: [18] If         is a soft topological space and                  
then the soft closure of      , (briefly       )),    (     ) =   ̃         
                    ̃        . 

Remark 2.13: [18] Let     ) and       are two soft subsets of a soft 
topological space    , ,  . Then the following hold. 
i.           )) =        )) 
ii.     )  ̃       implies        ))  ̃         ) 
iii.        ))  ̃           =   (    )  ̃      ) 
iv.   (    )  ̃      )  ̃        ))  ̃          .  

Definition 2.14: [12]  For any        . Let     )        Μ, then the soft 
interior of      , (briefly         )),          =  ̃{               ̃  ,       
 ̃      }. 

Remark 2.15: [12] Let     ) and       are two soft sets in    , ,  . Then the 
following hold. 
i.            )) =         )) 
ii.     )  ̃       implies          )  ̃          ) 
iii.         ))  ̃            =    (    )  ̃      ) 
iv.         ))  ̃          )  ̃    (    )  ̃      )  

Remark 2.16: [19] 
i. ( ,K)                            
ii. ( ,K)                              
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Definition 2.17: [12] For each soft topological space        , then       is 
called a         -         and denoted by   -open set if        
 ̃             . X-      is a     -   -       set. The collection of each    -
    -          in         and denoted by          ). The family of all soft 
   -closed sets denoted by            

Remark 2.18: [2] 
i. ( ,K)                            
ii. ( ,K)                              

Definition 2.19: [2] For a soft topological space          and     )        K. 
The soft-pre closure ( respectively, soft-pre interior ) of     ) which is (briefly 
     (     )) ( respectively,       (     )) is defined by;       (     )  
  ̃                                   where       ̃       },  
(respectively,                  ̃              K         is soft-pre-open 
set where       ̃       }). Evidently,                (respectively, 
             ) is the smallest soft-pre-closed (largest soft-pre-open) subset of 
  which contains (subset of )      . 

Remark 2.21: [2] 
1. The intersection of two     -   -          need not be          -     set. 
2. The union of two     -    -       sets need not be      -           set.  

Definition 2.22: [2] Let       be a soft subset of soft space        , then       
is called a     -   - *-closed set  "   *-      " if         ̃       whenever, 
      ̃ (     and               . 

Definition 2.23: [16] Let   ≠  ,          ̃    ( ) K is a soft ideal whenever,  
i. If        ̃    and        ̃      then,        ̃         ̃     
ii. If        ̃    and       ̃        implies,         ̃    

Definition 1.24: [13] The space         with a soft ideal    can be referred to 
be  (X,Τ,K, II) which is a soft topological space with an ideal     

Definition 2.25: [2] Let       be a soft subset of            which is soft 
topological space with an ideal, then       is a     -  -   - -      set (briefly 
s    -closed). If       -         then ,        –          for each       
        , and   –       is called a soft-  -   - -open set denoted by       -
     set. The family of all      -        sets denoted by       -C     and we 
denoted for a family of all      -      soft sets by      -O   ).  

Remark 2.26: [2] For each            topological space,      -       and 
   *-       set are            . See Example 2.1. It is clear that,      ; 
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               ̃       )K. Now       ̃      , but          ̃ and 
 ̃  ̃         

Definition 2.1.24: [22] Let        and      Ϣ be the collection of soft sets, 
such that       and       are two functions. Let   ФГ:       →     Ϣ 
be a function then; 
i.  If            .  ФГ       =  ФГ( ),             Ϣ whenever, for 

each      

          { 
                                            

                                                                   

ii. If              Ϣ. Then  ФГ-1     = ( ФГ-1( ),  -1( ))         
whenever , for each      

                              {  
    (    )                              

                                          
 

Now,  ФГ is a surjective (respectively,          ) if    and  are surjective 
(respectively, injective), functions. 

3. On Soft Ideal     - -Closed Set 
This section presents a new weak open soft set in soft topological spaces 

termed     -  ــ  set, which is introduced by soft ideal. There is       ـ ـ    
further discussion of the connections between these concepts and other kinds of 
nearly open sets. 

Definition 3.1: Let       be a soft subset of            which is soft 
topological space with an ideal, then         is a     -  ـ    - -      set 
(briefly s     -closed). If       -          then ,            –          for 
each               , and   ̃ –       is a soft-  -ـ    - -open set (briefly 
      -     set). 

The family of all       -        sets (briefly       -C     and the family 
of all       -      soft sets (              -O   ). 

Example 3.1: For a space           , whenever         ,   { 1,  2}, 
  ={ ̃, ̃,            },    ={ ̃      } such that      =   1      2        and 
    )  = {(  1,{ᶒ}) ,( 2,      and     )={(d1       2       then            
{  ̃  ̃                                           },           ={  ̃   ̃  
      ,        such that       =   1      2             = {( 1,{ᶆ}),( 2,{ᶆ   
where,      ={( 1, ),( 2,  )},     =   1        2    ,       = {( 1,{ᶆ}) 
,  2,{ᶒ})},      ={( 1,{ᶆ}),( 2,  )} and       =    1,  ), ( 2, {ᶒ})}, and 
      -O                        . 
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Proposition 3.3:  
1. Every      -closed sets is a       -closed. 
2. Every      -open sets is a       -open. 

Proof: 
1. Let            K and  Let               K such that      ‒      

     but       is      -closed set,                   Since 
          ̃          then          ‒      ̃        ‒        , 
implies                        Therefore,       is a       -closed set. 

2. Let            -O   , so       is      -open. Hence        is      -
closed set. From (i)        is a       -closed. Therefore       is a 
      -open. Hence,             -O    

Corollary 3.1: Let                                         then  
i. Each soft closed set is a       -      . 
ii. Each soft open set is a       -open. 

Proof: Remark 1.25 and proposition 2.3. 

Example 3.2:                 ,   { 1,  2}, =  ̃, ̃,  (         }, then 
        = {  ̃  ̃                                                    
                 }, such that       = {( 1, ),( 2      ,        = {( 1, ), 
( 2,{X})},       = {( 1,   ), ( 2,{ })},       = {( 1,   ), ( 2,{ᶒ})},       = 
{( 1,    ),( 2,{ᶆ})},       ={( 1,    ),( 2,{X})},       ={( 1,   ),( 2,{ᶒ})},
      ={( 1,   ),( 2,{X})},     ={( 1, ),( 2,{ })},     ={( 1, ),( 2,{ᶒ})},
     ={( 1, ),( 2,{ᶆ})},           ,        -c(  =       -o(  =        .  
i. Let       = {( 1, {ᶒ}), ( 2, {ᶆ})} is          -           , but       is not 

            set. 
ii. Let      = {( 1, {ᶆ}), ( 2, {ᶒ})} is         -        , but        . 

Proposition 3.5: For a soft topological space           , if   =         then 
      -    =       . 

Example 3.3: Let X={1,2,3,4,….}. K= { 1, 2}, Τ =   ( )K and II= { ̃ }. So, 
      -O    =       -C    =   ( )K. 

Proposition 3.6: Let               . If cl          , then       is a       -
closed set. 

Proof: Suppose that         ‒              for each,                  
then           ‒       ̃              implies                       
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Therefore,       is a      -closed set. Now, for each               -C     
hence that, cl          . 

Theorem 3.7:  ̃ 
          is       -closed set, which        is a       -

closed set            .    

Proof: Let       and       are two       -closed set in            and 
               where, (      ̃      )–         , then      –       
   and      –          . 

So,         –          and          –             therefore, 
          –      )  ̃ (               )       
So,             ̃        –           Hence,       ̃       is a       -

closed set. 

Corollary 3.8:  ̃ 
          is       -open set, which        is a       -

open set            .    

Proof: Let       and           two        - pe  soft     in           . So, 
  ̃–        and   ̃       are         - closed        therefore,    ̃–        
  ̃    ̃–        is         -            by Theorem 2.7 Hence,   ̃–     ̃–         
  ̃     ̃–         is a       -open set. So,       ̃       is a       -open set. 

Remark 3.1:  
(i)  ̃          need not be       -closed set, which        is a       -

closed set     .    
(ii)   ̃          need not be       -open set, which        is a       -

open set     .    

Example 3.10: Let X ={1,2,3,4,….}. K= { 1, 2},Τ = { ̃} ̃{(  ,K): ( ,K)  ̃  ̃ 
such that ( ,    which is finite}, let II= { ̃}.  

Now, {(  ,K):  (r)= {I}  r K and        }. Is the family of closed 
sets, so it is a       -closed soft sets, but   ̃{( I,K):  I  (r)= {I} for each r   K 
and I       } = {( , ):  (r)=        r K} where is not       -closed 
soft set because {( ,K);   (r           r K} Τ so, which is a   -open set 
and ( ,K)- ( ,K)   II, but         )-       =   -     )      

Theorem 3.11: For any           , let             . Then       is 
a       -open set, if and only if        –                     whenever, 
      –              and               . 

Proof: (⇒)            is a       -open set              –            where 
               Since   ̃ –         is          -       set, and     ̃–        
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 –   ̃–            whenever,    ̃–                 implies,       ̃ –        
   ̃ –             Then  ̃ –    (  ̃–   ̃ –       ) –   ̃–            

So,  ̃ –           –    ̃ –           implies      –               
(⇐⇐) Let       –                whenever,        –          and 

                 And let   ̃ –        –              whenever,       
          implies   ̃ –       –          , so,    ̃ –       –            
   , therefore      ̃ –       –         . So,    ̃–       is a       -closed 
set, and       is a       -open set.  

Proposition 3.12: Let a space           , let  0       ,   any set of parameters, 
                     :              =  ̃} and  = { ̃ ,  ̃ ,         ;      =  0  
     } then       -C(X)= {        0   ̃        }  . 

Proof: since  ={  ̃, ̃,      ,       0     } such that   0   . So, 
          =              :  0        for some    }.  

Let              such that       –          whenever,       
           Now, since (     –      )  ̃     this implies,       (      –
     )   ̃  this means that   0  ̃        –      ),        if   0  ̃      , 
       implies,                So,                 –          ̃ implies 
          –          . 

4.  Soft     -  -open Function 
 In section introduces new forms of near soft open functions based on the 

  .set notion     ـ      

Definition 4.1: The function  ФГ:            →           is said to be  
i. Soft-  -    - -             , denoted by        -O-function , if 

 ФГ((   ))       -O    whenever, (   )         -O(  . 
ii. Soft-  *-    - -             , denoted by   *   -O-function , if  ФГ 

((   ))        -O    for each     )    . 
iii. Soft-  **-    - -             , denoted by    **    -O-function, if  ФГ 

((   ))    whenever,    )         -O(  . 

Proposition 4.2:  Let  ФГ:            →           be a         , then  
1.  ФГ is a    *    -O-          if  ФГ is a soft-open         . 
2.  ФГ is a soft-open          if  ФГ is a    **   -O-           
3.  ФГ is a    *   -O-         if  ФГ is a       -O-        . 
4.  ФГ is a s     -O-         if  ФГ is a    **   -O-        . 
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Proof: 
i. Let          because  ФГ is a soft open         , then  ФГ (     )   . By 

Remark 3.1,  ФГ (     )         -O   . Therefore   ФГ is a    *    -
function. 

ii. Let         . By Remark 3.1,              -O(  . Since  ФГ is a 
   **    -        , then  ФГ        is open in        . Therefore  ФГ is 
an open         . 

iii. Let         . By Remark 3.1,       is a       -      since  ФГ is a 
s     -O-        , then  ФГ               -O   . Therefore  ФГ is a     

*   -O-        . 
iv. Let               -O(  . Because  ФГ is a    **    -        , then 

 ФГ        is soft open in         . By Remark 3.1.,  ФГ (     )   
      -O   . Therefore   ФГ is a       -o-           
 
Example 3.3 and Example 3.4 shows the inverse of Figure 1 and 

Proposition 4.2 incorrect: 

Example 4.3: Let  ФГ :            →             be a function whenever,  = 
{  ̃ ,  ̃ ,             =     , for all      }  where,             ={ 1, 2},   = 
{ ̃} and    =      K where,  :     So that  ( 1)={ 1},  ( 2)={ 2} and 
      where         ,         ,          then        =       ; 
a       for some ( i    ), so that i ={1,2}}, so s     -O(X)=         
                 , s     -C(X)={                        ,        ̃  and 
      -C   =       -O-(X)= ŞŞ(X)K. Then  ФГ is a       -O-function and 
   *   -O-function which is not    **   -O-function and not soft open 
function. Because        , but  ФГ         =       ŞŞ (X) K such that  (   
= {h},      , But it is not soft open set 

Example 4.4: Let  ФГ :            →            be a function where,  = { ̃  ̃, 
      ;      =    , for all    }  such that   =         ,  = { 1, 2},   = { ̃} 
and    =      K where        such that  ( 1) = { 1},  ( 2)={  2} and 
        where         ,                      then         = {      ; 
a      for some ( i    )such that i ={1,2} },       -C    =       -O   = 
     K .So,      -C-   = {  ̃ ,  ̃,(    )  ;    ( ) =       for every        } 
and      -O   =  . then   ФГ is open function and    *   -C-function which is 
not       -O-function and not    **   -O-function. Because              -
O(X) =       K such that  (   ={l},        but   ФГ         =       
      -O    =  .  

Definition 4.5: Let  ФГ:            →            be a function, then  ФГ is 
called  



1286� M. WALEED AND R. B. ESMAEEL

i.     -  -    - -       function, dented by s     -C-function, if  ФГ 
(     )         -C-(   whenever,               -C   . 

ii.     -  *-    - -closed function, denoted by    *   -C-function, if  ФГ 
((   ))        -C-(   whenever,        is a soft-closed set in        . 

iii.     -  **-    - -       function, denoted by    **   -C-function, if 
 ФГ    )) is a soft-closed set in          for each,               -C-   . 

Proposition 4.6: Let  ФГ:            →           is a          
i. If  ФГ is soft-closed                ФГ is a    *   -C-        . 
ii. If  ФГ is    **   -C-               ФГ is a     -               . 
iii. If  ФГ is s     -C-               ФГ is a    *   -C-        . 
iv. If  ФГ is    **   -C-               ФГ is a s     -C-        . 

5. Discussion and Conclusion 
In this study, a new weak open soft set (      -open soft set) was 

presented based on soft set in soft topological space with an ideal, and its 
characteristics and relationship with other soft set were studied. The Figure 1 
shows the relationship of the       -open soft set that was reached with other 
soft sets. 

 
Figure 1 

The relationship of the       -open soft set with other soft sets. 
 

The following Figure 2 depicts the links between these sorts of near soft-
closed functions. 

 
Figure 2 

 function        ـ ـ    ـ  -    
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The following Figure 3 demonstrates the relationships between the 
different concepts mentioned in definition 4.1. 

 

 
Figure 3 

Soft-  ـ ـ    ـ     function. 
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